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Executive  Summary 


This  Lecture  Series,  jointly  organised  by  the  Applied  Vehicle  Technology  Panel  (AVT)  of  RTO  and  the 
von  Karman  Institute  (VKI)  can  be  considered  as  a  natural  extension  of  the  AGARD  Workshop  held  in 
Kiev,  Ukraine  ~  September  1997  -  entitled  “High  Speed  Body  Motion  in  Water”  (AGARD  Report  827  - 
February  1998).  Indeed,  the  common  topic  of  these  two  meetings  was:  high  speed  hydrodynamics,  the 
RTO/VKI  Special  Course  focusing  exclusively  on  Supercavitating  Flows. 

Supercavitating  flows  are  flows  of  liquids  past  solid  bodies  which  involve  large  trailing  cavities.  They 
are  generally  associated  with  high  velocities  and  these  cavities  are  filled  either  by  the  vapour  of  the 
surrounding  liquid  or  by  a  non-condensable  foreign  gas.  This  results  in  a  substantial  reduction  in  drag 
as  compared  to  that  of  the  same  fully  wetted  body. 

This  publication  contains  the  written  versions  of  twenty  out  of  the  twenty  three  lectures  which  were 
prepared,  and  presented  at  VKI,  by  Specialists  from  France,  Russia,  Ukraine  and  the  U.S.  These 
lectures  describe  theoretical  aspects,  modelling,  mathematical  approaches,  numerical  studies  as  well  as 
test  facilities  (hydrodynamic  tunnels,  launching  channels,  vertical  tanks),  experimental  studies  and 
results  of  supercavitating  flows  (true  cavitating  flows  or  ventilated  flows)  concerning: 

•  2D  foils  or  struts,  3D  hydrofoil  wings, 

•  propellers,  cascades,  surface  piercing  propellers, 

•  axisymmetric  (or  quasi-axisymmetric)  bodies  including  water  entry  phenomena, 
the  velocity  range  extending  up  to  supersonic  Mach  number  in  water. 

This  publication  can  be  considered  as  a  comprehensive  overview  of  all  the  works  on  supercavitating 
flows  carried  out  in  both  Western  and  Eastern  countries  since  World  War  II.  It  should  be  a  useful  tool 
for  scientists  and  engineers  interested  in  high-speed  hydrodynamics  for  the  following  civilian  and 
military  applications: 

•  design  of  high-speed  ships  or  hydrofoil  boats, 

•  design  of  high-speed  marine  propellers,  low-head  pumps  and  turbines. 

In  addition  to  the  above  mentioned  applications  there  are  the  following  applications,  highly  relevant  for 
the  military  side: 

•  design  of  high-speed  submarines, 

•  design  of  high-speed  or  very  high  speed  projectiles  (for  instance  torpedoes)  to  be  used  in  ASW 
(Anti-Submarine  Warfare)  or  MCM  (Mine  Counter  Measures). 
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Synthese 

Ce  Cycle  de  Conferences,  organise  conjointement  par  la  commission  sur  la  technologic  appliquee  aux 
vehicules  (AVT)  de  la  RTO  et  ITnstitut  von  Karman  (VKI),  pent  etre  considere  comme  la  suite 
naturelle  de  Tatelier  AGARD  organise  a  Kiev,  Ukraine  -  en  septembre  1997  ~  intitule  “Mouvement  des 
corps  evoluant  a  grande  vitesse  dans  Teau”  (Rapport  AGARD  827  -  fevrier  1998).  Ces  deux 
manifestations,  en  effet,  avaient  pour  theme  commun:  Thydrodynamique  des  grandes  vitesses,  le  Cours 
Special  RTO/VKI  etant  axe  exclusivement  sur  les  ecoulements  supercavitants. 

Les  ecoulements  supercavitants  sont  les  ecoulements  de  liquides  qui,  au  voisinage  de  corps  solides, 
sont  accompagnes  de  cavites  de  grandes  dimensions  generalement  associees  aux  vitesses  elevees,  des 
cavites  etant  remplies  par  la  vapeur  du  liquide  environnant  ou  par  un  gaz  etranger  non  condensable. 

Cette  publication  contient  les  versions  ecrites  de  vingt  des  vingt-trois  conferences*  qui  ont  ete 
preparees,  et  presentees  au  VKI,  par  des  specialistes  de  la  France,  la  Russie,  TUkraine  et  les  Etats- 
Unis.  Ces  conferences  decrivent  les  aspects  theoriques,  la  modelisation,  les  approches  mathematiques, 
les  etudes  numeriques  ainsi  que  les  installations  d’essais  (tunnels  hydrodynamiques,  canaux  de  tir 
balistique,  reservoirs  verticaux),  les  etudes  experimentales  et  leurs  resultats  pour  les  ecoulements 
supercavitants  (les  cavites  etant  remplies  de  vapeur  ou  resultant  d’une  ventilation)  concernant: 

•  profils  ou  mats  bidimensionnels,  ailes  sous-marines  tridimensionnelles 

•  helices,  grilles,  helices  de  surface 

•  corps  axisymetriques  (ou  quasi  axisymetriques),  y  compris  les  phenomenes  qui  prennent  naissance 
lors  de  la  penetration  dans  Teau. 

Cette  publication  pent  etre  consideree  comme  une  revue  exhaustive  de  T ensemble  des  travaux  sur  les 
ecoulements  supercavitants  realises  depuis  la  seconde  guerre  mondiale  par  les  pays  aussi  bien  de 
FOuest  que  de  TEst.  Elle  devrait  jouer  un  role  tres  utile  pour  les  scientifiques  et  ingenieurs  interesses 
par  Thydrodynamique  des  grandes  vitesses  pour  les  applications  civiles  et  militaires  suivantes: 

•  projets  de  vaisseaux  rapides  ou  d’hydropteres 

•  projets  d’helices  marines  pour  les  grandes  vitesses,  de  pompes  ou  turbines  hydrauliques  a  basse 
pression. 

En  plus  des  applications  mentionnees  ci-dessus,  les  applications  suivantes  sont  particulierement 
importantes  du  point  de  vue  militaire: 

•  projets  de  sous-marins  a  grande  vitesse 

•  projets  de  projectiles  sous-marins  rapides  ou  tres  rapides  (par  exemple:  torpilles)  pour  emploi  dans  la 
lutte  anti-sous-marine  ou  la  lutte  contre  les  mines. 
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J.M.  Michel 

Laboratoire  des  Ecoulements  Geophysiques  et  Industriels 
BP  53  -  38041  Grenoble  Cedex  9 
France 


!•  The  Physical  Phenomenon 

1.1.  Definition 

Cavitation,  le.  the  appearance  of  vapour  bubbles  and  pockets  inside  an  initially  homogeneous  liquid 
medium,  occurs  in  very  different  situations.  According  to  the  flow  configuration  (shape  and  relative 
motion  of  the  walls  limiting  the  flow  field,  or  physical  properties  of  the  liquid),  it  can  take  various 
figures.  In  order  to  encompass  all  possible  cases,  we  propose  the  following  definition  : 

Cavitation  is  the  breaking  of  a  liquid  medium  under  excessive  stresses. 

That  definition  makes  cavitation  relevant  to  the  field  and  the  methods  of  continuum  mechanics.  It  is 
convenient  for  cases  in  which  the  liquid  is  either  still  or  flowing. 


Examples  of  the  first  case  : 

•  An  oscillating  pressure  field  is  applied  above  a  liquid  contained  in  a  bowl :  if  the  oscillation  amplitude 
is  large  enough,  bubbles  can  appear  inside  the  liquid. 

•  A  solid  body  with  sharp  edges  (a  disk,  for  example)  is  suddenly  accelerated  by  a  shock  in  still  water. 
Bubbles  can  appear  at  the  very  first  instants  in  the  region  neighbouring  the  edges,  when  the  velocity  of 
the  liquid  particulates  are  still  negligible. 

Examples  of  flowing  liquids  : 

•  Flows  in  venturis  or  in  narrow  passages  (valves  for  hydraulic  control). 

•  Flow  near  the  upper  side  of  a  wing  or  a  propeller  blade. 

Here  we  will  be  rather  concerned  with  flowing  liquids. 

In  order  to  solve  the  problem  of  excessive  stresses,  we  need  a  threshold  of  stress  :  beyond  such  a 
threshold,  the  liquid  cohesion  is  no  longer  ensured.  Ideally,  the  threshold  should  be  determined  from 
physical  consideration  at  a  submicrosopic  scale.  Taking  the  actual  state  of  the  scientific  development  into 
account,  together  with  the  need  of  practical  solutions  for  possibly  complicated  fluid  systems,  it  is  useful 
to  call  only  on  fluid  properties  at  the  macroscopic  scale. 


Concerning  the  stress,  it  must  be  specified  that  only  the  normal  component  n  of  the  total  stess  t  has  to 
be  considered  here  (recall  that  n  =  — pv  for  an  incompressible  Newtonian  fluid,  where  p  stands  for  the 
absolute  pressure).  Indeed  we  have  no  experimental  result  in  which  cavitation  would  be  produced 
uniquely  by  the  shearing  stress  X ,  under  a  large  absolute  ambient  pressure. 


Paper  presented  at  the  pjQ  Lecture  Series  on  “ Super  cavitating  Flows  ",  held  at  the  von  Kdrmdn 

Institute  (ykI)  in  Brussels,  Belgium,  12-16  February  2001,  and  published  in  RTO  EN-010. 
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Fig.  L 

For  example,  the  correct  filling  of  a  serynge  requires  that  the  piston  motion  is  slow  :  if  not,  the  liquid 
column  is  broken  and  the  filling  is  stopped.  That  is  because,  due  to  the  head  losses  inside  the  needle,  the 
pressure  drops  to  a  value  lower  than  atmospheric  pressure,  the  difference  increasing  with  the  liquid 
velocity,  and  then  with  the  piston  velocity.  More,  at  the  serynge  inlet,  where  the  flow  is  a  submerged 
liquid  jet,  additional  turbulent  fluctuations  of  the  pressure  occur :  both  mechanisms  contribute  to  lower 
the  pressure,  possibly  to  a  value  below  the  liquid  vapour  pressure,  so  that  vapour  is  produced.  A  similar 
phenomenon  can  be  found  in  volumetric  pumps  for  fuel  injection  in  engines  :  head  losses  and  rapid 
accelerations  of  the  liquid  columns  result  in  deep  underpressures  so  that  evaporation  occurs  and  only  a 
small  part  of  the  chamber  is  filled  with  liquid. 


1 .2.  The  vapour  pressure 

The  first  (and  basic)  threshold  at  our  disposal  is  given  by  the  thermodynamic  diagram  of  phase  changes 
(see  figure  2).  Here,  we  are  interested  in  the  curve  T^C  which  links  the  triple  point  Tj-  to  the  critical  point 
C,  and  separates  the  liquid  and  vapour  domains.  Across  that  curve,  reversible  transformations  under 
static  or  equilibrium  conditions,  result  in  evaporation  or  condensation  of  the  fluid,  at  a  level  pv  which  is 
a  function  of  the  absolute  temperature  T.  We  can  obtain  the  phase  change  by  lowering  the  pressure  at  an 
approximately  constant  temperature  (as  it  actually  happens  in  real  flows)  to  obtain  cavitation.  Thus  at 
first  sight  cavitation  appears  similar  to  boiling,  except  that  the  driving  mechanism  is  different. 

p 


Pv(Tf) 


Fig.  2.  Diagram  for  phase  changes 
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In  fact,  for  most  of  the  cases  (with  cold  water,  for  example),  the  path  in  the  T  -  py  diagram  is  practically 
isothermal :  here  the  driving  mechanism  is  the  local  pressure  controlled  by  the  flow  dynamics,  and  only  a 
very  small  amount  of  heat  is  required  to  the  formation  of  a  significant  volume  of  vapour.  However,  in 
some  cases  the  heat  transfer  needed  by  vaporisation  results  in  the  phase  change  at  a  temperature  T'f  lower 

than  the  ambient  liquid  temperature  Tf.  The  temperature  difference  Tf-  T'f  is  called  "thermal  delay"  to 
cavitation.  It  is  greater  when  the  ambient  temperature  is  closer  to  the  fluid  critical  temperature.  For 
example,  that  phenomenon  may  be  important  when  pumping  the  cryogenic  liquids  used  in  rocket 
engines. 


It  must  be  kept  in  mind  that  curve  pv(T)  is  not  an  absolute  limit  between  the  liquid  state  and  the  gaseous 
state.  Deviations  from  that  curve  may  exist  in  the  case  of  rapid  phase  changes.  Even  in  almost  static 
conditions,  the  phase  change  may  occur  at  a  pressure  lower  than  py.  For  example,  let  us  consider  the  so- 

called  Andrews-isotherms  in  the  v^p  diagram,  where  v=  1/p  and  p  stands  for  the  density  (see  figure  3). 
Such  curves  are  well  modelled  by  the  Van  der  Waals  law  in  the  liquid  and  vapour  domains.  More,  the 
transformation  from  liquid  to  vapour  on  branch  AM  of  the  Van  der  Waals  curve  is  possible.  On  this 
branch,  the  liquid  is  in  a  metastable  equilibrium.  We  note  that  this  allows  the  liquid  to  whithstand 
negative  absolute  pressures,  i.e.  tensions,  without  any  phase  change.  Such  considerations  are  necessary 
for  a  correct  interpretation  of  some  phenomena  occurring  in  industrial  situations  as  well  as  in  laboratory 
conditions  :  it  may  happen  that  the  interfaces  between  the  liquid  and  vapour  domains  undergo  very  rapid 
evolution  laws  so  that  the  reversibility  conditions  are  far  from  being  met. 


Fig,  3.  Andrews-isotherms 


In  conclusion,  it  appears  that  the  condition  :  "local  absolute  pressure  equal  to  the  vapour  pressure  at  the 
global  temperature  of  the  system"  does  not  ensure  in  all  cases  that  cavitation  actually  appears  in  the  flow. 
The  difference  between  py  and  the  actual  pressure  at  cavitation  inception  is  called  "static  delay"  to 
cavitation.  In  some  cases,  we  have  also  to  consider  a  "dynamic  delay"  which  is  due  to  inertial 
phenomena  :  a  "certain”  time  is  necessary  to  obtain  observable  vapour  cavities. 
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1 .3.  The  main  patterns  of  vapour  cavities 

Cavitation  can  take  different  forms  at  its  inception  and  in  its  further  development.  The  main  patterns  are 
the  following : 

a.  Transient  isolated  bubbles 

These  bubbles  appear  in  the  region  of  low  pressures  as  a  result  of  the  rapid  growing  of  very  small  air 
nuclei  present  in  the  liquid.  They  are  convected  by  the  main  flow  and  then  disappear  subsequently  when 
they  encounter  adverse  pressure  gradients. 

b.  Attached,  or  sheet,  cavities 

Such  cavities  (or  vapour  pockets)  are  often  attached  at  the  leading  edges  of  such  bodies  as  blades,  foils  ... 
on  their  upper  side,  i.e.  on  the  low  pressure  side. 


c.  Cavitating  vortices 

Cavitation  can  appear  in  the  low  pressure  core  of  vortices  in  turbulent  wakes  or,  as  a  more  regular 
pattern,  in  tip  vortices  of  3-D  wings  or  propeller  blades. 

It  must  be  noted  that,  in  cases  b  and  c,  cavitation  at  its  inception  is  strongly  dependent  on  the  basic  non- 
cavitating  flow  structure.  This  point  will  be  examined  later.  In  all  cases,  the  development  of  cavitation 
tends  to  disturb  and  modify  this  basic  flow. 

•  In  some  cases,  it  may  happen  that  some  patterns  of  cavitation  are  not  easily  settled  in  those  classes. 
For  example,  on  upper  sides  of  foils  or  propeller  blades,  cavitation  figures  with  a  very  short  life  time  may 
appear  which  are  conveyed  by  the  flow  as  bubbles  but  are  shaped  as  attached  cavities.  If  needed,  it  would 
be  possible  to  give  an  objective  foundation  to  the  classification  by  appealing  the  relative  velocity  of  the 
liquid  at  interface  with  respect  to  the  mass  centre  of  the  vapour  figures  :  if  the  velocity  is  rather  normal  to 
the  interface,  the  figure  should  be  considered  as  a  bubble  (then  attention  is  mainly  paid  to  the  volume 
variation).  On  the  contrary,  if  the  relative  velocity  is  close  to  the  plane  tangent  to  the  interface,  the  figure 
should  be  considered  as  a  cavity  (  in  the  absence  of  circulation),  or  as  a  cavitating  vortex  (with 
circulation). 

2.  Cavitation  in  Hydraulics 

2.1 .  Cavitation  regimes 

For  practical  purposes,  it  is  useful  to  distinguish  : 


•  the  limiting  regime  between  the  non-cavitating  flow  and  the  cavitating  flow  ; 

•  the  regime  of  developed  cavitation.  In  laboratory  situations,  developed  cavitation  corresponds  to  a  certain 
permanency  and  a  certain  extent  of  the  cavitation  figures,  relatively  to  the  size  of  the  system  under 
consideration,  while  for  industry  it  corresponds  to  a  significant  fall  of  the  system  performances. 


That  distinction  is  in  relation  with  the  possibility  to  accept  (or  not)  cavitation  in  industrial  situations.  In 
the  case  of  limiting  regime,  the  threshold  of  cavitation  inception  or  cavitation  disappearance  is  of 
interest,  while  in  the  second  case,  assuming  that  this  threshold  is  overstepped,  the  consequences  of 
cavitation  on  the  operation  of  the  hydraulic  system  in  question  focus  attention  (see  §  2.3). 
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In  the  case  of  attached  cavities,  another  distinction  may  be  useful :  QithQx partial  cavities,  which  re-attach 
on  the  foil  or  the  blade,  or  supercavities,  the  closure  of  which  is  downstream  the  foil,  inside  the  liquid 
domain. 


2.2.  Typical  situations  favourable  to  cavitation 

Some  examples  of  situations  favourable  to  cavitation  were  previously  presented.  Here  are  listed  typical 
situations  in  which  cavitation  can  appear  and  grow  in  a  liquid  flow  : 


•  The  wall  geometry  entails  local  overvalues  of  the  velocity  and  then  local  underpressures  in  a  flow  which 
is  globally  steady  :  that  is  the  case  for  the  restriction  in  the  cross-section  area  of  liquid  ducts  (venturis), 
or  for  the  curvature  imposed  to  the  flow  streamlines  (bends  of  pipes,  uppersides  of  blades  in  propellers 
and  pumps). 


•  The  shearing  between  two  neighbouring  flows  having  very  different  velocities  entails  large  turbulent 
fluctuations  of  the  pressure  :  that  is  the  case  for  jets,  wakes... 


•  The  strongly  unsteady  character  of  some  flows  (e.g.  water  hammer  in  hydraulic  control  circuits,  in 
ducts  of  hydraulic  power  plants,  or  in  the  feeding  lines  of  Diesel  engines)  results  in  large  values  of  the 
temporal  terms  of  the  fluid  acceleration  and  then  in  the  production  of  low  pressures  at  some  instants  of 
the  flow  cycle. 


•  The  local  roughness  of  the  walls  {e.g.  concrete  walls  of  dam  spillways)  produces  local  wakes  in  which 
small  attached  cavities  possibly  take  place. 


•  The  consequence  of  the  vibratory  motion  of  the  walls  {e.g.  liquid  cooling  of  Diesel  engines,  standard 
A.S.T.M.E.  erosion  device)  is  the  creation  of  oscillating  pressure  fields  superimposed  to  the  mean 
pressure  field.  If  the  oscillation  amplitude  is  large  enough,  cavitation  can  appear  at  those  times  when  the 
negative  oscillation  occurs. 


In  mechanical  systems  such  as  motors,  if  water  is  present  in  interstices  due  to  defects  in  the  joining  of 
neighbouring  pieces  and  if  the  wall  of  interstices  are  moving  periodically,  cavitation  can  occur  there 
and  erode  the  walls. 


•  Finally,  attention  has  to  be  drawn  on  the  case  of  solid  bodies  which  are  suddenly  accelerated  by  a  shock 
in  a  still  liquid  field,  particularly  if  they  have  sharp  edges  :  the  liquid  acceleration  needed  for  getting 
round  these  edges  produces  low  pressures  even  if  the  velocities  are  rather  low  immediately  after  the 
shock. 


2.3.  The  main  effects  of  cavitation  in  hydraulics 

If  a  hydraulic  system  is  designed  to  operate  with  an  homogeneous  liquid,  the  additional  vapour  structures 
due  to  cavitation  can  be  interpreted  at  first  sight  (by  analogy  with  the  case  of  mechanical  systems)  as 
mechanical  clearances  which  increase  the  number  of  its  freedom  degrees.  The  vapour  structures  are  often 
unstable,  at  least  the  ones  which  are  carried  along  by  the  flow  :  when  they  reach  a  region  of  increasing 
pressure,  they  collapse  violently  since  their  internal  pressure  is  constant  and  close  to  the  vapour  pressure. 
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That  collapse  is  analogous  to  shocks  by  which  clearances  between  neighbouring  pieces  disappear  in 
mechanical  systems.  Thus,  it  is  expected  that  cavitation  results  in  the  main  following  effects  : 


•  the  alteration  of  the  performance  of  the  system  (reduction  of  the  lift  and  increase  in  the  foil  drag,  fall  of 
turbomachinery  efficiency  ,  least  capacity  to  evacuate  water  in  spillways,  energy  dissipation...)  ; 

•  the  appearance  of  unexpected  forces  on  the  solid  structures  ; 

•  the  production  of  noise  and  vibrations  ; 

•  in  the  case  of  developed  cavitation,  if  the  relative  velocities  between  the  liquid  and  the  solid  walls  are 
high,  the  erosion  of  these  walls. 


Thus,  at  first  glance  cavitation  appears  as  a  harmful  phenomenon  which  must  be  avoided.  However,  in 
many  cases  it  can  be  shown  that  the  condition  of  no  cavitation  is  the  most  severe  among  all  conditions 
the  designer  is  faced.  It  strongly  reduces  the  performances  that  the  given  hydraulic  system  would 
eslsewere  perform.  If  those  performances  have  to  be  obtained  without  any  too  high  financial  charge,  a 
’’certain”  degree  of  cavitation  development  should  be  allowed.  Of  course,  this  can  be  done  only  if  the 
effects  of  developed  cavitation  are  known. 


Remark  :  Here,  we  insist  on  the  negative  effects  of  cavitation.  However,  cavitation  has  applications  in 
industrial  processes  which  require  energy  concentration  on  small  surfaces  in  order  to  produce  there  high 
pressure  peaks.  For  this  purpose,  cavitation  is  often  obtained  from  ultrasonic  devices  by  which  bubbles 
are  produced  and  then  implode,  without  costly  spending  in  energy.  For  example,  we  quote  the  following 
applications  : 


•  the  cleaning  of  surfaces  by  ultrasonics  or  with  cavitating  jets, 

•  the  dispersion  of  particles  in  a  liquid  medium, 

•  the  production  of  emulsions  , 

•  the  electrolytical  deposit  (by  cavitation,  the  ion  layers  which  wrap  electrodes  are  broken,  accelerating 
then  the  deposit  process), 

•  and  in  the  field  of  medical  engineering,  the  therapeutic  massage  and  the  destruction  of  bacteria. 

3,  Specific  Features  of  Cavitating  Flows 

3.1 .  Pressure  and  pressure  gradient 

In  non-cavitating  flows,  the  ambient  pressure  has  no  effect  on  the  flow  dynamics  and  attention  is  paid 
only  to  the  pressure  gradient.  On  the  contrary,  the  cavitating  flows  are  primarily  dependent  on  the 
ambient  pressure  (which,  for  convenience,  is  taken  here  as  equal  to  the  absolute  pressure,  as  previously 
mentioned).  It  will  be  shown  that  by  only  lowering  the  pressure  at  a  reference  point,  cavitation  can  appear 
and  develop  in  the  flow  region  where  the  pressure  is  the  lowest.  Thus,  considering  the  pressure  value,  not 
only  its  gradient,  is  essential  in  cavitation  studies  and  experiments. 

If  then  one  looks  for  the  prediction  of  cavitation  occurrence  by  theoretical  or  numerical  way,  one  has 
to  compare  the  calculated  value  of  the  pressure  in  a  sensitive  region  of  the  flow  to  a  critical  value  (for 
example  the  vapour  pressure)  given  by  physical  experience,  which  expresses  the  physical  properties  of 
the  liquid.  The  method  of  calculation  depends  on  the  flow  configuration  : 
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For  one-dimensional  steady  flows  in  pipes,  the  use  of  the  Bernoulli  relation,  with  due  account  to  head 
losses,  is  sufficient  to  obtain  the  region  of  minimum  pressure  together  with  the  value  of  this  minimum. 

Steady  flows  without  significant  shearing  stresses  can  be  considered  as  potential  flows  (e.g.  flows 
around  wings,  propeller  blades...).  Classical  methods  require  that  firstly  the  kinematics  problem  be 
solved  and  then  the  pressure  is  still  given  by  the  Bernoulli  relation.  In  this  case,  the  pressure  minimum 
occurs  on  the  boundary  of  the  flow.  Physical  experience  confirms  that  theoretical  result  fairly  well. 

The  case  of  the  turbulent  flows  with  important  shearing  stresses  is  among  the  most  complicated  ones 
and  for  this  reason  has  been  treated  only  by  an  experimental  way  until  a  recent  past.  Now,  the  progress 
of  computational  methods  in  fluid  dynamics  allows  us  to  envisage  a  possible  prediction  of  cavitation 
inception  by  this  way,  at  least  for  the  simplest  configurations  :  some  encouraging  results  have  recently 
been  obtained  in  this  field. 


In  that  case,  the  pressure  field  is  controlled  by  the  following  Poisson  equation  : 

p  2  y  y 

which  is  obtained  by  applying  the  divergence  operator  to  the  Navier-Stokes  equation.  The  two  terms 
on  the  right  hand  represent  the  respective  contributions  of  the  rotation  rate  vector  a=rotv  and  the 

deformation  rate  tensor  ejj=-^|^avj/axj+avj/axj  j.  The  velocity  vector  V  has  components  vj,  i  =  1,  2  or  3. 

The  Poisson  equation  has  to  be  solved  once  the  velocity  field  is  known.  The  results  of  available 
numerical  models,  as  applied  to  sheared  turbulent  flows,  exhibit  specific  features  such  as  the  prominent 
role  of  the  vorticity  in  the  Poisson  equation,  compared  with  the  deformation  rate  :  the  regions  of 
minimum  pressure  coincide  markedly  with  filaments  on  which  vorticity  is  concentrated,  inside  of  the 
flow  field.  Thus  cavitation  must  appear  firstly  in  those  regions,  which  indeed  agrees  with  physical 
observation. 


In  the  case  of  wings  or  propeller  blades  tip  vortices,  the  structure  of  the  flow  is  well  identified  and  it  is 
possible  to  use  simple  models  such  as  the  Rankine  vortex  or  the  Burger's  vortex.  Then,  the  problem 
reduces  to  the  search  for  two  parameters,  the  circulation  around  the  vortex  and  the  size  of  its  viscous 
core. 


Of  course,  the  pressure  also  plays  an  important  role  in  the  case  of  developed  cavitation,  and  this  is  the 
source  of  additional  complexity  in  the  modelling  of  cavitating  flows  : 


For  example,  the  modelling  of  cavities  attached  to  foils  or  blades  requires  a  condition  on  the  pressure 
along  the  cavity  boundary  :  this  modifies  the  nature  of  the  mathematical  problem  to  solve  numerically. 
On  the  physical  ground,  the  change  in  the  pressure  distribution  entails  a  change  in  the  pressure  gradient 
and  then  a  modification  of  the  boundary  layer  behaviour. 


When  a  large  number  of  bubbles  explode  on  the  upper  side  of  a  foil,  the  initial,  non-cavitating,  pressure 
distribution  can  be  deeply  modified  and  the  interaction  between  the  basic,  non-cavitating  flow  and  the 
bubbly  flow  must  be  taken  in  account. 


Lastly,  the  evolution  of  the  turbulent,  cavitating  vortices  of  a  wake  cannot  be  predicted  on  the  usual 
base  of  the  classical  fluid  mechanics  equations  by  which  mass  and  intensity  conservation  of  the  vortex 
filaments  are  expressed :  when  the  core  of  a  vortex  filament  is  changed  into  vapour,  it  becomes 
dependent  on  the  pressure  imposed  in  its  vicinity.  In  other  words,  cavitation  breaks  the  link  (expressed 
by  the  relation  co  /  5^  =  k,  where  k  stands  for  a  constant)  between  the  elongation  rate  and  the  rotational 
rate  of  a  rotational  filament. 
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On  the  experimental  side,  two  main  difficulties  appear  with  respect  to  the  measurement  of  the  pressure. 
The  first  one  is  of  fundamental  type,  as  it  appears  from  numerical  simulations  of  non-cavitating  flows  : 
pressure  transducers,  which  can  be  only  flush  mounted  on  the  solid  frontiers  of  the  flow  domain,  do  not 
give  necessarily  a  valuable  information  on  the  value  of  the  pressure  inside  of  sheared  turbulent  flows  - 
even  although  parallel  in  the  mean  (Lesieur,  1998).  The  second  difficulty  is  rather  technical :  it  appears 
that  phenomena  connected  to  bubble  collapse  have  a  very  small  size  (less  than  about  0.1  mm)  and  a  short 
duration  (of  the  order  of  the  microsecond).  Then  the  transducers  must  have  a  very  small  spatial  resolution 
and  a  very  short  rise  time.  In  fact,  those  requests  often  are  beyond  the  present  technical  possibilities. 
Moreover,  in  the  case  of  erosion  studies,  pressures  of  the  order  of  hundreds  of  Megapascals,  or  even 
Gigapascals,  have  to  be  measured :  the  material  resistance  of  the  pressure  transducers  then  becomes  a 
central  problem  for  experimentalists. 

In  order  to  study  conditions  of  cavitation  inception  and  physics  of  developed  cavitation,  special 
equipments  have  been  progressively  worked  out.  The  most  common  are  made  of  a  vertical  closed  loop 
with  the  test  section  at  the  top  and  a  circulating  pump  at  the  lower  part :  that  allows  to  draw  benefit  from 
the  increase  of  pressure  due  to  gravity  and  thus  to  avoid  cavitation  in  the  pump.  The  absolute  pressure  at 
the  test  section  level  is  adjusted  below  the  atmospheric  pressure  thanks  to  a  void  pump.  In  some  cases,  a 
compressor  is  used  to  increase  the  pressure  above  the  atmospheric  pressure.  Such  test  loops  are  named 
Hydrodynamic  Tunnels  by  analogy  with  the  Wind  Tunnels  used  in  Aerodynamics. 


3.2.  The  liquid-vapour  interfaces 

The  cavitating  flows,  like  other  two-phases  liquid-gas  flows,  are  characterized  by  the  presence  of 
numerous  interfaces.  But  their  response  to  external  perturbations,  for  example  an  increase  in  the  pressure, 
can  be  very  different  from  the  liquid-gas  flows  response.  Two-phase  flows  containing  gas  bubbles  are 
usually  not  subject  to  rapid  changes  in  their  mean  density  (except  for  the  case  of  shock  waves),  just 
because  of  the  non-condensable  character  of  the  gas  which  ensures  a  kind  of  global  stability  to  the  flow. 
On  the  contrary,  in  cavitating  flows,  the  interfaces  are  submitted  on  one  side  to  a  pressure  practically 
equal  to  the  vapour  pressure  and  then  to  a  constant  pressure.  Thus,  (as  already  mentioned  previously) 
they  cannot  sustain  an  increase  or  decrease  of  the  external  pressure  without  rapidly  evolving  in  both 
shape  and  size  :  they  are  of  deeply  unstable  nature. 


It  is  not  possible  to  place  measurement  probes  inside  a  cavitating  flow  because  they  would  be  followed 
by  their  own  cavity  which,  in  general,  would  disturb  the  flow.  In  compensation,  if  the  liquid  is 
transparent,  it  is  possible  to  visualise  interfaces  which  reflect  the  light  very  efficiently.  Generally  enough, 
the  interfaces  can  be  considered  as  material  surfaces  (see  the  following  paragraph)  and  thus  an  idea  of  the 
flow  dynamics  can  be  obtained  by  taking  photographs  (with  short  flash  lighting  duration,  of  the  order  of 
one  microsecond)  or  by  taking  rapid  films  (at  a  typical  rate  of  ten  thousand  frames  per  second). 

When  considering  the  exchange  of  liquid  and  vapour  through  the  interface,  we  can 


Figure  4 
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introduce  the  mass  flowrate  m  (per  unit  of  area)  which  is  proportional  to  the  relative  normal  velocities  of 
either  liquid  or  vapour.  Thus  we  obtain,  using  mass  conservation  (see  Fig.  4) : 
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In  that  equation,  indexes  I  and  v  are  relative  to  the  liquid  and  vapour  phases  respectively,  while  index  n 
means  that  the  velocity  component  normal  to  the  interface  must  be  considered.  The  symbol  dn/dt  is  the 
normal  velocity  of  the  interface,  the  equation  of  which  is  :  F(xi,  X2,  X3,  t)  =  0  .  It  is  related  to 
F(xi,  X2,  X3,  t)  by  : 


dn  _  1  dF 

dt  ||grad(F)||  dt 


(2) 


If  we  neglect  the  flowrate  at  interface  (what  is  actually  made  in  most  of  the  cases),  we  consider  that  the 
three  normal  velocities  are  equal  and  the  surface  F  =  0  is  a  material  surface,  ie  a  surface  which  is  made  of 
the  same  fluid  particulates  at  different  instants.  Two  cases  are  of  particular  interest : 


•  For  a  spherical  bubble  with  a  variable  radius  R(t),  the  interface  is  defined  as  F(r, t)  =  r- R(t)  =  0, 
which  gives  dn/dt  =  dR/dt  and,  with  a  negligible  flowrate,  =  Vyn  =  dR/dt. 

•  For  a  steady  cavity  attached  to  a  wall  with  a  flowing  liquid  in  its  vicinity,  we  have  dF/dt  =  0  and  then 
dn/dt  =  0.  If  we  assume  that  the  mass  flowrate  is  negligible,  the  normal  velocities  of  the  liquid  and  the 
vapour  near  the  interface  are  zero.  Then  the  liquid  velocity  at  interface  is  reduced  to  its  component  V^t 
tangent  to  the  cavity  frontier. 

33.  Thermal  effects 

The  effects  of  the  liquid  temperature  on  cavitation  are  diverse  : 


a-  If  we  consider  a  system  in  which  the  global  temperature  can  evolve  under  a  constant  ambient  pressure 
(as  for  example  the  case  of  Diesel  engines  cooling),  the  increase  of  temperature  results  in  a  greatest 
aptitude  to  cavitate  :  in  the  diagram  of  Figure  2,  the  distance  between  the  point  F  and  the  phase  change 
curve  diminishes  and  thus  smaller  pressure  variations  can  produce  cavitation  inception. 


b-  Now,  as  said  in  Section  1.2,  the  liquid  vaporization  requires  a  heat  transfer  from  the  bulk  of  the  liquid 
towards  the  region  of  low  pressure  and  the  liquid-vapour  interface.  That  results  in  the  temperature 
difference  Tf  -  T'f  mentioned  in  the  Figure  2,  which  is  commonly  called  thermal  delay''  to  cavitation. 


In  order  to  estimate  that  delay,  one  needs  to  use  the  energy  equation  in  addition  to  the  mass  conservation 
and  the  momentum  equations  (see  annex  1  for  the  case  of  a  spherical  bubble).  Then  the  boundary 
conditions  T'f(T)  and  Pv(T'f)  are  unknown  quantities.  They  are  linked  through  the  vaporization  curve 
equation  and  the  Clapeyron's  relation  : 


1  1 

dPv 

Pv  9i  _ 

dT 

in  which  L  stands  for  the  latent  heat  of  vaporization. 
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In  general,  the  thermal  delay  increases  with  the  global  temperature  because  the  densities  of  the  liquid  and 
its  vapour  become  closer.  Near  the  critical  point  C  (Fig.  2),  they  tend  to  be  equal,  while  the  slope  dpy/dT 
of  the  vaporization  curve  tends  to  become  very  large.  As  a  result,  for  water,  L  decreases  slowly  on  a  large 
range  of  temperature  variations,  then  it  abruptly  tends  to  zero  in  the  close  vicinity  of  the  critical 
temperature. 

3.4.  Some  typical  orders  of  magnitude 

The  instabilities  of  the  interfaces  result  in  explosion  or  implosion  (named  also  collapse)  phenomena,  with 
large  variations  in  their  typical  sizes  and  velocities  during  very  short  times.  This  character  makes  their 
scaling,  together  with  their  experimental  or  numerical  analysis,  rather  difficult.  However,  we  can  quote 
some  values  which  are  currently  encountered  in  the  field  of  cavitation  : 

•  the  collapse  of  spherical  vapour  bubbles  in  water,  with  radius  one  centimeter,  under  an  external  pressure 
of  one  bar  :  its  duration  is  approximately  one  millisecond  ; 

•  the  final  phase  of  the  collapse  of  bubbles  or  cavitating  vortices  :  about  one  microsecond  ; 

•  the  normal  velocities  of  interfaces  :  between  some  meters/second  and  some  hundreds  m/s  ; 

•  the  overpressures  due  to  the  implosion  of  vapour  structures  (bubbles  and  vortices) :  they  can  reach 
several  thousand  bars. 


4.  The  Non-Dimensional  Parameters 

4.1 .  Cavitation  number  gv 

Let  us  consider  a  hydraulic  system  liable  to  cavitate,  such  as  a  turbine,  a  pump,  a  gate,  a  foil  in  a 
hydrodynamic  tunnel...  and  pr  the  pressure  at  a  conventional  reference  point  r  where  the  measurement  of 
the  pressure  is  possible.  Usually,  r  is  chosen  in  a  region  close  to  the  one  where  cavitation  inception  is 
expected.  If  Tf  is  the  operating  temperature  of  the  liquid  and  Ap  a  pressure  difference  which  characterises 
the  system,  the  cavitation  number  (which  is  also  called  cavitation  parameter)  is  the  ratio  : 

^  _Pr-Pv(Tf)  (3) 

''  Ap 


For  example,  in  the  case  of  a  gate,  one  takes  : 

_  _  Pdownstream  ~  Pv^ff ) 

Oy  — 

Pupstream  “  Pdownstream 


while,  for  a  foil  placed  at  a  submersion  depth  h  in  a  horizontal  free  surface  channel  where  the  pressure  on 
the  surface  is  po  and  the  flow  velocity  U  : 


Po+Pgh-Pv(Tf) 

lpu2 


a, 
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and,  for  a  pump  ( Vp  stands  for  the  velocity  at  the  periphery  of  the  runner) : 


.  Pinlet  Pv(^f) 

pVp2 


It  must  be  noted  that  the  cavitation  number  is  defined  from  dynamical  parameters  only  and  not  from  the 
system  geometry.  Also,  in  a  non-cavitating  flow,  this  non-dimensional  parameter  cannot  be  considered 
as  a  similarity  parameter  since,  in  the  upper  term  of  the  ratio  by  which  Gy  is  defined,  the  difference 
between  and  Pv  has  no  physical  significance  for  the  actual  flow  :  it  cannot  be  obtained  by  integration 
of  the  pressure  gradient  along  a  real  path.  It  becomes  a  similarity  parameter  only  at  cavitation  inception. 

4.2.  Cavitation  number  at  inception,  gvi 

The  number  Gyi  is  the  value  of  the  parameter  Gy  corresponding  to  inception  of  cavitation  at  any  point  of 
the  flow  system.  Cavitation  appears  as  a  consequence  of  either  the  decrease  in  the  pressure  at  the 
reference  point  {i.e.  the  ambient  pressure)  or  the  increase  in  the  Ap- value.  In  some  cases,  for  better 
experimental  convenience  (in  particular  for  a  best  repeatability),  number  Gy^^  corresponding  to  cavitation 
disappearance  from  an  initial  regime  of  developed  cavitation,  is  also  used. 


Operating  in  non-cavitating  conditions  then  requires  that  the  following  condition  be  satisfied  : 

Gy  >  Oyi  (4) 


Threshold  Gyi  depends  on  all  influence  factors  usually  considered  in  fluid  mechanics :  flow 
geometry ,viscosity,  gravity,  surface  tension,  turbulence  rate,  thermal  parameters,  wall  roughness  and  in 
addition  the  content  of  the  liquid  in  gas  (dissolved  gas  and  "free  gas”,  i.e.  gas  nuclei). 


In  general,  a  smaller  value  of  Gyi  for  a  given  system  expresses  its  better  adaptation  to  the  flow.  For 
example,  for  a  circular  cylinder  with  diameter  10  mm  in  the  test  section  of  a  hydrodynamic  tunnel,  one 
finds  about  1.5,  while  for  elliptical  cylinders  at  zero  incidence,  with  chord  80  mm  and  axe  ratios  1/4  and 
1/8,  the  Gyi-values  are  0.45  and  0.20  respectively. 


When  Gy  becomes  smaller  than  Oyi,  usually  cavitation  becomes  more  and  more  developed.  However, 
exceptionnally  it  may  happen  that  after  a  first  development,  cavitation  finally  disappears  as  the 
consequence  of  a  further  lowering  of  Gyi- 


NOTE  :  In  many  circumstances,  particularly  for  the  numerical  modelling  of  cavitating  flows,  the 
following  estimate  is  made  for  Gyf : 

^vi  “  ■“  ^Pitiin  (5) 


where  Cp  min  is  the  minimum  pressure  coefficient  (a  negative  value,  in  general),  and  Cp  at  a  point  M  is 
defined  by  the  relation  : 


Cp  = 


PM-Pr 

Ap 
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In  this  expression,  still  stands  for  the  absolute  pressure  at  the  reference  point,  as  in  relation  (3).  Two 
assumptions  underlie  that  short  cut : 


•  on  the  one  hand,  cavitation  occurs  at  the  point  of  minimum  pressure 

•  on  the  other  hand,  the  threshold  of  pressure  is  the  vapour  pressure. 

We  know  that  those  assumptions  are  too  restrictive.  Thus  the  estimate  resulting  from  equation  (5)  must 
be  taken  cautiously. 


43.  Relative  underpressure  of  a  cavity,  oq 

If  a  developed  cavity  is  attached  to  the  upperside  of  a  blade  (or  if  a  large  amount  of  bubbles  is  present  on 
the  upperside)  one  observes  that  the  pressure  in  the  region  covered  by  the  cavity  is  uniform.  Calling  its 
value,  one  defines  the  non-dimensional  parameter  : 


which  is  the  ''relative  underpressure  of  the  cavity".  It  is  a  true  similarity  parameter^  as  the  numerator  in 
the  ratio  expresses  an  actual  pressure  difference  inside  the  flow  domain.  In  the  numerical  modelling  of 
flows  with  developed  cavities,  a  great  use  is  made  of  this  number.  It  is  often  (but  unduly)  named 
"cavitation  number"  :  indeed,  it  plays  a  large  role  in  dynamics  due  to  its  "underpressure"  character. 


Usually,  pressure  p^  is  the  sum  of  two  partial  pressures  :  the  vapour  pressure  Pv  and  a  term  pg  which 
expresses  the  presence  of  gas  inside  the  cavity.  When  this  last  term  is  negligible,  the  number  becomes 
equal  to  Gv  (which  probably  explains  the  confusion  just  mentioned). 


5.  Some  Historical  Aspects 


The  word  "cavitation"  appeared  in  England  at  the  end  of  the  nineteenth  century.  Before,  it  seems  that  the 
problem  of  the  behaviour  of  liquids  in  rotating  machinery  was  suspected  by  Torricelli  then  Euler  and 
Newton.  In  the  middle  of  the  nineteenth  century,  Donny  and  Berthelot  have  measured  the  cohesion  of 
liquids.  The  negative  effect  of  cavitation  on  the  performances  of  a  ship  propeller  was  firstly  noted  by 
Parsons  (1893)  who  built  the  first  experimental  loop  -  the  first  hydrodynamic  tunnel  -  for  its  study.  The 
cavitation  number  was  introduced  by  Thoma  and  Leroux  around  the  years  1923-1925. 


Subsequently,  many  experiments  were  carried  out  in  order  to  study  the  physical  aspects  of  the 
phenomenon  and  examine  its  effects  on  industrial  systems.  Theoretical  and  numerical  approaches  were 
also  largely  used.  Two  main  ways  of  research  can  roughly  been  distinguished  : 


•  The  first  way  considered  the  Bubble  dynamics  (Rayleigh  1917 ;  Lamb  1923  ;  Cole  1948  ;  Blake  1949  ; 
Plesset  1949...).  The  simplicity  of  the  shape  of  spherical  bubbles  made  their  study  (either  theoretical  or 
experimental)  relatively  easier.  Thus,  a  large  amount  of  work  was  devoted  to  topics  related  to  bubble 
dynamics. 
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The  second  way  related  to  developed  cavities  or  supercavities  and  leant  on  the  old  wake  theory 
(Helmholtz  1868 ;  Kirchhoff  1869 ;  Levi-Civita  1907 ;  Villat  1913 ;  Riahouchinski  1920  -  those 
references  can  be  found  in  Jacob's  book  :  "Introduction  mathematique  d  la  mecanique  des  Fluides'). 
This  theory  considered  wakes  as  regions  where  pressure  is  uniform  and  which  are  limited  by  surfaces 
on  which  the  tangential  velocity  is  not  continuous.  It  is  more  suited  to  cavitating  wakes  than  to 
monophasic  wakes.  Later,  Tulin  (1953)  and  Wu  (1956)  made  use  of  linearization  in  order  to  adapt  this 
theory  to  the  case  of  slender  bodies  such  as  wings  and  blades. 

Vortical  cavitation  was  not  considered  as  deeply  from  the  theoretical  point  of  view.  However,  we  can 
quote  studies  made  by  Genoux  and  Chahine  (1983)  and  by  Ligneul  (1989)  concerning  torus  and  tip 
vortices  respectively. 
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Annex  I  to  Section  3.3 

The  spherical  bubble  growing  with  thermal  delay  : 
setting  of  equations 


We  assume  that  a  spherical  bubble,  initially  in  equilibrium,  is  compelled  to  grow  under  the  effect  of  a 
sudden  decrease  of  the  ambient  pressure.  The  liquid  is  assumed  to  be  non  vsicous  and  weightless.  Inside 
the  bubble,  the  volume  is  saturated  with  vapour  only.  There  the  temperature  is  Tb(t),  (t  stands  for  the 
time),  the  pressure  is  Pv(Tb),  while  the  bubble  radius  is  R(t).  Note  that  those  quantities  are  the  main 
unknown  of  interest. 


The  liquid  domain  is  described  thanks  to  the  distance  r,  r  >  R(t),  the  temperature  T(r,t),  the  pressure 
p(r,t),  the  liquid  density  p(r,t)  and  the  radial  velocity  Ur(r,t).  Far  from  the  bubble  center,  the  temperature 
T(oo,t)  is  T^  the  pressure  P(oo,t)  is  P^(Py(T^  ),  the  density  is  and  the  velocity  is  zero. 


At  the  bubble  interface  the  temperature  and  the  pressure  have  to  meet  the  following  conditions  : 

T(R,t)  =  Tb(t), 
p(R,t)  =  p^(Tb)  =  pv(t). 

Initially  (t  =  0),  the  conditions  are  :  T(r,0)  =  T^  ,  p(r,0)  =  Pv(T^  ),  p(r,0)  =  p^ ,  Ur(r,o)  =  0,  R(0)  =  Rq. 


Taking  the  sperical  symmetry  into  account,  the  equations  of  the  problem  are  the  following  ones  : 


-  Mass  conservation 


-  Momentum  equation 


^+_LA 

3t  r  ^  3r 


(pr^uj=0 


^  +  u  _  1 

9t  'dr  p  dr 


-  Liquid  state  equation  (here  we  assume  a  barotropic  behaviour,  as  given  for  example  by  the  Tait's 
equation) 


f(p,p)=0 


or 


p  + A 
Po+A 


Y 

/ 


,with  A  =  3000bars,n  =  7,15  for  water. 


1-15 


-  Energy  equation 


3rl  3r 


lil 

a  dt 


In  the  last  equation,  the  work  of  the  pressure  is  neglected,  as  the  compressibility  of  the  liquid  is  very 


small.  In  the  same  way,  the  thermal  diffusivity  a,  a  ^ 


pc, 


,  is  assumed  to  be  a  constant  (A,  stands  for 


the  thermal  conductivity  of  the  liquid  and  Cp  for  its  heat  capacity). 


Finally,  it  is  necessary  also  to  consider  the  following  quantities  : 

dT 

-  The  heat  flux  <|)  at  the  distance  r  ;  <t)(r,  t)  =  -4nXr^  — 

3r 

r  dR 

-  The  mass  exchange  mat  the  interface  :  m(R,t)=  (Tj,  I  u^(R,t) - 

L  dt 

with  m(R,t)=(|)(R,t)/L(T(,) 

-  L  is  the  latent  heat  of  vaporization  which  has  to  meet  the  Clapeyron's  equation  ; 


L  =  T 


J _ 1_ 

Pv 


dPv 


dT 


Annex  2  to  Section  3.3 

Vapour  Bubble  Collapse  (Rayleigh  problem) 


Here  we  suppose  that  a  vapour  bubble,  initially  at  equilibrium,  is  submitted  suddenly  to  an  increase  of  the 
ambient  pressure  from  the  value  Pv  to  the  final  value  P^,P^)Pv  .  All  thermal  aspects  are  neglected  and 

the  liquid  is  assumed  to  be  incompressible.  The  mass  conversation  equation  reduces  to  divV  =  0 ,  which 
gives  : 

r2 

Ur(r,t)=R— 

r 


dR 

in  which  we  put  R  = — =  u .  Then  the  momentum  equation  of  Annex  1  can  be  written  : 
dt 


..  R"  -2 
R  — +  2R^ 

r 


R  r"*  ^ 
~  5 

v"-  ■■  / 


1  3p 
3r 


and  after  integration,  the  equation  for  the  pressure  is 


PMd^=R^+2R^ 


^  — 

r  4r^ 


4  ^ 
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That  equation  can  be  rewritten  at  the  interface,  r  =  R  ,  and  then  integrated,  taking  into  account  the  fact 
that  the  pressure  at  infinity  is  assumed  to  be  constant.  One  obtains  : 

pR^R^=-|(P.o-PviR^-Ro] 

From  that  differential  equation  the  relation  R(t)  can  be  obtained. 


The  radius  becomes  zero  after  the  time  Tj,  which  is 
called  ''Rayleigh  time"  : 


0 

r 


The  behaviour  of  R(t)  and  the  interface  velocity  U(t)  is 
shown  on  the  figure. 


While  the  mean  value  of  the  velocity  is  Rq/Xi,  U  tends  to 
an  infinite  value  at  the  end  of  the  collapse,  the 
singularity  intensity  being  approximately  1.12 
Ro/Xi.(Ro/R)^^^.  In  fact,  compressibility  effects  are 
present  at  the  end  of  the  collapse,  which  tend  to  weaken 
the  strength  of  the  singularity. 


The  pressure  equation,  together  with  the  equation  which 
gives  the  velocity  R ,  allows  expressing  the  pressure  field  as  : 


Behaviour  of  R(t)  and  U(t)  during  the 
bubble  collapse 


P(r,t)-P„ 

_  R 

fRo 

-4 

R^ 

6  p  3  \ 

^-1 

R^ 

V  / 

P..-Pv 

'v 

J 

3r^ 

The  following  figure  shows  the  evolution  of  the  pressure  distribution  at  different  instants.  Attention  must 
be  paid  to  the  kind  of  pressure  wave  which  comes  from  infinity  to  the  neighbouring  of  the  bubble.  That 
phenomenon  is  due  to  the  high  unsteadiness  of  the  flow,  although  inertia  and  pressure  forces  only  are 
considered  here.  The  pressure  wave  is  still  found  with  more  evolved  models,  although  with  some 
modifications. 

In  the  case  of  water,  it  is  found  that  at  the  instant  when  R/Rq  is  equal  to  1/20,  the  interface  velocity  is  720 
m/s  (i.e.  approximately  the  half  of  the  sound  speed),  while  the  pressure  maximum  is  1260  bars  if  the 
pressure  difference  —  p^  is  one  bar. 
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From  the  physical  point  of  view,  the  violent  behaviour  of  the  bubble  collapse  results  from  two  main 
facts  : 


-  On  one  hand,  the  pressure  inside  the  bubble  is  constant  and  does  not  bring  any  resistance  to  the 
liquid  motion. 


-  On  the  other  hand,  the  conservation  of  the  liquid  volume,  through  the  spherical  symmetry,  tends  to 
concentrate  the  liquid  motion  on  a  smaller  and  smaller  region. 


It  must  be  noted  that  the  Rayleigh  time  is  found  in  various  experimental  situations,  for  order  of 
magnitude  of  Rq  betwen  the  micrometer  and  the  meter,  and  for  large  ranges  of  the  overpressure  -  p^ . 
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1.  Introduction 


By  injecting  air  in  the  low  pressure  regions  of  water  flows,  it  is  possible  to  obtain  cavities  similar  to  the 
attached  cavities  due  to  ’’true"  cavitation.  That  ventilation  is  a  current  practice  in  the  field  of  spillways  for 
large  concrete  dams,  especially  in  tropical  zones.  It  is  aimed  to  diminish  the  risks  of  erosion,  as  the 
speeds  of  the  water  flows  ordinarily  are  very  large  :  the  stresses  between  concrete  and  water  are 
diminished  by  the  injected  air,  due  to  its  compressibility  which  increases  the  characteristic  time  of 
contact  and  diminishes  the  forces  for  the  same  total  impulse.  Then  the  main  problem  is  to  calculate  the 
ideal  dimensions  of  the  ducts  by  which  atmospheric  air  is  sucked  up  under  the  water  flow  (Chanson, 
1999). 


Here  our  main  concern  is  rather  on  the  side  of  ventilated  hydrofoils  or,  possibly,  torpedoes.  In  both  cases, 
the  main  difference  with  respect  to  the  case  of  vapour  cavities  is  due  to  the  non-condensable  character  of 
the  gas  which  modifies  the  closure  region  of  the  cavities.  For  the  latter  case,  the  presence  of  gas  inside 
the  cavity  can  be  produced  either  by  the  burning  of  powder  for  the  body  propulsion,  or  by  the 
entrainment  of  atmospheric  air  at  the  body  entry  in  water.  Then  initially  there  is  a  limited  amount  of  gas 
inside  of  the  cavity  which  progressively  is  shed  into  the  cavity  wake.  On  the  contrary,  hydrofoils  are 
assumed  to  be  supplied  continuously  with  air,  so  that  a  steady  regime  is  obtained,  at  least  in  the  mean, 
which  makes  their  study  easier. 


The  concept  of  ventilated  hydrofoil  was  imagined,  about  forty  years  ago,  for  the  lift  of  rapid  hydrofoil 
boats  and  even  their  propulsion  by  ventilated  propellers.  The  shape  of  such  a  foil  is  shown  on  Figure  1  :  it 
widens  downstream  as  a  parabola  but  can  admit  a  small  curvature. 


Fig,  1.  Truncated  foil  with  a  ventilated  base 


The  aft  part  of  the  foil  is  truncated,  its  upper  side  usually  is  shorter  than  its  lower  side.  It  is  currently 
named  "base-vented  hydrofoil".  Ventilation  is  operated  artificially  from  an  air  compressor  placed  on  the 
boat.  Air  passes  by  the  legs  of  the  boat  or  by  the  propeller  hub  and  it  is  injected  at  the  base  of  the  foils  or 
the  propeller  blades  :  the  pressure  at  the  base  of  the  foil  is  increased  and  the  drag  is  lowered.  If  the  angle 
of  attack  becomes  important,  air  tends  to  invade  the  region  of  the  flow  close  to  the  foil  upper  side,  which 
results  in  the  decrease  of  the  lift.  That  flow  regime  must  be  avoided,  and  then  the  possible  range  of 
incidences  currently  is  rather  small. 


This  kind  of  foil  seems  to  be  well  enough  suited  to  boat  speeds  in  the  range  40-80  knots,  for  which 
classical,  non-cavitating  foils  are  inoperative.  For  larger  speeds,  only  supercavitating  foils  with  a  non 


Paper  presented  at  the  pjQ  Lecture  Series  on  ''Supercavitating  Flows  ",  held  at  the  von  Kdrmdn 

Institute  (ykI)  in  Brussels,  Belgium,  12-16  February  2001,  and  published  in  RTO  EN-010. 
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wetted  upper  side  can  be  used  (as  for  example  in  pump  inducers  of  cryogenic  liquids  used  in  rocket 
propulsion). 


For  base-vented  hydrofoils  with  wetted  upperside,  several  problems  have  to  be  considered  {Rowe  1979). 
Firstly,  the  global  operation  of  the  foil  is  characterized  by  the  dependence  of  the  cavity  length,  the  lift  and 
drag  coefficients  on  the  foil  geometry  and  the  relative  underpressure  of  the  cavity  Oq  (cf  chapter  1,  § 
1.4.3): 

_  Pr-Pc  (1) 

'^c— ;  r 


Here  pr  stands  for  the  reference  pressure  upstream  of  the  foil  and  Pc  for  the  cavity  pressure,  the  latter 
being  the  sum  of  the  vapour  pressure  (as  it  can  be  assumed  that  the  cavity  is  saturated  in  vapour)  and  the 
mean  pressure  of  the  injected  air  : 

Pc  =  Pv  +  Pair  (2) 

Secondly,  we  need  to  know  the  limits  of  operation  corresponding  to  cavitation  inception  near  the  leading 
edge  or  to  the  venting  of  the  foil  upper  side.  As  the  radius  of  curvature  at  leading  edge  of  such  foils 
usually  is  very  small,  the  first  limit  is  the  strictest  one,  which  justly  leads  to  small  possible  ranges  of 
incidence. 


Finally,  in  the  expression  (2)  for  p^  and  then  for  the  contribution  of  Pair  is  not  known  when  the  air 
flowrate  is  imposed  :  the  balance  of  pressures  depends  on  the  mode  by  which  air  is  evacuated  at  the  rear 
of  the  cavity.  The  evacuating  mode  depends  on  the  global  flow  geometry,  particularly  the  length  of  the 
cavity  and  the  circulation,  so  that  all  parameters  are  in  mutual  dependance.  An  additional  difficulty 
comes  from  the  fact  that  several  air  evacuation  regimes  are  possible,  even  for  a  cavity  confined  at  the 
base  of  the  foil.  Thus  the  non-condensable  character  of  air  makes  the  behaviour  of  ventilated  cavities 
deeply  different  from  the  vapour  cavities. 

2.  Non-Dimensional  Parameters 


By  analysing  the  experimental  results  (Michel  1971,  1984)  it  appears  that  it  is  necessary  to  distinguish 
two  terms  in  the  relative  underpressure  such  as  ^  • 


•  the  classical  parameter  cavitation  a^,  which  characterizes  the  ambient  pressure  : 


Cfv  = 


Pr-Pv 


(3) 


•  the  relative  mean  pressure  of  air  inside  the  cavity,  which  takes  the  elastic  behaviour  of  air  into  account : 


Pair 


= 


(4) 


Note  that,  as  is  usually  small,  the  parameters  Gy  and  da  are  not  very  different. 
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In  the  case  of  pulsating  ventilated  cavities,  we  have  also  to  consider  the  ratio  which  compares  the  cavity 
underpressure  to  the  mean  pressure  of  air  (or,  in  an  almost  equivalent  way,  the  parameter  as  done  by 
Silberman  and  a/,  1961,  and  Song  (1962),  who  described  the  pulsating  regime  for  the  first  time). 


In  this  case  also,  if  f,  £  and  d  stand  for  the  pulsation  frequency,  the  mean  cavity  length  and  a  fixed  reference 
length  respectively  (e.g.  the  chord  of  the  forebody  for  the  latter),  the  phenomena  are  well  enough  described 
when  we  introduce  the  non-  dimensional  frequency  : 


f 


<P  = 


(5) 


Finally,  considering  the  mass  air  flowrate  and  a  reference  area  S,  we  can  build  the  following  non- 
dimensional  parameters  : 

•  the  mass  air  flowrate  coefficient : 

CQm  =  Qm/pVS  (6) 

•  the  volume  air  flowrate  coefficient : 

CQv=Qm/pairVS  (7) 

The  mean  air  density  pair  is  known  through  the  measurement  of  the  cavity  pressure  pc  and  the  use  of  the 
Boyle-Mariotte  law.  If  we  consider  the  mean  velocity  V^ir  of  air  inside  the  cavity  and  take  an  area  close  to  the 
cavity  cross-section  for  S,  we  have,  approximately  :  Qj„  =  Pair^air^  ^  that  the  volume  airflow  coefficient  Cqv 
more  or  less  represents  the  ratio  of  the  air  velocity  to  the  water  velocity  :  Vai/V.  Practically,  the  values  of  Cqv 
can  be  markedly  lower  than  0. 1,  and  they  can  also  reach  values  of  the  order  0.7  to  1 . 


Of  course,  other  classical  non-dimensional  parameters  must  be  considered,  and  among  them  especially  the 
Froude  number 


3,  Experimental  Results 

3.1.  Dependence  between  non-dimensional  parameters 

Experimental  tests  operated  in  various  configurations  (two  or  three-dimensional  wings,  cavity  formed 
between  an  horizontal  water  jet  and  a  solid  wall,  free  surface  channel  or  closed  channel...),  bring  three 
main  dependences  in  light  (in  all  those  relations,  the  main  influence  parameter  is  in  bold  type 
characters) : 

•  The  relative  mean  cavity  length  £/d  and  the  global  force  coefficients  depend  on  the  foil  incidence,  the 
Froude  number  and  the  relative  cavity  underpressure  : 

^[a,Fr,ac]  (8) 

d 


•  The  relative  air  pressure  depends  on  the  incidence,  the  mean  ambient  pressure  and  the  mass  air 
flowrate  coefficient : 


P^’  ^v’  ^Qm . 


(9) 
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Note  that  from  the  experimental  point  of  view,  a  more  convenient  way  to  express  that  dependence  is  : 


(10) 


•  The  non-dimensional  frequency  (p  depends  particularly  on  the  ratio  Gc/^a  : 


(11) 


Some  experimental  results  which  illustrate  those  relations  are  presented  below.  Most  of  them  were  obtained 
with  a  two-dimensional  flow  realized  in  a  rectangular,  free-surface  channel  (width  175  mm,  height  280  mm). 
The  fore-body  was  a  simple  triangular  wedge  (chord  c  =  60.5  mm,  base  b  =  17  mm)  placed  at  at  a  zero  mean 
incidence  and  different  submersion  depths  :  hi  =  70,  140  or  210  mm.  The  water  velocity  V  could  be  varied 
between  2  and  14  m/s,  while  the  absolute  pressure  po  over  the  free  surface  was  fixed  between  a  value  close  to 
the  water  vapour  pressure  and  the  atmospheric  pressure.  Then  the  range  of  actual  values  for  the  cavitation 
number  Oy  was  between  0.04  and  20  approximately.  It  is  valuable  to  note  that  the  hydrodynamic  tunnel  in 
which  such  experiments  are  carried  out  must  be  able  to  eliminate  the  large  amounts  of  the  injected  air  so  that 
the  water  entering  the  test  section  be  free  from  all  trace  of  air  after  recirculation  in  the  tunnel  loop. 


3.2.  Relative  cavity  length  i/c  as  a  function  of  gc 

In  Fig.  2,  the  main  dependence  of  the  relation  (8)  is  shown  for  four  values  of  the  velocity  V  and  an 
immersion  depth  h  =  140  mm.  Note  that  the  experimental  points  correspond  to  various  values  of  the 
cavitation  number  between  0.4  and  10  approximately.  Thus  the  influence  of  the  ambient  pressure  on 
the  different  air  flow  regimes  does  not  appear  on  such  a  graph. 


0/)4  0^6  0/J8  0^1  CT(, 


Fig.  2.  Variation  of  the  mean  non-dimensional  length  of  the  cavity  versus  the  relative  underpressure 


Considering  the  almost  linear  dependence  of  £/c  v^.  in  logaritmic  coordinates,  we  can  adopt  a  power 
law  :  £/c  =  A  0^“”-  The  following  table  gives  the  values  of  A  and  n  for  the  three  values  of  the  submersion 
depth : 
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h(mm) 

A 

n 

Variations  of  i/c 

70 

0.38 

1.16 

3.4-23 

140 

0.45 

1.26 

2.8-19 

210 

0.34 

1.47 

3.6-21 

Those  values  are  close  to  the  ones  corresponding  to  vapour  supercavities.  The  theoretical  asymptotic 
value  of  n  in  an  infinite  medium  is  2  (for  small  a^),  while  a  simple  model  considering  the  flow  above  the 
wedge  and  the  cavity  as  a  simple  jet  gives  the  value  n  =  1 . 


The  Froude  number  has  a  small  influence  on  the  cavity  length,  at  least  for  the  present  range  of  velocities 
and  chord  length,  except  for  the  smallest  values  of  In  fact,  if  we  consider  the  Froude  number  based  on 
the  cavity  length,  we  obtain  the  small  value  Fr^  =  2.4  for  He  =  ig  (or  ^  =  1.09  m)  and  V  =  8  m/s.  which 
makes  likely  the  gravity  effect,  as  seen  on  the  Figure  2. 


33.  Air  flow  rate 

The  sketch  of  Figure  3  represents  the  relation  (10),  together  with  the  flow  behaviour,  when  the  air 
flowrate  is  gradually  increased  then  decreased  between  small  and  large  values.  Here  we  suppose  that 
is  large  enough  so  that  there  does  not  exist  any  vapour  cavity  before  the  air  injection. 


Remark :  If  such  a  cavity  is  present,  the  initial  value  of  Dc  is  equal  to  Dy,  and  the  phenomena  are 
practically  as  in  Figure  3.  However,  for  very  small  values  of  Dy,  say  lower  than  about  0.2,  it  was  found 
that  a  very  small  amount  of  air  results  in  a  sudden,  and  large,  increase  of  the  cavity  length,  disclosing  a 
kind  of  global  flow  instability.  We  don't  consider  that  case  here. 


Roughly  speaking,  the  curve  of  Figure  3  is  L-shaped.  For  the  very  small  air  flowrates,  the  air  escapes 
downstream  of  the  cavity  as  separate  bubbles  which  are  later  entrapped  in  the  alternate  Benard-Karman 
vortices  of  the  body  wake.  For  larger  air  flowrates,  a  continuous  air  cavity  appears  and  it  is  possible  to 
consider  and  measure  the  parameter  <5^  (the  initial  point  on  the  right  hand  of  Figure  3).  A  subsequent  small 
increase  of  Qm  produces  large  variations  in  the  air  pressure,  the  -  value  and  the  length  of  the  cavity  :  that  is 
due  to  the  difficulty,  for  air,  to  escape  from  the  cavity  (see  below).  On  the  contrary,  on  the  vertical  branch  of 
the  curve,  air  is  evacuated  by  big  separated  bubbles.  Those  bubbles  can  leave  the  cavity  upstream  of  its 
termination,  under  the  gravity  effect.  That  mode  of  air  evacuation  is  very  efficient,  so  that  usually  the 
parameter  tends  to  a  positive  minimum  value  0^  (^nd  the  cavity  length  to  a  maximum  value).  Subsequent 
tests  {Laali  and  al  1984,  see  below)  gave  values  between  0.01  and  0.09  for  the  parameter  It  decreases 
when  the  Froude  number  increases  and  it  depends  also  on  the  ambient  air  pressure  via  the  parameter  Oy. 
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Fig.  3.  Typical  evolution  of  the  cavity  for  an  increasing,  then  decreasing, 
air  flow  rate  (o^  is  constant) 


3.4.  Pulsating  regime 

In  two-dimensional  flows,  the  connecting  region  between  the  horizontal  and  vertical  branches  of  the  curve  of 
Figure  3  is  characterized  by  periodic  pulsations  of  the  air  cavity :  undulations  are  convected,  with  an 
increasing  amplitude,  on  both  free  frontiers.  They  join  at  the  rear  part  of  the  cavity,  thus  allowing  air  to  escape 
under  the  form  of  separate,  periodic,  air  pockets,  as  shown  on  Figure  4  (that  figure  sketches  experimental 
results  which  were  obtained  through  a  special  device  for  a  one  wave  cavity  {Michef  1971),  Then  the  air 
pressure  undergoes  periodic,  almost  sinusoidal,  fluctuations.  Their  minimum  occurs  at  the  instants  when  the 
air  pockets  leave  the  cavity.  At  the  same  instants,  undulations  of  the  free  surfaces,  pointed  to  the  cavity 
interior,  arise  at  the  two  trailing  edges  of  the  wedge.  And  then  the  cavity,  which  passes  by  its  minimum 
length,  has  the  shape  of  one  or  several  spindles  :  the  corresponding  flow  regimes  are  named  Rj,  R2,  Rk 
(Regime  R2  is  presented  in  Figure  4),  In  general,  the  largest  values  of  k  are  obtained  for  large  values  of  the 
ambient  pressure  or,  more  precisely,  for  the  small  values  of  the  parameter  0^/0^. 


When  the  regime  Rk  is  established,  a  small  increase  in  the  ventilation  air  flowrate  can  result  in  the  passage  to 
the  regime  Rk+i,  as  shown  in  Figure  3,  That  occurs  for  threshold  values  of  the  parameter  Cq^  For  decreasing 
values  of  the  airflow,  the  passage  from  regime  Rk+i  to  Rk  occurs  for  lower  values  of  Cqv,  so  that  the  total 
evolution  of  the  ventilated  cavity  exhibits  a  hysteretic  aspect.  As  indicated  on  Figure  4,  the  wake  of  the  cavity 
is  featured  by  separate,  almost  periodical,  air  pockets,  which  have  been  emitted  during  the  previous  periods. 
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Fig.  4  A  schematic  view  of  the  evolution  of  a  two-waves  cavity  over  two  periods 


For  comparison,  the  above  mentioned  Laali  tests  (Laali  et  al  1984)  were  carried  out  with  the  so-called 
’’half-cavity”  configuration,  i.e.  the  cavity  formed  between  an  initially  horizontal  plane  water  jet,  the 
thickness  of  which  was  H,  and  a  solid  plate  having  a  small  slope  (3.  The  distance  between  the  jet  and  the 
plate  is  named  h  (see  the  Figure  5). 

Note  that  here  the  reference  pressure  Pr  in  the  definition  of  and  Gy  is  the  pressure  po  above  the  jet.  That 
configuration  is  a  possible  model  for  the  spillway  aerated  flow  mentioned  in  the  Introduction  to  the 
present  Chapter.  The  main  features  of  the  ventilated  cavities  downstream  bodies  were  present  also  in  that 
case  :  trends  of  the  relations  ^(Gc)  and  Cqv(Gc),  pulsating  regimes,  relation  In  particular  : 


a.  The  dependence  between  the  cavity  length  I  and  the  relative  cavity  underpressure  Gg  takes  the 
approximate  form : 
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b.  The  threshold  value  of  the  volume  flowrate  coefficient  Cqv  for  the  passage  of  the  regime  Ri  to  the 
regime  R2  diminishes  when  the  parameter  Oy  increases,  either  by  the  growing  reference  pressure  po  or  by 
the  decreasing  jet  velocity  V. 

c.  The  dependence  Cqv((Ic)  is  practically  not  influenced  by  the  step  height  h,  neither  as  regards  the 
threshold  values  of  Cqv  nor  the  jumps  in  the  Gc-Yalms.  The  maximum  value  of  the  jump  occurs  in  the 
regime  Ri  and  is  of  the  order  0.01-0.02. 

d.  Finally,  the  minimum  value  of  Gc  seems  to  be  controlled  by  the  transverse  pressure  gradient  inside 
the  water  jet,  which  influences  the  rising  of  the  air  bubbles  for  the  high  rates  of  ventilation. 


Returning  now  to  the  case  of  the  cavities  behind  the  wedge,  it  is  observed  that,  if  the  gravity  effect  is 
negligible,  the  air  pockets  tend  initially  to  be  symmetrical  with  respect  to  the  flow  direction.  However,  further 
investigations  have  shown  that  subsequently  air  is  not  present  as  a  continuous  medium  in  the  air  pocket,  rather 
as  small  bubbles  organized  in  alternate  vortices.  When  the  Froude  number  is  small  (for  small  water 
velocities),  the  air  pockets  are  no  longer  symmetrical  and  the  wake  of  the  cavity  looks  a  ’’duck  file”  :  that 
seems  to  be  due  to  the  deviation  of  the  reentrant  jet  from  the  axial  direction  under  the  gravity  effect  (see  the 
Figure  6). 


Q-O 


Qo  Qq 


d 


Fig,  6  Influence  of  gravity  on  the  reentrant  jet  direction  and  the  arrangement 
of  the  vortices  in  the  wake. 


3.5.  The  air  blockage  condition  for  pulsation 

The  basic  reason  for  the  discontinuous  release  of  air  at  the  rear  part  of  a  ventilated  cavity  is  to  be  looked 
for  in  its  geometry :  since  cavity  is  an  underpressure  region,  the  curvature  of  its  frontiers  tends  to  be 
directed  towards  its  interior  so  that  -  in  steady,  2D  or  axisymmetric  flow  -  those  surfaces  tend  to  join 
themselves  and  to  produce  a  reentrant  jet  which  prevents  the  outflow  of  air.  That  blockage  condition  can 
be  illustrated  in  an  experimental  way  :  if  we  put  two  parallel  plates  downstream  a  ventilated,  pulsating. 
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cavity  (see  Figure  7),  the  curvature  of  the  frontiers  is  locally  reversed  and  air  can  flow  in  a  continuous 
way.  Then  the  pulsations  disappear  and  the  global  flow  becomes  steady. 


V 


<3 


a  -  Discontinuous  air  flow  at  the  rear 
of  the  cavity 


solid  plates 


f  local  underpressure 
b  -  Continuous  air  flow  without  pulsation 


Fig.  7. 


Another  way  for  the  air  escape  can  be  observed  in  the  case  of  a  ventilated  three-dimensional  hydrofoil 
with  a  small  aspect  ratio  :  a  part  of  the  injected  air  is  evacuated  continuously  through  the  tip  vortex, 
which  tends  to  weaken,  or  even  to  suppress,  pulsations  (Verron,  1977),  and  Verron  and  al  (1984).  A 
similar  observation  was  made  by  Cox  et  al  (1957)  for  the  horizontal  ventilated  cavity  behind  a  vertical 
disk,  at  low  Froude  number.  In  this  case  the  cavity  ended  by  two  almost  parallel  vortices  by  which  air 
was  evacuated  into  the  wake.  A  physical  model  taking  the  gravity  in  account  allowed  the  authors  to  give 
an  account  of  the  main  flow  features,  ie  the  distance  between  the  vortices,  their  diameter  and  the  air 
flowrate. 


Now,  in  the  case  when  pulsations  do  exist,  their  periodical  character  results  from  a  phase  synchronization 
between  the  production  of  the  undulations  near  the  forebody  and  their  coming  to  the  rear  part  of  the 
cavity  (as  suggested  in  Figure  4).  Air  pressure  plays  an  important  role  in  that  mechanism  as  it  conveys 
information  from  the  rear  to  the  fore  part  of  the  cavity  (see  below). 

3.6.  Pulsation  frequency 

Roughly  speaking,  the  frequency  of  pulsations  varies  as  in  each  regime  R^.  That  result  appears  in 

Figure  8  for  regime  Ri.  It  leads  us  to  build  the  non-dimensional  frequency  (p  as  defined  by  relation  (5)  and 
study  its  variation  versus  the  parameter  (Figure  9). 


It  is  noticeable  that  the  various  pulsating  regimes  are  determined  by  ranges  of  values.  In  particular,  the 
one-wave  regime  corresponds  to  the  range  0.06  -  0.25  of  that  parameter,  as  well  for  a  closed  channel  that  a 
free  surface  channel.  Also,  higher  the  rank  of  the  regime,  narrower  the  range  of  ac/(Ja-  ^^ch  regime,  the 
dependence  (p(ac/c?a)  roughly  linear.  The  total  variations  of  (p  are  between  about  0.7  and  1,  i.e.  a  small 
enough  range  (the  limits  are  slightly  smaller  in  the  case  of  a  deeper  submersion  of  the  forebody).  It  follows 
that  the  pulsation  frequency  is  roughly  proportional  to  the  inverse  of  the  mean  length  of  the  cavity. 
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In  case  of  lifting  foils,  the  circulation  around  the  cavity  can  also  influence  the  mode  of  air  evacuation  at  its 
rear  part,  as  indicated  by  relations  (8)  and  (10).  Then  it  happens  {Michel  1984),  that  under  only  slight 
variations  of  the  angle  of  attack  a,  (all  other  parameters  being  kept  constant,  in  particular  Gy  and  the  mass 
airflow  rate  Q^) ,  the  lift  and  drag  coefficients  may  change  :  variations  of  a  may  result  in  a  change  of  regime 
and  then  of  <5^. 


Fig.  8.  Variations  of  the  frequency  f  Ocfor  increasing  values  of  Oy 
(Regime  R  j,  h  j  =21  cm,  V  =  8  m/s) 
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Fig.  9.  Non-dimensional  frequency  v^.  <7^/(7^  (hj  =  7  cm) 

4.  On  the  Pulsation  Mechanism 


As  suggested  in  the  Figure  4,  different  parameters  can  be  described,  as  connected  to  the  evolution  of  a 
ventilated,  pulsating,  cavity. 


•  For  the  experimental  conditions  in  view,  the  existence  of  pressure  waves  inside  the  cavity  cannot  be 
considered  and  the  pressure  Pc  is  uniform  through  the  cavity.  The  measurement  of  p^  shows  that  it 
fluctuates  practically  as  a  sinusoidal  function  of  time,  at  the  frequency  f.  Its  minimum  value  corresponds 
to  the  instant  at  which  an  air  pocket  is  shed  in  the  wake  of  the  cavity. 

•  The  length  A-,  X,  =  V^/f,  where  stands  for  the  mean  velocity  of  water  at  the  cavity  frontier,  i.e.  =  V  (1 

+  can  be  considered  as  a  wave  length  for  the  cavity  pulsation.  In  a  regime  Rk,  it  is  connected  to  the 

minimum  cavity  length  by  the  relation  : 

£^  =  kX  (12) 


•  That  relation  agrees  with  the  above-mentioned  phase  relation  between  the  birth  of  the  fluctuations  of  the 
free  surfaces  near  the  wedge  trailing  edges  and  the  instant  of  the  shedding  of  the  air  pocket. 

•  The  overpressure  pf,  which  is  created  in  the  closure  region  at  the  instant  of  the  juncture  between  both 
cavity  interfaces,  diminishes  when  the  air  pocket  moves  away  from  the  cavity  with  the  velocity  Up. 

•  The  pressure  Pp  in  the  air  pocket,  which  initially  is  equal  to  Pc,  grows  subsequently  until  the  pf-value. 
Then  the  volume  Vp  of  the  pocket  decreases  while  it  is  accelerated  inside  the  cavity  wake. 

•  The  velocity  Uf  of  the  rear  of  the  cavity  is  initially  zero  and  then  grows  until  the  velocity- value  of  the  air 
pocket. 
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That  simple  examination  shows  that  all  parameters  undergo  mutually  consistent  variations.  In  order  to 
complete  the  description,  we  have  to  invoke  several  specific  relations  : 

•  The  air  mass  in  the  air  pocket  is  Qm/f- 

•  The  velocities  Uf  and  Up  are  related  to  the  variations  of  the  cavity  volume  v^  and  the  virtual  mass  of  the 
air  pocket. 

•  The  variations  of  v^  result  from  the  perturbations  of  the  transverse  velocity  v  at  the  interfaces. 

•  They  are  connected  to  the  flow  rate  by  the  relation  : 

^(pc^c)  _  Q  X constant 
dt 

•  A  special  condition  can  be  used,  as  was  done  by  Woods  (1964,1966),  in  order  to  avoid  the  pressure 
singularity  at  infinity  in  a  2D  field  of  flow  :  to  cancel  the  variations  of  the  total  volume  ’’cavity  plus  cavity 
wake”.  That  condition  means  that  energy  exchanges  between  the  cavity  and  its  wake  have  to  be 
considered.  Here,  it  could  be  approximated  by  the  condition  that  the  variations  of  the  cavity  volume  are 
balanced  by  the  volume  variations  of  the  first  air  pocket  in  the  wake. 


The  Wood's  condition  meets  the  experimental  observation  of  pulsating  cavities  in  free  surfaces  channels  : 
in  most  of  the  cases,  the  free  surface  is  not  affected  by  the  pulsations,  which  suggests  that  the  exchanges 
are  mainly  in  the  streamwise  direction,  not  in  the  transverse  one.  It  allows  understanding  that  pulsating 
cavities  can  be  produced  in  closed  channels  and  in  the  configuration  of  the  half-cavity,  as  described  by 
Laali  et  al  (1984).  Let  us  note  that,  for  the  reduced  pulsation  cOk  defined  by  the  expression  : 

(Ok  = — —  =  — , 

Vc  v^  +  o^ 


Woods  gets  the  theoretical  relation  : 

(Ok  =  1.97  +  7i(k-l) 


while  the  experimental  relation  (12)  can  be  rewritten  as  : 

COk  =  7ik. 


4.  Final  Remark 


The  behaviour  of  ventilated  cavities,  namely  their  stability  and  the  pulsating  regimes,  was  theoretically 
studied  in  the  case  of  3D  axisymmetrical  flows  by  Parishev  (1978),  who  used  several  simplifications 
previously  proposed  by  Serebryakov  (1973)  and  Logvinovich  (1976).  More  recently,  Semenenko  (1998)  and 
Semenov  (1998)  proposed  theoretical  descriptions  of  the  pulsating  regimes  in  the  case  of  2D,  plane  flows. 
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!•  Modeling  the  supercavitation  processes 

1.1.  Features  of  supercavitating  flows 


Supercavitation  naturally  occurs  when  the  speed  of  a  subsurface  craft  increases  at  fixed  pressure  . 

At  considerably  low  speeds  (F  >  3  m/sec),  supercavities  form  when  an  object  crosses  the  free  water 
surface.  In  this  case  cavities  are  filled  by  atmospheric  air  and  refer  to  artificial  cavities  formed  at  low 
speeds  [4,  18]. 

According  to  the  hydrodynamic  scheme  of  supercavitation  flow,  the  object  is  placed  partially  or  fully 
inside  a  supercavity  (Fig.  la,  b)  formed  by  the  nose  part  (cavitator)  [1,  4,  6].  In  the  case  of  a  jet  cavitator 
system  the  cavity  separates  from  the  craft  hull  (Fig.  Ic)  and  body  has  no  points  of  contact  with  cavity 
[17]. 

The  hydrodynamic  drag  formulae  for  continuous  and  cavitation  flow  have  the  form 


2  2 

X  =  C,(Re)-^5,  (1) 

and  suggest  that  does  not  depend  on  viscosity.  Here,  Re  =  FL  /  V  is  the  Reynolds 

number;  (J  =  (P  —  P^)/(pF^)/ 2  is  the  cavitation  number,  S  and  are  the  characteristics  of  the  wet 
surface  in  continuous  and  cavitation  flow,  and  p  and  V  are  the  density  and  viscosity  of  water. 

A  qualitative  estimation  of  the  respective  hydrodynamic  drags  indicates  that  with  cJ  =  1 0”^  the 
resistance  to  motion  reduces  by  a  factor  of  1/1000. 

However,  for  all  its  attractiveness  due  to  a  low  hydrodynamic  drag,  the  motion  of  an  object  in  a  cavity 
is  a  more  complicated  and  paradoxical  process  than  that  of  a  space  rocket.  Moving  in  a  vapor-  or  gas- 
filled  cavity,  the  cavitating  body  loses  buoyancy  -  the  main  advantage  of  motion  in  water,  and  thus  needs 
dynamic  means  to  maintain  its  weight  inside  the  cavity  [17]. 

The  classical  stability  condition  for  motion  in  a  continuum  requires  that  the  center  of  mass  of  the  body 
should  lead  the  external  force  application  point.  In  the  supercavitation  motion  scheme,  this  condition  is 
violated  in  the  most  unfavorable  way:  the  hydrodynamic  forces  are  applied  in  the  foremost  point  of  the 
object  -  far  ahead  of  the  center  of  mass  (Fig.  2).  Moving  in  a  cavity  with  a  subsonic  speed  relative  to 
water  (F^=1430  m/s),  the  object  moves  at  a  supersonic  speed  V=  4M  relative  to  the  vapor  filling  the 
cavity  as  if  it  were  24  km  above  the  sea  level. 


Paper  presented  at  the  Lecture  Series  on  ''Supercavitating  Flows”,  held  at  the  von  Kdrmdn 

Institute  (vkI)  in  Brussels,  Belgium,  12-16  February  2001,  and  published  in  RTO  EN-010. 
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While,  in  the  continuous  flow,  the  energy  expended  to  overcome  the  hydrodynamic  drag  is 
irreversibly  lost  in  the  wake,  in  the  supercavitation  flow,  the  energy  of  a  cavity  of  length  travels  with 
the  object  of  mass  m  ,  Their  total  energy  is 


E^=E,+E^=^  +  ]x^dl 

It  is  paradoxical  that  at  the  moment  when  the  cavity  collapses  around  the  body  moving  in  water  by 
inertia  with  decreasing  speed,  the  velocity  suddenly  increases.  However,  this  velocity  gain  occurs  in 
agreement  with  the  energy  conservation  law.  The  cavity  returns  to  the  body  the  energy  it  expended  earlier 
to  form  the  cavity.  This  effect  was  found  in  experiments  with  cavitating  models  moving  along  a  wire.  In 
free  motion,  the  imploding  cavity  can  not  only  disturb  motion  stability  but  also  destroy  the  body. 

It  should  be  noted  that  the  problem  of  cavity  closure,  including  hulls  of  vehicless,  is  a  large  field  of 
research  with  applications  to  generation  of  supercavities  and  reduction  of  dynamic  drag  to  levels  below 

In  view  of  these  specific  features  of  supercavitation  flows  one  may  conclude  that  the  feasibility  of  this 
motion  scheme  is  contingent  on  the  stability  of  object  motion  in  the  cavity.  Therefore,  in  experimental 
launches  in  water,  spherical  bodies  have  been  used  more  frequently  than  others  [9].  In  some  flows,  cavity 
embraced  only  a  part  of  the  hull,  while  the  aft  remained  wet  to  preserve  the  stability  of  motion  (see  Fig. 
la). 

In  experimental  investigation  we  realize  a  processes  of  physical  modeling  the  supercavitation  flows 
which  includes  three  separate  but  associate  problems: 

1)  modeling  the  supercavity  shape  and  dimensions; 

2)  modeling  the  main  SC  processes  as  gas  supply,  gas  leakage,  SC  creation,  SC  control,  SC 
disturbanse; 

3)  modeling  the  supercavitating  body  motion. 

We  consider  sequentially  these  problems  from  point  of  view  of  the  theory  of  dimensionality  and 
similarity  of  the  hydrodynamic  flows.  Application  of  methods  of  the  theory  of  dimensionality  and 
similarity  permits: 

-  to  determine  the  minimal  number  of  dimensionless  parameters  describing  main  sides  of  the 
studied  process; 

-  to  choose  a  rational  scheme  of  the  laboratory  experiment; 

-  to  obtain  rules  of  recalculation  of  the  experimental  results  for  full-sc 
ale  magnitudes  of  the  parameters. 

Foundations  of  the  theory  of  dimensionality  and  similarity  and  this  theory  application  to  different 
fields  of  the  hydromechanics  are  stated  in  books 

[1,2]. 

1.2.  Main  scales  and  parameters  governing  the  supercavitation  processes 

For  stationary  supercavitation  flows  the  process  is  defined  by  the  following  parameters  [29]: 

-  characteristic  linear  size  of  the  body  L; 

-  pressure  difference  in  the  free  stream  and  cavity 

P^-Pcl 
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-  fluid  velocity  ; 

-  fluid  density  p  ; 

-  gravity  acceleration  g; 

-  kinematic  coefficient  of  the  water  viscosity  V; 

-  coefficient  of  water  surface  tension  ^ . 

There  are  three  basic  measurement  units:  length,  time  and  mass.  According  to  11  -  theorem  of  the 
theory  of  dimensionality  [1],  it  is  possible  to  give  no  more  than  7^3=4  independent  dimensionless 
combinations  of  enumerated  parameters.  The  other  flow  parameters  and  acting  forces  are  functions  of 
such  four  scaling  parameters. 

The  cavitation  number  a,  the  Froude  number  Fr,  the  Reynolds  number  Re  and  the  Weber  number 
We  are  used  as  main  scaling  parameters: 


CJ 


^{p^- Pc) 

pvl 


Fr 


4^’ 


Re 


VL 


We 


pV^L 


(2) 


Cavitator  diameter  is  usually  used  as  linear  scale  L  for  supercavitation  flows. 

Equality  of  four  scaling  parameter  guarantee  observance  of  geometric,  kinematic  and  dynamic 
similarity  of  stationary  supercavitating  flows.  Namely,  the  cavity  section  diameters  D  and  acting  forces 
F  may  be  calculated  by  formulae: 


/ 

D 

V 


\ 

=  DJ,{a,Fr,RQ,We), 

/ 


F  =  ^Dlf^{a,Fr,RQ,We), 


(3) 


where  /J,  /2  are  dimensionless  functions  of  dimensionless  parameters.  They  can  be  once  and  for  all 

determined  theoretically  and  experimentally.. 


Moreover,  only  equality  of  cavitation  drag  coefficients  of  the  cavitators,  but  not  the  geometric 
similarity  of  them  is  necessary  for  the  supercavitating  flows.  The  cavitators  with  the  same  diameters 
and  drag  coefficients  forms  cavities  of  approximately  equal  sizes.  When  values  of  (7  are  low  and 
values  of  Fr  are  high,  mid-section  diameter  and  length  of  the  axisymmetric  cavity  past  a  disk  are 

approximately  equal  [2,  3]: 


D 


c 


(4) 


where  k  =  0.9  4-  1.0  is  the  empirical  constants.  It  is  shown  in  [2,  4]  that  formulae  (4)  may  be  used  and 
for  non-disk  cavitators  of  different  shape,  if  the  universal  linear  dimension  is  accepted  as 

characteristic  linear  dimension  instead  . 
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When  values  of  a  are  small,  the  approximate  relation  is  valid  for  the  drag  coefficient  of  blunted 
cavitators  [2,  3]: 

c,(o-)  =  c,o(l  +  o-),  0<o-<1.2,  (5) 

where  is  the  cavitator  drag  coefficient  at  (7=  0.  For  disk  cavitator  it  is  established  that  =  0.82. 

However,  simultaneous  equality  of  numbers  (7,  Fr,  Re,  We  is  impossible  to  reach  in  practice. 
Therefore,  investigation  of  scaling  effects,  i.e.  influences  of  different  deviation  from  similarity  is  of 
great  importance  in  modeling  the  supercavitation  processes. 

13.  Supercavities  in  steady  flows:  modeling  by  the  a  number 

The  cavitation  number  <J  is  main  scaling  criterion  of  the  supercavitation  flows.  The  value  of  (7  < 
0.1  corresponds  to  the  supercavitation  regime.  Such  values  of  the  cavitation  number  are  reached  at 
velocities  >  50  m/s.  It  is  established  experimentally  [2,  3]  that  the  water  viscosity  influence  is 
practically  absent  at  such  velocities  in  the  case  of  the  disk  cavitator  and  free  cavity  closure.  Influence  of 
gravity  and  surface  tension  forces  also  are  negligible  when 

Fr  >20^30,  We  >1000,  (6) 

Thus,  for  natural  supercavities  the  functions  /|,  /2  in  (3)  depend  on  only  dimensionless 

parameter  a  being  unique  scaling  criterion  of  the  flow. 

We  obtain  the  empirical  formula  for  the  natural  supercavity  shape  [5]: 

P(x)  =  3.659 +  0.847(x- 2.0) -0.236o■(x-2.0)^  x>2.0  (7) 

where  R  =  Rl  R^,  x  =  x/  R^  .In  this  case  we  used  an  analysis  of  the  experimental  data  obtained  for  the 
models  with  D^=  15  mm  and  the  range  of  cavitation  numbers  <J  =  0.012  ^  0.057.  The  frontal  cavity 
part  X  <  2.0  is  described  by  the  empirical  formula  [3] 

-  r  3xr 

R=  1  +  —  ,  x<3-5,  (8) 

I 

The  following  expressions  for  the  cavity  mid-section  and  length  are  obtained  from  the  formula  (7): 

-  3  595 

4=4.0  +  ^^:^.  (10) 

(T 
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Expressions  (9),  (10)  are  in  good  agreement  with  results  of  our  experimental  investigations  of  high-speed 
motion  of  small  supercavitating  models  in  water  [5]  (Z)„  =  1.0  ^  3.0  mm).  The  cavitation  numbers 

(j  _  j q-4  ^ j q-3  Mach  numbers  M  =  V^/a  =  0.3 0.9 (where  a  =  1460  m/s  is  the  sound  speed  in 
water)  correspond  to  these  experiments.  Thus,  the  water  compressibility  influence  on  the  main  cavity 
dimensions  may  be  considered  as  nonessential  one  at  motion  velocities  up  to  1200  m/s. 

A  practical  advantage  of  formula  (7)  is  that  it  gives  the  explicit  dependence  of  the  cavity  shape 
on  the  cavitation  number. 


1 .4.  Artificial  supercavities  in  steady  flows:  modeling  by  the  Fr  number 


It  follows  from  the  theory  of  similarity  of  hydrodynamic  flows  that  the  shape  and  dimensions  of 
natural  and  artificial  (ventilated)  cavities  must  be  equal  at  the  same  value  of  <J  .  However,  this  is  not 
observed  in  reality. 

The  main  cause  is  that  the  moderate  values  of  the  Froude  number  Fr  <  20  correspond  to  the  flows 
with  artificial  cavitation  when  motion  velocity  V=  10  ^  50  m/s.  It  means  that  the  gravity  importance  for 
artificial  cavity  is  essentially  greater  at  equality  of  the  cavitation  numbers. 

As  it  is  known  ,  gravity  forces  influence  on  the  artificial  cavity  by  double  ways. 

Firstly,  the  cavity  axis  is  curved  (the  cavity  floating-up),  and  the  cross  section  shapes  calculable  by  the 
perturbation  method  [6]  are  deformed. 

It  is  known  from  the  experiments,  and  theoretical  investigations  confirm  that  the  liquid  crest  forms 
below  the  cavity  when  the  cross  gravity  field  acts.  Its  top  increases  in  direction  from  the  cavitator  to  the 
cavity  tail.  Sometimes,  this  crest  is  small  even  in  the  cavity  end,  and  the  cavity  does  not  transform  into 
two  vortex  tubes.  In  other  cases  the  crest  top  already  past  the  mid-section  may  reach  the  upper  cavity  part 
and  cleave  it  on  two  tubes. 

In  the  work  [6]  important  criterion  was  obtained  by  theoretical  way: 


N  =  a4oFr^  >1.5. 


(11) 


It  is  possible  to  emphasize  the  following  ranges  of  changing  the  parameter  V.  They  corresponds  to 
different  conditions  of  perturbations  caused  by  fluid  gravity: 

1)  range  A/  =  1  ^  2  is  characterized  by  high  perturbation  levels,  when  all  cavity  part  after  the  mid-section 
degenerates  in  vortex  tubes; 

2)  range  N  =  2^  A  corresponds  to  mean  or  essential  perturbation  level,  when  the  water  crest  height  is  lower 
than  the  unperturbed  cavity  radius,  although  may  be  close  to  it; 

3)  range  N  =  4  ^  10  is  characterized  by  low  perturbation  level,  and  gravity  influence  may  be  egligible 
when 


V  >  10. 


In  Fig.  3,  a,  b,  the  calculation  results  of  shape  of  cross  cavity  sections  when  cavitation  numbers  a  = 
0.06  and  Froude  numbers  Fr  =  10  are  shown.  In  this  case  N  =  1.47.  In  sections  1,  2,  3,  when  x  =  0.25 
and  X  =  0.50,  the  gravity  action  yet  does  not  appear,  and  in  section,  when  x  =  0.75,  small  compression 
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from  below  is  already  appreciable.  In  sections  4,  5,  when  x  =  1.25,  the  deformation  is  considerable.  It  is 
close  to  half  of  the  radius  value  below  the  section.  The  crest  directed  up  is  well  seen.  In  the  next  sections 
the  cavity  collapses. 

Secondly,  the  cavity  closure  behavior  and  type  of  gas  leakage  from  the  cavity  change.  It  was 
established  experimentally  [2,  3],  that  the  influence  of  viscosity  and  surface  tension  is  not  essential.  Thus, 
in  this  case  the  flow  is  determined  by  two  scaling  criteria  d  and  Fr. 

However,  it  is  difficult  practically  to  obtain  simultaneous  equality  of  numbers  d  and  Fr  .  Modeling 
by  the  cavitation  number  requires  simultaneous  decrease  of  the  model  dimension  to  save  the  Froude 
number  value.  A  way  of  the  gravity  force  compensation  in  rotating  hydro-tunnels  is  known  [2]. 

A  method  of  physical  modeling  of  the  gravity  influence  on  the  supercavity  shape  by  means  of  curving 
the  external  flow  was  proposed  in  the  work  [7].  The  flow  was  curved  in  the  vertical  plane  due  to  bend  of 
the  working  part  bottom  (Fig.  4).  For  such  flow  the  numbers  Fr  depends  on  bottom  curvature  radius  7?^ : 


g- 


R. 


2  \ 


(12) 


To  change  fluently  the  Froude  number  in  range  20  <  Fr  <<^  was  succeeded  by  curving  the  flow  in  the 
experiments  with  artificial  cavity  past  a  disk  when  =  20  mm  and  free  stream  velocity  V  =  9  m/s.  In 

this  case  the  characteristic  deformation  of  the  cavity  owing  to  the  floating-up  was  completely  eliminated. 
The  cross  force  arising  on  the  cavitator  may  be  easily  compensated  by  corresponding  inclination  of  the 
cavitator. 


The  stream  curving  method  is  convenient  to  use  for  compensation  or,  on  the  contrary,  intensification 
of  the  gravity  force  action  on  the  artificial  cavity  shape  in  hydrotunnels  with  horizontal  flow.  It  has 
advantage  compared  to  a  method  of  the  rotating  hydro-channel  [2],  since  permits  to  work  with  models  of 
large  longitudinal  dimensions.  However,  we  notice  that  this  method  does  not  model  the  influence  of 
number  Fr  on  the  internal  processes  in  the  cavity,  such  as  reentrant  jet  formation  and  motion  of  foam  and 
sprays  within  the  cavity. 

In  the  case  of  unsteady  flow  the  Strouhal  number  is  the  additional  determining  scaling  parameter: 


(13) 


The  essential  difference  between  natural  (vapor)  and  ventilated  supercavities  becomes  apparent  at 
unsteady  flow.  Investigations  showed  that  the  parameter  characterizing  the  gas  elasticity  influence  in  the 
cavity  is  of  important  in  this  case. 


2.  Special  equipment  for  experimental  investigation 

All  installations  for  experimental  investigations  may  be  divided  on  two  parts: 
I.  Installations  of  inverse  motion: 

•  water  tunnels; 

•  water  flumes; 

•  rotating  channels. 
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11.  Installations  of  direct  motion: 

•  towing  channels; 

•  test  basins; 

•  launching  tanks. 

The  models  with  full  fixation  (without  levels  of  freedom)  are  mainly  used  under  inverted  motion. 

The  models  with  partial  fixation  or  models  with  free  motion  may  be  used  in  direct  motion.  There  are 
wire  riding  models  and  models  used  as  missiles. 

The  inverted  motion  is  limited  by  velocity  range  3  ^50  m/s  so  that  the  high  speed  motion  of  SC 
models  must  be  investigated  at  direct  motion  only  [17,  18]. 


2.1.  Water  tunnels 


Experience  of  development  of  experimental  high-speed  hydrodynamics  shows  that  it  is  convenient 
for  velocities  up  to  30  m  /s  to  use  the  inverted  motion,  which  is  realized  due  to  water  tunnels  [16],  water 
flumes  and  rotating  water  channels  [2,  9]. 

There  are  the  closed  circuit  water  tunnels  as  LCC  in  Memphis  and  Garfield  Thomas  Water  Tunnel  in 
Pennsylvania. 

The  Large  Cavitation  Channel  (LCC)  of  the  David  Taylor  Model  Basin,  CDNSWC,  is  a  large 
variable  pressure  water  tunnel  and  it  is  one  of  the  most  technologically  advanced  large  cavitation  tunnels 
in  the  world. 

IHM  has  two  unclosed  circuit  water  tunnels. 

The  small  WT  has  a  working  section  is  0.34  x  0.34  m,  the  working  part  length  is  2m,  the  mainstream 
velocity  is  9  m/s.  It  is  a  tunnel  of  open  type  with  opened  working  part.  Pumps  inject  water  to  the  upper 
tank,  where  free  level  is  sustained  constant.  The  water  arrives  under  constant  pressure  of  water  column 
equal  to  4.5  m  to  the  working  part. 

The  big  WT  (Fig.  5)  has  a  working  section  1  -  4  x  0.5  x  0.5  m  with  maximal  admissible  velocity  up 
to  30  m/s.  The  supplying  part  -  2  of  the  WT  has  length  35  m  is  used  as  a  launching  tank.  It  has  10  pairs 
of  looking  windows. 

3 

The  WT  has  a  gas  separator  -  3.  The  water  arrives  in  basin  -  4  having  volume  -  4400  m  through  the 
separator  for  the  further  degassing  and  comes  to  the  pumps  -  5  with  total  power  5  000  KWt.  The  photo 
Fig.  6  demonstrates  WT  view  from  separator. 

In  experimental  supercavitation  it  is  very  significant  to  organize  supercavity  without  extra 
disturbances  in  rear  part  of  supercavity.  A  special  device  (Fig.  7),  which  can  do  this,  was  elaborated  at 
the  IHM. 

Supercavity  generator  (Fig.  7)  contains  struts  -  1,  cylindrical  section  -  2,  ring  type  cavitator  -  3  with 
leading  edge  to  produce  free  boundary  -  4  of  supercavity  -  5. 

To  decrease  disturbances  of  supercavity  this  device  contains  a  special  pipe  line  ™  7  for  boundary 
layer  suction  through  the  ring  gap  ™  6. 

The  photo  below  demonstrate  the  working  supercavity  generator  in  the  test  section  of  WT. 
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It  should  point  that  the  supercavity  is  very  sensitive  to  changing  of  surrounding  flow  in  the  working 
part  of  WT.  This  change  of  the  flow  is  caused  by  the  supercavity  and  called  by  Blocking  effect  and  may 
be  estimated  experimentally. 

Fig.  8  shows  change  of  the  supercavity  under  influence  of  Blocking  effect.  General  recomendations 
relating  to  the  maximal  cross  section  of  the  supercavity  has  the  form 


<0.01, 


where  5'^,  is  the  working  part  section. 


2.2.  Experimental  equipment  for  self-propelled  wire  riding  model  testing 


Considerable  experience  of  the  creation  of  such  laboratory  equipment  and  carrying  out  with  the  help 
of  it  the  experiments  to  study  the  supercavitating  flow  around  models  with  caliber  40  -  60  mm,  when 
they  free  move  in  water  at  velocities  higher  than  100  m/s  has  been  accumulated  at  the  IHM  UNAS  [28]. 
Application  of  different  power  systems  of  the  models  is  possible  in  the  experiments.  The  ecologically 
pure  components:  water  in  various  phase  states  and  compressed  air  are  used  as  working  medium  in  them. 
The  body  ride  system  along  a  guide  wire  proved  to  be  the  most  effective  to  divide  the  problems  of  the 
cavity  dynamics  and  the  motion  stability  by  stabilizing  the  model  trajectory  in  water. 

It  is  possible  to  note  the  following  advantages  of  the  described  technique  of  the  model  testing: 

-  a  possibility  of  studying  the  supercavitating  flow  around  models  of  comparatively  large  caliber  at 
absence  of  external  perturbations; 

-  enough  wide  range  of  the  flow  velocities  and  regimes:  from  artificial  ventilated  cavitation  to 
natural  vapor  cavitation  in  the  velocity  range  V  ~  50  -  150  m/s; 

-  possibility  of  studying  of  both  stable  flow  regimes  and  unsteady  processes  on  initial  stages  of  the 
cavity,  development  and  also  adjustment  of  regimes  of  water  entry  of  models; 

-  comparatively  large  caliber  of  the  tested  models  gives  considerable  variety  both  in  the  model 
constructions  and  in  the  hydrodynamic  schemes  of  flow  around  them; 

-  system  of  the  model  trajectory  stabilization  by  means  of  the  guide  wire  allows  the  minimal 
necessary  deepening  of  the  trajectory  and,  hence,  simplifies  photo-registration  of  flow  pictures  through 
the  free  surface; 

-  when  optimal  conditions  of  the  water  entry  of  the  models  are  ensured,  the  stabilization  of  the 
supercavitating  flow  regime  is  reached  on  very  short  distance  (about  some  model  length)  and  requires 
very  limited  engine  power  of  the  models; 

-  compact  laboratory  reservoirs  of  different  types:  channels,  flumes,  basins,  tunnels  etc.  may  be  used 
to  carry  out  tests  due  to  short  working  part  of  the  trajectory  and  effective  system  of  the  ydrodynamic 
braking  of  models; 

-  absence  of  chemical  energy  sources  and  use  of  the  water  and  compressed  air  in  the  model  power 
systems  as  the  working  medium  at  moderate  high  values  of  the  pressure  ensure  a  possibility  of  safe 
exploitation  of  the  experimental  equipment  in  laboratory  conditions. 


Imperfection  of  the  described  technique  of  the  testing  is  mainly  complexity  of  registration  of  the 
process  characteristics  at  the  model  motion  in  water  with  high  speeds.  In  this  case  the  basic  information 
is  ensured  by  studying  of  the  model  motion  kinematics  and  photo-cinematography  of  its  flow  pictures. 
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Synchronization  of  work  of  the  registering  apparatuses  with  certain  phases  of  the  model  motion  in  water 
may  have  certain  technical  complexity. 


Configuration  of  the  model  testing  system 


Here,  we  interpret  the  optimal  configuration  as  such  set  of  the  system  elements  and  their  composition 
which  ensure  a  possibility  of  obtaining  of  the  stable  motion  regimes  in  a  supercavity  for  different 
constructive  modifications  of  the  models  at  rational  technical  parameters  of  whole  system:  general 
dimensions,  material  capacity  and  sizes  of  equipment,  energy  consumption  etc,  including  the  ecological 
compatibility  and  exploitation  safety.  As  it  was  noticed,  the  type  of  reservoir  used  to  create  the  testing 
system  has  no  principal  significance.  The  following  description  is  based  on  materials  of  tests  carried  out 
in  the  hydrodynamic  laboratory  at  the  IHM  in  opened  hydro  flume  with  dimensions  1.0  x  1.0  x  40  m.  The 
model  motion  trajectory  was  located  on  the  depth  0.5  m  along  the  flume  axis.  Photo-cinematography  of 
the  flow  pictures  was  realized  through  the  glass  windows  in  walls  of  the  flume  and  through  the  free  water 
surface. 

One  of  necessary  conditions  of  the  supercavity  formation  on  starting  stage  of  the  motion  in  water  is 
enough  high  velocity  of  the  model  which  is  ensured  by  means  of  the  starting  catapult,  i.e.  predominantly 
owing  to  ‘‘cannon  effecf ’.  In  this  case  the  model  mass  executes  a  role  of  the  kinetic  energy  accumulator 
being  able  to  ensure  the  stable  motion  on  inertia.  In  the  given  case  equipping  the  model  by  jet  engine  has 
no  principal  significance  for  its  dynamics.  The  considered  here  types  of  the  working  medium  of  the 
engine  at  their  bounded  board  reserve  are  able  to  ensure  only  very  short-term  thrust.  It  does  not  give 
decisive  difference  of  the  velocity  value  and  is  reached  by  means  of  the  model  mass  decrease  during 
motion.  In  some  cases,  for  example,  increase  of  the  inertial  mass  of  the  model  due  to  filling  the  hull  by 
material  with  higher  density,  for  instance,  metal  may  be  the  more  advantageous  to  increase  the  free 
model  passage  distance  at  the  same  starting  velocity  instead  of  the  engine  with  working  medium  reserve. 
Therefore,  in  this  case  use  of  models  with  jet  engine  is  of  interest  for  combined  study  of  hydrodynamic 
aspects  of  interaction  between  the  cavity  and  working  engine. 


Model  with  water-vapor  jet  engine 


The  water-vapor  jet  engine  represents  a  kind  of  propulsive  device  where  the  direct  transformation  of 
the  thermal  energy  into  the  thrust  work  occurs,  and,  simultaneously,  hydrodynamic  and  thermodynamic 
processes  including  the  phase  changes  of  the  working  medium  proceed. 

Hot  water  application  as  the  working  medium  of  the  jets  has  considerable  history.  In  various  time 
beginning  from  antiquity  different  variants  of  the  devices  using  the  reactive  vapor  jet  to  carry  out  the 
work  appeared.  Serious  works  on  application  of  the  hot  water  for  missiles  began  to  be  carried  out, 
apparently,  before  the  Second  World  War  in  Germany  and  after  the  War  in  West  Germany,  USA,  Italy 
[19  -  22].  An  interest  to  such  type  of  propulsions  is  stipulated  first  of  all  by  their  economical  parameters 
and  ecological  factors. 

The  considerable  volume  of  investigations  on  thermal  hydrojets  including  water- vapor  jet  was  carried 
out  at  the  IHM  UNAS  [23,  24,  25].  The  investigations  were  being  performed  as  applied  to  a  problem  on 
creation  of  high-speed  underwater  vehicles  using  the  outboard  water  for  jet  work. 

The  constructive  scheme  of  the  model  with  water-vapor  jet  is  shown  in  Fig.  9,  a.  As  a  whole  the 
model  represents  a  body  of  revolution  with  cone  nose  and  cylindrical  parts.  The  cylindrical  part  1  of  the 
model  hull  is  made  from  stainless  steel  and  contains  the  working  medium  reserve  for  the  water-vapor  jet. 
The  jet  nozzle  2  is  installed  on  the  hull  end  and  has  a  central  body  with  tail  3  protruding  from  the  model 
hull.  The  tail  is  intended  for  joining  with  the  catapult  lock  and  holding  the  model  during  the  process  of 
heating  and  water  pressure  increasing  in  the  model  and  catapult.  The  nose  cone  part  4  of  the  model  hull  is 
isolated  hermetically  from  the  cylindrical  part  1  and  may  be  made  from  aluminum  for  the  model  mass 
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decrease.  The  changeable  cavitator  5  is  installed  on  the  cone  nose  4.  The  general  view  of  such  model 
with  hull  diameter  58  mm  is  shown  in  photo  of  Fig.  9,  b. 

As  it  is  pointed  above,  tests  of  the  described  models  were  carried  out  in  the  flume  with  dimensions  1 .0 
X  1.0  X  42  m.  The  general  scheme  of  the  model  testing  system  is  presented  in  Fig.  10.  In  the  scheme 
numerals  designate:  1  is  the  flume,  2  is  the  starting  chamber  produced  in  the  flume  by  divider  3.  In  the 
scheme  the  starting  chamber  is  shown  filled  by  water.  Respectively,  the  catapult  4  and  the  model  5 
installed  in  it  are  located  in  underwater  position.  Cameras  6  and  impulse  illuminants  7  with  divergent 
screen  for  uniform  light  background  creation  are  used  to  register  the  picture  of  flow  around  the  model  at 
its  motion  in  the  flume.  Disposition  of  the  photo-registration  means  is  shown  in  the  scheme  in  two 
positions.  The  position  for  recording  photo-registration  means  is  shown  in  the  scheme  in  two  positions. 
The  position  for  recording  through  the  glass  windows  in  the  flume  walls  stipulates  disposition  of  the 
camera  and  illuminant  on  the  opposite  sides  of  the  flume.  The  position  for  recording  through  the  free 
water  surface  requires  the  camera  disposition  above  the  flume  and  underwater  disposition  of  the 
illuminant. 

Conditions  of  carrying  out  the  experiments  differed  from  the  calculation  ones  by  final  value  of  the 
heated  water  reserve,  which  was  close  to  the  calculated  second  rate,  and  inevitable  pressure  dropping  in 
the  chamber  of  the  jet  in  moment  of  the  model  start  from  the  catapult.  However,  it  is  possible  to  suppose 
that  the  pointed  differences  do  not  essentially  influence  the  jet  thrust  value  for  short  term  of  its  work.  It 
is  less  than  0.2  sec  at  average  model  velocity  110  m/s  and  length  of  the  working  part  of  the  trajectory 
about  20  m.  This  supposition  is  confirmed  by  results  of  tests  where  the  model  motion  regimes  with 
practically  constant  velocity  along  the  distance  were  registered,  and  photographs  of  flow  around  the 
model  were  obtained.  In  these  cases  the  model  moved  in  the  supercavity  without  washing  the  hull,  i.e.  its 
total  drag  was  equal  to  the  nose  cavitator  drag  and  corresponded  to  the  thrust  developed  by  the  jet.  The 
maximal  parameters  of  heated  water  was  P  =  1 5Qkgf  I  cm^  ^  t  —  320°  C . 

Drag  value  of  the  disk  cavitator  with  diameter  is  determined  by  formula  [  3] 


R.  =  c  F 


pv" 


(14) 


where  =  0.82  is  the  drag  coefficient  for  a  disk;  ^  is  the  wetted  area  of  the  cavitator;  p  is 

the  water  density;  V  ~  110  m/sec  is  the  model  velocity  characteristic  for  considered  regimes.  For  models 
with  disk  cavitators  at  =  12^16  mm  we  obtain  the  cavitation  drag  magnitudes  in  the  range  R^=  57  ^ 
101  kgf  This  satisfactorily  corresponds  to  pointed  above  calculated  value  of  the  jet  thrust  T=  87.5  kgf 


Mentioned  above  photographs  of  supercavitating  flow  around  the  model  without  washing  the  hull  are 
shown  in  Fig.  11.  The  presented  photographs  are  made  from  the  different  positions:  through  the  free 
water  surface  at  model  velocity  V  =  124  m/s  (Fig.  1 1 ,  a)  and  through  the  glass  windows  in  the  flume  sides 
at  model  velocity  V=  106  m/s  (Fig.  11,  b).  The  photographs  shows  that  in  the  both  cases  the  model  jet 
works  in  natural  vapor  cavity,  i.e.  in  the  medium  with  the  saturated  vapor  pressure  corresponding  to  the 

value  accepted  in  the  calculated  example  value  =0.02  kgf/cm  ^ . 


Auxiliary  devices  of  starting  chamber 

It  was  pointed  above  that  the  developed  cavity  formation  on  starting  part  of  the  model  trajectory  in 
water  is  a  necessary  condition  of  establishing  the  supercavitating  flow  regime  on  the  next  part  of  the 
trajectory.  Experience  of  tests  of  cavitating  self-propelled  models  showed  that  the  high  starting  model 
velocity  not  always  ensures  enough  fast  axisymmetric  cavity  formation  past  the  cavitator  at  the 
underwater  start.  This  mainly  relates  to  the  models  with  small  cavitator  diameter  compared  to  the  hull 
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diameter.  In  this  connection  different  types  of  auxiliary  devices  intended  to  regulate  conditions  of  water 
entry  of  model  and  optimize  the  cavity  formation  past  the  cavitator  were  tested  in  the  ihm.  Such 
devices  were  mounted  in  the  start  chamber  of  the  flume  with  the  catapult  installed  in  it.  It  is  shown  in 
scheme  Fig.  10.  Description  of  some  types  of  pointed  auxiliary  devices  is  given  below. 

One  of  ways  of  optimization  of  the  cavity  formation  process  consists  in  organization  of  water  entry  of 
the  model  through  the  initial  air  bubble.  A  scheme  of  such  bubble  creation  for  underwater  start  conditions 
is  presented  in  Fig.  12.  The  catapult  1  with  installed  in  it  model  2  is  shown  in  the  scheme.  The  ring 
distributive  chamber  3  with  ring  nozzle  4  is  installed  coaxial  to  the  model  near  the  cavitator.  The 
compressed  air  is  supplied  by  the  main  5  to  the  device.  The  air  supply  is  regulated  by  the  electric  valve  6. 
In  the  start  moment  the  air  bubble  7  may  be  obtained  by  choosing  the  ring  chamber  and  nozzle 
parameters,  the  compressed  air  pressure  and  moment  of  its  charging  into  the  water.  This  air  bubble 
maintains  orientation  along  the  model  axis  for  short  term.  In  this  case  the  air  from  the  bubble  may  be 
entrapped  into  the  cavity  and  promote  its  formation  process.  However,  the  test  showed  that  the  described 
device  does  not  guarantee  stable  results.  Possible  explanation  of  this  consists  in  non-uniformity  of  the 
internal  bubble  structure  with  chaotic  distribution  of  the  water  and  air  masses. 

The  most  stable  results  by  ensuring  the  cavity  formation  were  obtained  at  model  start  from  the  dry 
start  chamber  according  to  the  scheme  given  in  Fig.  13.  In  this  case  in  the  partition  1  separating  the  flume 
2  filled  with  water  from  the  dry  start  chamber  the  hatch  4  is  closed  by  movable  gate  opening  the  hatch  4 
just  before  the  start.  As  a  result,  the  contrary  water  jet  5  is  formed,  and  the  model  enters  in  it  after  the 
start  from  the  catapult.  Favorable  conditions  for  the  supercavity  formation  past  the  cavitator  are 
stipulated  by  two  factors:  atmospheric  air  entrapment  and  that  the  pressure  in  free  flowing  jet  is  equal  to 
the  entrapped  atmospheric  air. 

However,  uncontrolled  entrapment  of  the  atmospheric  air  into  the  cavity  is  undesirable  in  a  number  of 
cases.  Such  situation  takes  place,  for  example,  at  studying  the  quantitative  characteristics  of  the  air 
supply  influence  on  the  cavity  formation  process.  In  such  cases  the  water  entry  of  the  model  may  be 
organized  according  to  the  scheme  presented  in  Fig.  14.  For  that  the  entrance  hatch  2  is  covered  by 
elastic  plastic  diaphragm  3  in  the  partition  1  separating  the  dry  start  chamber  from  the  flume  filled  by 
water.  At  start  the  model  4  punches  the  diaphragm  serving  as  an  elastic  seal  hindering  the  atmospheric  air 
penetration  into  the  zone  filled  by  water.  In  this  case  the  initial  cavity  5  forms  under  influence  of  a 
established  beforehand  value  of  the  supply  realized  from  the  model. 


Model  attachment  mechanism 

The  local  features  of  flow  around  the  cavitator  at  the  model  motion  along  the  wire  are  illustrated  by 
photographs  and  scheme  in  Fig.  15,  a,b.  The  presented  illustration  shows  that  the  zone  in  front  of  the 
cavitator,  where  the  fixed  wire  is  located,  must  be  excluded  from  the  consideration  when  the  quantitative 
characteristics  are  determined.  Therefore,  so  called  effective  value  D^y  Of  the  cavitator  diameter  is 

accepted  for  calculations.  Its  area  is  equal  to  the  wetted  area  of  the  real  cavitator  [2,  3]  by  formulae 


Such  approach  validity  is  illustrated  by  experimental  results  of  the  cavity  profile  measurements  at 
different  conditions  of  flow  around  the  cavitator.  They  are  given  in  Fig.  16.  The  experimental  data  in  the 
graph  are  compared  with  the  cavity  profile  equation  proposed  by  G.  V.Logvinovich  [3]: 


_D 

D. 


£l 


2  Y 


A 


j  2x 

^17 


Y 


4-12 


where  A  x  are  current  diameter  and  coordinate  of  the  cavity  section;  are  the  cavity  mid-section 

diameter  and  length,  respectively;  Z)j  =  L92Z)„ . 


Model  arresting  mechanism 


It  is  necessary  to  ensure  fluent  arresting  the  model  up  to  its  stoppage  at  the  model  trajectory  end.  A 
simple  and  effective  mechanism  in  the  form  of  installed  with  some  intervals  metal  disks  with  diameters 
scaling  up  is  the  most  convenient  for  this  purpose.  The  testing  system  scheme  shown  in  Fig.  10.  gives  a 
general  presentation  about  such  mechanism.  There  are  shown  the  arresting  disks  9  in  the  end  part  of  the 
flume  1  filled  by  water  on  the  wire  8.  They  are  coaxial  with  it.  The  model  in  turns  meets  them  on  its 
path.  Orifices  in  the  disk  centers  permit  them  to  be  free  removed  along  the  wire.  In  rest  water  the  disks 
are  in  given  position.  After  contact  with  the  model  they  move  together  with  it  as  cavitators  with 
sequentially  increasing  diameters  and  hydrodynamic  drag  value.  During  arresting  the  model  pushes  on  a 
set  of  such  disks  in  front  of  it  up  to  complete  stoppage. 

The  scheme  in  Fig.  17  shows  this  process  the  more  in  detail.  Obviously,  the  cavity  dimensions 
decreases,  the  hull  washing  area  increases,  and  on  the  end  part  of  the  arresting  path  the  model  moves  in 
unseparated  flow  regime  as  a  result  of  the  motion  velocity  reduction.  Correspondingly,  three  typical  parts 
of  the  arresting  path  are  shown  in  the  scheme.  The  regime  of  flow  around  the  model  is  qualitatively 
changes  on  these  parts.  There  are:  part  I  with  predominantly  cavitation  flow  regime,  part  III  with 
unseparated  flow  regime  and  part  II  between  them  with  transient  regime.  Thus,  hydrodynamic  side  of  the 
model  arresting  process  is  enough  complex. 

It  is  important  from  practical  point  of  view  that  the  described  mechanism  permits  to  give  by  the 
simplest  means  any  required  intensity  of  the  arresting  from  very  fluent  reduction  of  the  model  velocity  to 
abrupt  its  stoppage.  The  necessary  effect  is  reached  by  choosing  the  arresting  disk  diameters  and  intervals 
between  them  The  arresting  process  intensity  may  be  regulated  in  very  wide  limits  by  changing  one  of 
the  pointed  parameters. 


23.  Experiments  with  freely  moving  models 


Vertical  vacuum  launching  tank  (VVLT) 


VVLT  (Fig.  18)  consists  of  cylindrical  tank,  that  is  installed  under  different  angles  to  horizon.  There 
are  a  catapult,  windows  and  device  to  capture  models  on  the  tank  (arresting  system).  The  vVLT  contains 
the  system  of  pressure  control  and  system  of  underwater  launch. 

The  VVLT  gives  the  possibilities  for  wide  range  experiments  with  freely  moving  models.  It  is 
possible  to  change  an  angle  between  the  model  velocity  and  horizon  and  between  the  model  velocity  and 
the  model  axis  and  to  investigate  the  model  motion  under  different  trajectory  inclination  and  different 
model  incidence. 

The  problems  of  body  water  entry  at  supercavitation  regime,  the  ricochet  problem,  body  motion 
stability  on  underwater  trajectory  were  investigated  successfully  by  using  the  vVLT. 

The  Fig.  18  shows  the  frames  of  high  speed  photo  registration  of  supercavitating  body  motion  at 
water  entry  under  angle  to  the  free  surface  of  water. 

The  Fig.  19  shows  the  instant  pictures  of  water  entry  investigation  with  supercavity  inception  control 
by  using  the  metal  or  rubber  rings  on  the  body  hull.  During  water  entry  the  rubber  ring  produces  a  local 
pressure  field  suppressing  the  supercavity  inception. 
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35  m  Launching  Tank 


At  the  IHM  the  supplying  part  of  Big  Water  Tunnel  is  used  as  a  35  m  Launching  Tank  with  the  cross 
section  is  2.2  x2.2  m  (Fig.  20).  This  tank  has  10  pairs  of  glass  windows  and  may  be  supplied  by  an 
pneumatic  or  electrochemical  catapult  using  electrolysis  gas  energy  by  electric  decomposition  of  water 
[30]. 


H^O  ^  2H^  +  O2  2H^O  + 1 52 kcaL 


The  Fig.  21  shows  the  scheme  of  experiments  in  the  launching  tank.  The  launching  tank  ™  1  contains 
10  pair  of  windows  -  2.  The  catapult  -  3  may  be  used  in  two  positions  for  underwater  launch: 

Position  1  -  out  side  of  tank.  The  catapult  is  connected  with  launching  tank  only  by  end  of  barrel  through 
the  hole  -  4. 

Position  2  -  inside  of  tank.  The  catapult  is  placed  completely  in  the  water  tank. 


A  steel  shield  -  6  is  used  as  arresting  system  for  supercavitating  models  -  5.  It  is  in  another  end  of 
the  launching  tank. 

Photo-registering  system  has  cameras  and  sparkle  lamps  working  through  the  glass  windows  -  2 
(Fig.  20). 

The  Fig.  22  demonstrates  the  view  of  launching  tank  with  catapult  in  position  -1  (out  side  of  water 
tank). 

The  Fig.  23  shows  the  supercavitating  model  cartridge.  There  are  supercavitating  model  -  1,  container 
-  2  assembled  with  two  parts  with  help  rubber  ring  -  3  and  piston  -  4. 

The  Fig.  24  demonstrates  the  frames  of  high  speed  photo-registration  of  supercavity  produced  by 
moving  projectile  having  a  cone  shape  and  disk  cavitator  -  3  mm  with  velocity  1000  m/s  when 

^  _  j  q4  supercavity  length  and  diameter  were  12  m  and  0.1 1  m,  respectively. 
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Introduction 

When  we  discuss  high-speed  supercavitating  bodies,  it  primarily  involves  the  fully  developed 
supercavitating  phase.  For  many  cases  the  body  must  transition  from  fully  wetted,  through  the  partially 
cavitating  regime  before  reaching  supercavitation.  Therefore,  an  understanding  of  all  phases  of 
cavitation  is  necessary. 


Flow  regimes  and  basic  definitions 

Cavitating  flows  are  commonly  described  by  the  cavitation  number,  a,  expressed  as 


(7  = 


P -P 


-pv^ 

2 


(1) 


where,  P  and  V  are  the  reference  pressure  and  velocity,  respectively,  Pv  is  the  vapor  pressure  at  the  bulk 
temperature  of  the  liquid,  and  p  is  the  mass  density  of  the  liquid.  If  a  cavitation  experiment  is  conducted 
by  holding  the  velocity  constant  and  varying  the  reference  pressure,  various  amounts  of  cavitation  can  be 
observed  as  shown  in  Figure  (1).  Noncavitating  flows  occur  at  sufficiently  high  pressures  where  there  is 
no  evidence  of  bubbles.  Supercavitation  occurs  at  very  low  pressures  where  a  very  long  vapor  cavity 
exists  and  in  many  cases  the  cavity  wall  appears  glassy  and  stable  except  near  the  end  of  the  cavity. 
Between  these  flow  regimes  is  limited  cavitation  and  developed  cavitation. 
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Figure  1:  Schematic  of  cavitation  flow  regimes 


Paper  presented  at  the  Lecture  Series  on  ''Supercavitating  Flows”,  held  at  the  von  Kdrmdn 

Institute  (vkI)  in  Brussels,  Belgium,  12-16  February  2001,  and  published  in  RTO  EN-010. 
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Limited  cavitation  occurs  at  an  intermediate  value  of  the  cavitation  number  where  amount  of  a  given  type 
of  cavitation  is  minimized.  Limited  cavitation  can  be  vaporous  or  gaseous.  The  former  type  of  cavitation 
is  caused  by  the  explosive  growth  of  bubbles  due  to  the  rapid  conversion  of  liquid  to  vapor  at  the  bubble 
wall  whereas  the  latter  is  due  to  a  slower  mode  of  bubble  growth  caused  by  the  transport  of 
noncondensible  gas  into  the  bubble.  The  condition  at  which  cavitation  initially  appears  is  called 
cavitation  inception. 


Of  particular  importance  in  the  study  of  cavitation  is  the  minimum  pressure  coefficient,  C  p  given  by 

p  -P 

_  r  min 

^Pnrin  “  1 

where,  Pmin  is  the  minimum  pressure  in  the  liquid.  The  ’’classical  theory  for  scaling  vaporous  limited 
cavitation"  states  that,  a  =  — C  p  and  C  p  =  constant.  This  implies  that  when  scaling  from  one  flow 

state  to  another,  the  characteristics  of  the  flow  field  and  its  boundaries  remain  geometrically  and 
kinematically  similar.  However,  real  flows  often  do  not  obey  the  classical  theory  because  of  so-called 
"scale  effects"  which  arise  from  changes  in  velocity,  size,  fluid  properties  and  microbubble  distribution. 
Experimental  results  clearly  show  that  in  many  cases,  the  limited  cavitation  number  can  be  greater  or  less 
than  the  minimum  pressure  coefficient  and  in  some  cases  the  minimum  pressure  coefficient  is  not 
constant,  such  as  in  vortical  flows.  One  example  of  scale  effects  can  be  noted  from  the  "standard" 
cavitation  tests  conducted  at  many  facilities  for  the  UTC.  Figure  (2)  shows  some  of  the  cavitation  data 
and  the  varied  appearance  of  the  cavitation  data  can  be  noted  in  Figure  (3). 


Figure  2:  IXTC  cavitation  data  Figure  3:  Photographs  of  cavitation 

appearance  for  UTC  data 


Extensive  research  has  been  conducted  into  scale  effects,  such  as  in  References  (1),  (2),  and  (3).  Also,  it  is 
very  important  to  determine  the  definition  of  limited  cavitation  when  comparing  experimental  results.  In 
general,  these  studies  into  scale  effects  can  be  divided  into  two  general  types  as  follows: 


Viscous  Effects:  Scale  effects  that  act  on  the  flow  outside  the  cavitation  bubble  which  influence  the  local 
pressure  in  the  liquid  flow. 

1.  Flow  field  changes  due  to  variations  in  Reynolds  number,  Froude  number,  and  Mach  number 
including  steady  and  turbulent  pressure  fluctuations. 

2.  Departures  from  exact  geometric  similarity  such  as  those  due  to  roughness  and  manufacturing. 
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Bubble  Dynamic  Effects:  Scale  effects  that  act  on  the  bubble  growth  process  which  cause  the  liquid 
pressure  at  the  cavitation  bubbles  to  depart  from  the  equilibrium  vapor  pressure  corresponding  to  the  bulk 
temperature  of  the  liquid. 

1.  Time  effects. 

2.  Heat  transfer  effects. 

3.  Surface  tension  effects 

4.  Transport  of  noncondensible  gas 

5.  Liquid  tension,  i.e.,  microbubbles. 


The  various  factors  which  causes  scale  effects  and  the  influence  on  the  cavitation  number  can  be 
ascertained  by  employing  the  Rayleigh-Plesset  equation  to  describe  the  growth  of  a  ’’typical”  cavitation 
bubble.  This  equation  can  be  written  as 

where. 


C  it)=^ 

P  1  .rrl 


2 


pV 


and. 


CAt) 


PAn-PAUt)) 

w 
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Thus  Cp(t)  is  the  time  varying  pressure  coefficient  which  describes  the  variation  of  the  liquid  pressure 
outside  of  the  bubble.  The  thermodynamic  coefficient  (Ct)  describes  the  effect  of  heat  transfer  on  the 
vapor  pressure  in  the  bubble.  The  term  Pq  is  the  partial  pressure  of  gas  inside  the  bubble  and  the  term 


R 


is  the  ‘‘liquid”  tension  of  the  bubble. 


Multiplying  Equation  (3)  by  a  time  interval  (dt),  integrating 


over  a  time  interval  (Tc)  which  is  typical  of  a  cavitation  process,  and  solving  for  a  yields 


ff  =  -C,+-p^ 


2^ 

R 


-pV^  ^pV^ 

2  F  oo  2  ^  “ 


(4) 


where,  (|)  is  a  bubble  dynamic  parameter.  The  bars  denote  averages  over  the  interval  Tc.  In  the  absence 
of  significant  dynamic  effects.  Equation  (4)  reduces  to  an  equilibrium  equation 


o  -  -Cp  + 


-Ct 


(5) 
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Referring  to  Equation  (5),  it  is  noted  that  the  terms  Pq  ,  — ,  and  Ct  all  cause  bubble  dynamic  scale 

R 

effects  and  the  liquid  tension  effect  and  thermodynamic  coefficient  will  reduce  the  cavitation  number  at 
inception  and  the  gas  pressure  in  the  bubble  will  increase  the  cavitation  number  at  inception.  Viscous 
scale  effects  are  contained  with  the  average  pressure  coefficient  Cp .  This  can  be  written  as 


VPr 


VPr 


VPu 


where  Cp^  is  the  average  local  pressure  in  the  absence  of  surface  roughness  j,  turbulence,  |^APr  j 
and  flow  unsteadiness.  (aP  u  j . 

Scale  effects  are  very  important  in  understanding  the  physics  of  cavitation.  They  are  important  as  can  be 
noted  in  Figure  (4)  for  a  Schiebe  headform  and  in  Figure  (5)  for  a  1/8-caliber  ogive.  Figure  (6)  shows  the 
effect  of  boundary  layer  transition  on  limited  cavitation. 


o  ARL  MODEL  (ARL  304.8  mmlUNWEL)  1978-TRAVELLING- 
BUBBLE  CAVITATION 

■  CIT  MODEL  (LTWT)  1977-TRAVELLING-BUBBLE  CAVITATION 
•  CIT  AWOEL  (HSVJT)  1977-AnACHED  CAVITATION 


Figure  4:  Comparison  of  CIT  and  ARL  Penn  State  inception  data  for  50.8-mm  (2.0-inch)  Schiebe  noses 


Figure  5:  Desinent  cavitation  number  versus  Reynolds  number  for  1 /8-caliber  ogives 


Figure  6:  Effect  of  boundary  layer  transition  on  limited  cavitation 


Developed  Cavitation 

The  subject  of  a  fully  developed  cavity  and  the  various  similarity  laws  which  predict  the  cavity 
parameters  have  been  studied  by  many  researchers  and  some  of  these  results  are  discussed  in  other 
lectures.  However,  this  research  has  largely  been  divided  into  two  types  of  cavity  flows:  (1)  ventilated 
cavities,  and  (2)  vaporous  cavities.  These  cavities  have  been  shown  to  have  one  similar  characteristic  in 
that  the  cavity  shape  is  a  single-valued  function  of  the  cavitation  number  based  on  cavity  pressure.  Thus, 
the  cavitation  number  for  developed  cavitation  is  based  on  cavity  pressure  (Pc)  and  can  be  expressed  as 


P-Pc 


(6) 


where  -  Py  ^  Pg  —APy  for  vaporous  cavity  and  Pc  would  be  Pve  for  the  ventilated  cavity.  The  rear  of 
these  cavities  is  a  complex  and  often  highly  turbulent  region  of  the  flow  where  the  contents  of  the  cavity 
are  carried  or  entrained  away.  However,  in  the  case  of  vaporous  cavitation  where  the  cavity  contains 
mostly  vapor,  the  loss  of  vapor  is  immediately  made  up  by  the  evaporation  from  the  walls  of  the  cavity. 
On  the  other  hand,  a  continual  supply  of  gas  is  needed  to  form  a  ventilated  cavity. 


Fluid  properties  of  the  liquid  inherently  affect  the  vaporization  process  along  the  cavity  wall,  which 
supplies  vapor  to  the  cavity  in  a  similar  manner  as  is  the  case  of  limited  cavitation.  This  scale  effect  is 
given  the  term  "thermodynamic  effect,"  and  is  noted  by  the  effect  of  liquid  temperature  variation  on  the 
cavitation  number.  It  is  the  same  as  for  limited  cavitation  and  it  will  become  more  significant  as  the 
temperature  is  increased,  resulting  in  the  cavity  temperature  being  lower  than  the  bulk  temperature  of  the 
fluid.  One  of  the  first  theoretical  and  experimental  investigations  into  the  variation  of  cavitation  number 
with  temperature  has  been  conducted  by  Stahl  and  Stepanotf  A  detailed  investigation  into  this  effect 
was  conducted  by  Holl,  Billet,  and  others  at  Penn  State  that  developed  the  entrainment  theory^^^’^^l  This 
investigation  provides  insite  into  the  characteristics  of  developed  cavitation. 


Most  of  this  thermodynamic  scale  effect  investigation  used  a  zero-caliber-ogive  body  shown  in  Figure 
(7).  At  small  cavity  lengths  (L/D  <  2.0),  the  cavity  is  very  cyclic  and  the  re-entrant  jet  formed  at  the 
cavity  closure  strikes  the  leading  edge  of  the  cavity.  The  photograph  of  the  cavity  on  the  zero-caliber 
ogive  was  taken  with  continuous  lighting  so  the  cavity  appears  like  seen  to  the  naked  eye.  Figures  (8  to 
11)  show  cavity  behavior  seen  with  high-speed  movies  and  very  short-duration  strobe  Hash  lighting.  The 
unsteady  nature  of  the  cavity  is  apparent.  Observing  the  cavitation  with  continuous  lighting  provides  a 
time  average  view  of  the  cavity,  which  also  can  lead  to  problems  in  investigating  developed  cavitation. 
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The  cavity  length  is  a  measure  of  the  cavitation  number.  However,  determination  of  the  cavity  length 
visually  is  subjective,  since  an  observer  is  seeing  a  time  average  of  the  cavity,  and  pressure 
measurements  are  affected  by  the  transient  nature  of  the  cavity. 


Figure  7:  Photograph  of  cavity  on  a  zero-caliber  ogive  illuminated  with  continuous  lighting 


Figure  8:  Sequence  from  a  high-speed  movie  showing  a  complete  cavity  cycle-  5000  frames  per  second- 
6.35-mm  (0.25-inch)  diameter  zero-caliber  ogive.  Velocity  =  25  m/sec 


Figure  9:  Detail  of  cavity  after  reentrant  jet  strikes  leading  edge,  first  image  in  sequence  is  below 
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Figure  11:  Sequence  from  high-speed  movie  showing  the  reentrant  jet  moving  through  the  cavity  and 
striking  the  cavity  leading  edge  (between  frames  11  and  12)-  5000  frames  per  second-  6.35-mm  (0.25- 
inch)  diameter  zero-caliber  ogive.  Velocity  =15  m/sec 


The  high-speed  movie  sequences  show  that  the  unsteady  nature  of  the  cavities  is  due  to  the  reentrant  jet 
moving  through  the  cavity  and  striking  the  cavity  leading  edge.  This  causes  the  cavity  to  detach  from  the 
cavitator  leading  edge  and  break  into  helical  vortices  connected  by  vortex  filaments.  Figures  9  and  10. 


The  cavity  on  the  zero-caliber  ogive  is  similar  to  the  bubble  shape  of  the  wake  associated  with  the 
separated  flow  from  the  model  nose.  At  the  end  of  this  bubble  there  is  a  re-entrant  jet  and  the  velocity  of 
this  jet  of  liquid  can  be  expressed  as 

Vj=V(l  +  a)2  (7) 

which  can  be  derived  from  Bernoulli’s  equation  which  assumes  that  the  frictionless  fluid.  This  condition 
is  similar  to  the  vortical  flow  near  the  end  of  the  wake  bubble.  At  appropriate  values  of  Reynolds 
numbers  a  regular  vortex  sheet  is  observed  in  the  wake  region  aft  of  bubble  closure.  At  higher  Reynolds 
numbers  a  turbulent  wake  with  irregular  mixing  results.  For  the  case  of  the  cavity  closure  on  the  body, 
the  re-entrant  travels  along  the  body  surface  to  the  cavity  separation  location. 
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As  the  re-entrant  jet  affects  the  cavity  dynamics,  the  body  experiences  a  time  dependent  drag.  Gilbarg 
and  Serrin^^^  show  that  this  change  of  drag  can  be  related  to  the  momentum  of  the  re-entrant  jet  and  hence 
a  characteristic  dimension  of  this  jet. 


Measurements  made  inside  of  a  developed  cavity  also  indicate  the  physics  of  the  vaporization  process. 
As  shown  in  Figure  (12),  the  maximum  temperature  depression  from  inside  the  cavity  indicating  that 
most  of  the  vaporization  process  is  occurring  near  the  beginning  of  the  cavity  where  the  curvature  is 
greatest.  This  maximum  temperature  depression  is  affected  by  the  air  content  of  the  liquid  as  shown  in 
Figure  (13).  Consequent  measurement  of  the  cavity  pressure  indicates  that  this  is  due  to  the  presence  of 
noncondensible  gas  (partial  pressure  above  vapor  pressure).  The  magnitude  of  the  pressure  unsteadiness 
that  occurs  in  the  cavity  as  shown  in  Figure  (14).  This  is  due  to  the  re-entrant  jet. 


The  geometric  characteristics  of  developed  cavities  were  determined  from  a  series  of  experiments 
conducted  by  Billet  and  Weir^^^’^^l  From  measurements  of  the  cavity  profiles,  the  maximum  cavity 
diameter  (Dm),  cavity  half-length  (A),  and  cavity  surface  area  were  determined  for  both  natural  and 
ventilated  cavities.  Data  shows  that  for  a  given  model  geometry  and  cavitation  number,  ventilated  and 
natural  cavities  have  the  same  profile,  within  experimental  error.  This  was  found  to  be  independent  of 
reference  velocity,  and  cavity  dimension  are  directly  proportional  to  the  model  diameter  as  shown  in 
Figure  (15).  This  is  in  agreement  with  several  other  investigators  such  as  Wade^^\ 


Figure  12:  Maximum  temperature  depression  versus  cavity  tap  position  for  Freon  113;  Temperature^ 
175°  F,  L=  0.50,  0.875,  and  1.25-inch,  V=64  ft/sec 


Figure  13:  Cavity  temperature  depression  versus  temperature  for  Freon  1 13,  V=19.5  m/sec,  L=3.18  cm 

(1 .25-inch),  two  different  air  contents 
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Figure  14:  Cavity  tap  pressures  versus  time  for  water;  temperature=  66^  C, 
L=  2.2  cm  (0.875-inch),  V=19.5  m/sec 


Figure  15:  Ratio  of  maximum  cavity  to  model  diameter  versus  corrected  cavitation  number 


For  ventilated  cavities,  the  flow  coefficient  is  defined  as 


C 


Q 


Q 

VD^ 


(8) 


where  Q  is  the  ventilation  rate  and  D  is  the  reference  dimension.  This  is  a  dimensional  representation  of 
the  volume  flow  rate  of  gas  needed  to  sustain  a  cavity.  This  volume  flow  rate  is  the  same  regardless  if  it 
is  a  ventilated  or  vapor  cavity.  This  assumption  is  supported  by  Reichardt,  who  demonstrates  that  the 
drag  and  geometry  for  similar  vaporous  and  ventilated  cavities  are  the  same. 


One  of  the  first  experimental  investigations  of  air  entrainment  was  carried  out  at  the  California  Institute 
of  Technology  in  1951  by  Swanson  and  O'Neill^  In  their  experiments  an  air  filled  cavity  was 
maintained  behind  a  2.54-cm  disk  over  a  cavitation  number  range  of  0.25  to  0.08  and  a  corresponding 
Froude  number  range  of  10  to  15.  Their  results  show  that  as  the  supply  of  air  to  the  ventilated  cavity  was 
decreased  from  a  maximum  flow  coefficient  of  1 .6,  the  cavity  size  decreased  only  slightly  over  a  large 
range  of  air  supply  rates  until  a  certain  minimum  rate  of  air  supply  was  reached.  Thereafter,  a  slight 
decrease  in  the  air  supply  led  to  a  rapid  reduction  in  the  size  of  the  cavity  for  small  values  of  flow 
coefficients. 


In  the  region  where  the  cavity  size  varies  rapidly  with  the  flow  coefficient,  the  cavity  has  a  re-entrant  jet 
closure.  A  further  increase  in  flow  coefficient  causes  the  re-entrant  jet  to  break  down  and  be  replaced  by 
the  twin- vortex  regime.  This  demonstrates  the  existence  of  two  distinct  flow  coefficient  regions  which 
are  determined  by  the  cavity  closure  conditions. 
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An  extensive  analysis  of  the  various  factors  which  influence  air  entrainment  for  ventilated  cavities  in  the 
twin- vortex  regime  is  presented  by  Cox  and  Clayden^^^\  They  show  theoretically  that  high  rates  of  air 
entrainment  are  associated  with  the  formation  of  the  twin- vortex  system.  They  also  present  experimental 
data  for  ventilated  cavities  on  2.54-,  1.91-,  and  1.27-cm-diameter  disks  which  show  that  for  a  given  rate 
of  air  entrainment,  the  cavity  length  to  disk  diameter  ratio  increases  as  the  Froude  number  based  on  disk 
diameter  increases. 


Waid^^^^  also  measured  flow  coefficients  for  ventilated  cavities  on  a  series  of  three-dimensional 
hydrofoils.  The  results  obtained  for  both  the  re-entrant  jet  and  two-vortex  regimes  show  the  same  trends 
as  the  data  obtained  by  Swanson  and  0'Neill^^^\ 


Gas  diffusion  was  found  to  have  a  significance  on  the  cavity  pressure  (above  vapor  pressure)  and  on  the 
measured  thermodynamic  effect.  Thus,  the  entrainment  rate  needed  to  sustain  a  natural  cavity  has 
contributions  not  only  from  the  vapor  but  also  from  gas  diffusion.  Gas  diffusion  was  also  found  to  have  a 
significant  effect  on  the  gas  needed  to  sustain  a  ventilated  cavity.  Billet  and  Weir^^^^  conducted  an 
experimental  investigation  into  this  effect.  An  analysis  of  this  effect  was  conducted  based  on  a 
mathematical  model  of  diffusion  developed  by  Brennen^^'^l 


Gas  diffusion  will  occur  when  there  exists  a  concentration  gradient  between  the  freestream  and  the 
cavity.  This  concentration  gradient  can  be  calculated  from  the  partial  pressures  of  the  gas.  The 
maximum  partial  pressure  of  the  gas  in  the  freestream  can  be  determined  from  a  knowledge  of  the  air 
content  and  Henry's  Law 

Pps^ap  (9) 


where,  a  is  the  air  content  in  ppm  by  moles  and  P  is  Henry's  Law  constant,  which  depends  on 
temperature.  The  mass  flow  rate  of  diffused  gas  into  the  cavity  is  proportional  to  the  concentration 
gradient  and  can  be  expressed  in  terms  of  the  difference  in  partial  pressures  as 


^DG 


=  f  (transport) 


(10) 


where,  f(transport)  is  a  dimensional  function  of  the  parameters  influencing  the  diffusion  mechanism  and 
Pg  is  the  partial  pressure  of  noncondensible  gas  in  the  cavity.  This  transport  function  can  be  determined 
from  a  knowledge  of  the  free  shear  layer  over  the  cavity  surface.  A  schematic  of  this  process  is  shown  in 
Figure  (16)  from  Brennen^^'^l 
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Figure  16:  Schematic  for  an  undersaturated  cavity  (Brennen  [14]) 
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The  results  of  this  analysis  are  shown  in  Figure  (17).  In  this  figure,  the  effect  on  flow  coefficient  is  given 
for  both  an  undersaturated  and  oversaturated  condition.  These  data  were  then  corrected  for  gas  diffusion 
effects  and  compare  favorably  to  the  data  for  no  gas  diffusion. 


Figure  17:  Flow  coefficient  data  with  diffusion  for  6.35-mm  diameter  zero-caliber  ogive,  V=  18.3-m/sec 


Supercavitation 

When  a  cavity  length  is  much  greater  than  the  body  dimensions,  this  flow  regime  is  described  as 
supercavitation.  The  cavity  stays  attached  to  the  body  and  the  cavity  closure  is  far  downstream.  The 
length  of  the  cavity  does  not  vary  significantly  even  though  considerable  oscillations  can  occur  at  its 
closure.  However,  the  cavity  acts  as  if  it  were  an  extension  of  the  body.  In  this  case,  the  same  flow  field 
would  exist  around  a  solid  body  having  a  shape  comprising  of  the  wetted  nose  plus  the  ffee-cavity 
profile.  Unlike  developed  cavities,  the  gross  features  of  supercavitation  on  a  headform  are  not  only 
functions  of  the  cavitation  number  but  also  the  Froude  number-gravity  becomes  important. 


Supercavities  have  many  characteristics  of  classical  free  streamline  flows.  The  cavity  interior  is 
essentially  at  constant  pressure,  and  the  cavity  walls  are  essentially  ffee-stream  surfaces  of  constant 
velocity.  Cavity  pressures  approach  vapor  pressure.  These  assumptions  are  the  basis  of  many  theoretical 
treatments  of  cavity  geometry  and  forces.  Many  of  these  theories  will  be  presented  during  this  course; 
however,  only  cavity  dynamics  will  be  discussed  in  this  section. 


There  exists  a  transition  between  the  re-entrant  jet  closure  condition  and  the  twin- vortex  closure 
condition.  This  has  been  discussed  in  many  previous  investigations.  However,  a  study  of  water-entry 
modeling  by  Stinebring  and  Holl^^^^  describes  this  transition  of  flow  regimes  in  detail  and  will  be 
discussed  briefly. 

It  has  been  observed  that  for  a  ventilated  cavity  there  exists  a  condition  when  the  cavity  length  for  a  given 
flow  condition  suddenly  grows  to  four  or  five  times  its  original  length  with  only  a  slight  increase  in  the 
ventilation  air  flow  rate.  This  instability  in  the  cavity  length  may  be  attributed  to  the  transition  between 
the  re-entrant  jet  and  twin-vortex  flow  regimes. 


Previous  discussions  on  developed  cavitation  are  for  flows  where  gravity  effects  are  not  important  and 
the  re-entrant  jet  is  the  gas  entrainment  mechanism.  However,  at  low  velocities  or  longer  cavity  lengths 
and  gravity  is  normal  to  the  flow,  the  cavity  will  move  upward  to  the  body  centerline  as  a  result  of 
buoyancy.  The  flow  velocities  of  the  top  surface  of  the  cavity  will  be  different  than  on  the  lower  surface, 
which  will  result  in  a  net  circulation.  As  a  result,  a  new  cavity  equilibrium  system  is  established  where 
entrainment  now  occurs  through  the  vortex  cores  of  the  twin- vortex  structure  at  cavity  closure. 
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A  photograph  of  the  cavity  in  the  re-entrant  jet  regime  is  shown  in  Figure  (18).  The  conical  nose  is 
supported  by  support  struts  so  the  aft  region  the  cavity  can  be  investigated  with  minimum  disturbance. 
The  opaque  appearance  of  the  cavity  is  primarily  due  to  the  violent  mixing  caused  by  the  re-entrant  jet. 
As  transition  to  the  twin-vortex  regime  takes  place,  the  cavity  becomes  clear  at  the  leading  edge  but  with 
some  mixing  due  to  the  re-entrant  jet.  The  photograph  in  Figure  (19)  shows  the  cavity  in  the  twin  vortex 
regime.  This  transitional  region  between  flow  regimes  was  also  observed  for  models  which  have 
afterbodies  (sting  mounted)  although  this  effect  was  not  as  pronounced.  The  full  growth  of  the  cavity 
could  not  be  realized  because  of  interference  at  the  downstream  end  of  the  cavity. 


Figure  18:  Photograph  of  cavity  for  a  45°  conical  nose  illuminated  with  continuous  lighting 


Figure  19:  Photograph  of  twin  vortex  cavity  downstream  of  a  strut-mounted  45°  cone 


Cavitator  hydrodynamics 

For  supercavitating  flow  the  cavitator  is  located  at  the  forward  most  location  on  the  body,  and  the  cavity 
downstream  of  the  cavitator  covers  the  body.  The  shape  of  the  cavity  is  defined  by  the  cavitation  number 
based  on  cavity  pressure.  The  simplest  form  of  cavitator  is  a  disk  where  the  drag  coefficient  is  defined  as, 

Q=0.82(l  +  cj).  (11) 


There  have  been  numerous  expressions  derived  for  cavity  dimensions  as  a  function  of  cavitation  number. 
Reichardt  (16)  showed  that  the  cavity  length  divided  by  the  cavity  diameter  is  independent  of  the  shape 
of  the  cavitator  and  is  only  a  function  of  cavitation  number, 

L  (j  0.008 

^“cj(0.066  +  1.7cj)' 


(12) 
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Reichardt  also  developed  an  expression  for  the  cavity  diameter  divided  by  the  cavitator  diameter, 


d 


C. 


xO.5 


(J-0,132ct/ 


(13) 


which  is  only  a  function  of  cavitation  number  and  cavitator  drag  coefficient,  . 


By  substituting  the  definition  of  drag  coefficient  into  equation  (13)  and  rearranging,  the  drag  force 
required  to  create  an  axisymmetric  cavity  of  a  given  diameter  is: 

vj  dj  )  (14) 


where,  p  is  the  mass  density  of  the  fluid.  For  a  given  velocity  and  cavity  diameter,  the  drag  is  only  a 
function  of  the  cavitation  number.  It  is  not  a  function  of  the  geometry  of  the  cavitator. 


The  shape  of  the  cavity  is  approximately  elliptical.  A  number  of  researchers  have  developed  formulas  for 
the  cavity,  most  notably,  Logvinovich  (17).  The  cavity  radius  is  given  as. 


R  =  R, 
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where,  ,  is  the  maximum  cavity  radius,  ,  is  the  time  of  formation  to  the  cavity  midpoint,  %  ,  is  a 
correction  factor,  %  =  0.85,  and  and  t  are  the  radius  and  time  of  formation  at  the  matching  station,  , 
where, 

V, 

and  where,  x,  is  the  stream  wise  distance,  and  ,  is  the  cavitator  velocity. 


Since  there  is  a  gas  filled  cavity  over  the  body,  there  is  a  loss  of  buoyancy  so  the  body  must  be  supported 
by  contact  with  the  cavity  wall.  The  cavitator  must  be  at  an  angle  of  attack  to  provide  lift  to  support  the 
forward  section  of  the  body,  and  the  aft  section  can  be  supported  by  the  afterbody  planing  or  control 
surfaces  or  a  combination  of  both.  The  cavity  shape  will  be  influenced  by  foreshortening  due  to  the 
cavitator  at  angle  of  attack,  and  perturbations  due  to  downwash  from  lift  and  bouyancy  effects.  These 
effects  upon  the  cavity  shape  are  beyond  the  scope  of  this  paper  and  are  covered  in  Logvinovich. 


Experimental  facilities  and  test  programs 

These  next  sections  will  briefly  cover  some  of  the  facilities  and  test  programs  at  ART  Penn  State  related 
to  cavity  dynamics,  cavity  ventilation  requirements,  cavitator  testing,  and  control  surface  testing.  They 
are  intended  to  show  the  hardware  and  techniques  that  have  been  used  to  investigate  the  physics  of 
developed  cavitation. 
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Testing  Facilities  at  ARL  Penn  State 

The  Garfield  Thomas  Water  Tunnel  of  the  Applied  Research  Laboratory  Penn  State  is  a  complex  of 
hydrodydynamic  and  hydroacoustic  test  facilities  that  are  registered  with  the  International  Towing  Tank 
Conference,  an  organization  of  member  counties  that  design  and  test  ships  and  other  marine  structures  in 
tanks  and  tunnels.  Since  the  48-inch  Diameter  Water  Tunnel  began  operation  in  1949,  many  additional 
facilities  and  capabilities  were  added.  Many  of  the  smaller  water  tunnels  are  utilized  to  research  specific 
physics  problems,  so  it  is  especially  appropriate  for  graduate  student  work. 


Three  facilities  are  specially  utilized  for  supercavitation  studies  and  are:  (1)  48-inch  Diameter  Water 
Tunnel,  (2)  12-inch  Diameter  Water  Tunnel,  and  (3)  Ultra-High-Speed  Cavitation  Tunnel.  The  12-inch 
Diameter  Water  Tunnel  was  built  in  1951  and  the  Ultra-High-Speed  Cavitation  tunnel  was  built  in  1962. 
These  three  facilities  will  be  discussed  briefly. 


48-inch  (1.22  M)  Diameter  Water  Tunnel  (Garfield  Thomas  Water  Tunnel) 

This  large  water  tunnel  is  a  variable  -speed,  variable-pressure  tunnel  primarily  intended  for  propulsion 
studies  of  body-propulsor  systems.  It  is  a  closed  circuit,  closed-jet  water  tunnel.  A  detailed  description 
of  the  facility  is  given  in  Figure  (20). 


The  tunnel  has  two  honeycombs  in  the  3.66  m  diameter  ’’settling  section”  to  not  only  straighten  the  flow, 
but  also  reduce  the  test  section  turbulence  level  below  0.1  percent.  The  cylindrical  working  section  is 
four  feet  in  diameter  and  4.27  m  long.  The  water  velocity  in  the  working  section  is  variable  up  to  24.4 
m/sec.  And  is  controlled  by  a  four-bladed,  adjustable  pitch  impeller  which  is  2.41  m  in  diameter  and  is 
driven  by  a  1491  kW  electric  motor. 


The  pressure  in  the  working  section  may  be  reduced  to  20.7  kPa,  which  permits  a  wide  range  of 
cavitation  numbers  for  testing.  The  air  content  of  the  water  in  the  tunnel  is  controlled  through  the  use  of 
a  degasser  that  permits  removal  of  air  from  the  water.  Thus,  the  water  in  the  working  section  can  be  less 
than  air-saturated  regardless  of  the  working  section. 


The  degassing  system  is  located  in  the  tunnel  by-pass  system,  which  also  has  filters  and  the  tunnel 
pressure  control  systems.  This  by-pass  can  handle  from  500  gpm  to  3000  gpm  from  the  tunnel  and  can 
be  operated  during  cavitation  testing  to  remove  air  and  bubbles.  Gas  removal  from  the  water  is 
accomplished  with  a  Cochrane  Cold-Water  Degasifier.  This  degasser  consists  of  an  upright  cylindrical 
tank  where  the  upper  portion  is  filled  with  plastic  saddles.  Water  taken  from  the  tunnel  is  sprayed  into 
the  top  of  the  tank,  the  interior  being  maintained  at  a  high  vacuum.  The  water  spray  falling  over  the 
saddles  exposes  a  thin  water  film  to  a  vacuum,  which  permits  the  rapid  removal  of  air.  The  water  collects 
at  the  bottom  of  the  degasser  and  is  returned  to  the  bypass  system. 
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CAVrTATION  TUNNEL  (GARFIELD  THOMAS) 


Description  of  Facility:  Closed  Circuit,  Closed  Jet 

Type  of  Drive  4-Blade  Adjustable  Pitch  Impeller 

Total  Motor  Power:2000  HP  Variable  Speed  (1491  kW) 

Working  Section  Max,  Velocity:  18.29  m/s 

Max.  &  Min.  Abs.  Pressures:A\l>.l  to  20.7  kPa 

Cavitation  number  Range:>Q.  \  dependent  on  velocity  and/or  J-range 

Instrumentation:  Propeller  dynamometers,  five-hole  probes,  pitot  probes,  lasers,  pressure  sensors, 
hydroplanes,  planar  motion  mechanism,  force  balances. 

Type  and  Location  of  Torque  cfe  Thrust  Dynamometers:  Model  internally  mounted,  150  hp  limit  (111.85 
kW). 


Propeller  or  Model  Size  Range:  Model  size  from  76.2  mm  to  635.0  mm  id. 


Tests  Performed:  Forces,  flow  field,  and  pressure  distributions  on  bodies  of  revolution,  hydrofoils, 
propellers,  etc.  Cavitation  performance  and  noise  measurements  of  propellers,  foils,  hydrodynamic 
shapes,  etc.  Steady  state  and  time-dependent  force  and  torque  measurements  on  powered  models.  Flow 
visualization. 


Other  Remarks:  Tunnel  turbulence  level  is  0.1  percent  in  test  section.  Air  content  can  be  controlled  as 
low  as  1  ppm  per  mole.  Measurement  can  be  made  of  hydrodynamic  functions  for  stability  and  control 
of  submerged  vehicles.  Directional  hydrophone  system  for  relative  acoustic  measurements. 


Published  description:  ART  Penn  State  Report  NORD  16597-56,  Lehman,  1959. 

Applied  Research  Laboratory,  Fluid  Dynamics  Department,  The  Pennsylvania  State  University,  USA 


Figure  20:  Description  of  the  ART  Penn  State  48-inch  diameter  water  tunnel 


12-inch  (0.305  M)  Diameter  Water  Tunnel 

The  facility  is  typically  used  for  flow  studies  that  do  not  require  wake-operating  propellers.  This  is  a 
closed-circuit  tunnel,  which  has  the  similar  working  section  velocity  and  pressure  range  as  the  Garfield 
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Thomas  Water  Tunnel.  As  is  the  case  of  other  facilities,  the  pressure  is  independent  of  the  working 
section  velocity  and  details  are  given  in  Figure  (21), 


One  of  the  unusual  features  of  this  facility  is  the  use  of  two  interchangeable  working  sections  for 
different  test  purposes.  A  circular  section  is  0.305  m  in  diameter,  and  a  rectangular  one  is  0.51  m  high 
and  11.4  cm  wide;  each  is  0.76  m  long.  The  circular  working  section  is  used  to  study  the  bodies 
employed  in  three-dimensional  flow  problems.  The  rectangular  one  is  to  study  hydrofoils  and  slots  and 
other  two-dimensional  flow  problems. 


The  tunnel  drive  consists  of  a  mixed-flow  pump  that  forms  a  part  of  the  lower  leg  and  one  turn  of  the 
tunnel  circuit.  The  pump  is  driven  by  a  150  hp  electric  induction  motor  through  a  variable-speed  fluid 
coupling  and  reducing  gear.  The  method  of  cooling  the  tunnel  water  is  by  a  heat  exchanger,  which  is  an 
integral  part  of  the  circ  uit. 


The  tunnel  is  also  connected  to  the  by-pass  circuit  of  the  48-inch  diameter  water  tunnel  so  that  the  air 
content  and  free  air  can  be  controlled. 


CAVITATION  TUNNEL 


1951 


Recta  n9iilar 
working  section 


Description  of  Facility:  Closed  Circuit,  Closed  Jet 

Test  Sections:{\)  Circular:  304.8  mm  dia  x  762.0  mm  long 
(2)  Rectangular:  508.0  mm  x  1 14.3  mm  x  762.0  mm  long 
Type  of  Drive:  Mixed  Flow  Peerless  Pump 

Total  Motor  Power:  150  hp  (1 1.8  kW) 

Working  Section  Max,  Velocity :24.3S  m/s 
Max.  &  Min.  Abs.  Pressures:  413.7  to  20.7  kPa 
Cavitation  Number  Range:>0. 1  dependent  on  velocity 
Instrumentation:L^scYS,  pressure  sensors,  hydrophones 
Model  Size  Range:50.^  mm  max.  dia. 

Tests  Performed:  Steady  and  time-dependent  force  and  pressure  measurements  on  unpowered  models. 
Noise  measurements  on  cavitating  models.  Three-dimensional  flow  problems  (circular  section).  Two- 
dimensional  flow  problems  (rectangular  section).  Axial-flow  pump  tests. 
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Other  Remarks:  Independent  gas  control  of  air  content.  Water  filtration  with  25 -micrometer  filters. 
Intermittent  operation  with  drag-reducing  additive  injection.  Partial  neutralization  of  additive 
downstream  of  test  section. 

Published  Description:  ARL  Penn  State  Report  NORD  16597-56,  Lehman,  1959. 


Figure  21:  Description  of  the  ARL  Penn  State  12-inch  diameter  water  tunnel 


Ultra-High-Speed  Cavitation  Tunnel 

Much  of  the  basic  studies  on  cavitation  have  been  conducted  in  the  Ultra-High-Speed  Cavitation  Tunnel. 
The  characteristics  of  this  tunnel  are  given  in  Figure  (22). 


This  tunnel  is  a  high-speed,  high-pressure  system  which  is  designed  so  that  the  velocity  in  the  test  section 
can  be  varied  from  13.7  to  100  m/sec.  The  tunnel  pressure  can  be  varied  to  a  maximum  of  8.3  MPa.  The 
inside  diameter  of  the  test  section  of  3.81  cm. 


The  entire  tunnel  circuit  is  made  of  stainless  steel  except  for  the  Incite  test  section  windows  and  the 
bronze  centrifugal  pump.  The  small  amount  of  corrosion  in  the  system  coupled  with  a  bypass  filtering 
circuit  allows  for  a  very  clean  system. 


The  bearing  for  the  centrifugal  pump  shaft  is  lubricated  by  drawing  water  from  the  tunnel  circuit  through 
the  bearing  and  thus  this  method  of  lubrication  avoids  possible  contamination  which  would  be 
encountered  in  a  system  employing  hydrocarbon  lubricants.  As  the  fluid  leaves  the  bearing,  it  enters  an 
accumulator  tank  and  from  there  is  pumped  by  means  of  a  triplex  pump  back  to  the  tunnel.  Pressure 
control  is  obtained  by  by-passing  a  portion  of  the  fluid  from  the  discharge  of  the  triplex  pump  to  the 
accumulator  tank  and/or  bleeding  some  fluid  from  the  main  tunnel  circuit.  A  surge  tank  is  located  in  the 
pressure  control  circuit  in  order  to  remove  fluctuations  caused  by  the  triplex  pump.  The  liquid  in  the 
tunnel  by-pass  is  filtered  down  to  remove  particles  above  two  microns. 


Also,  a  14  kw  heater  is  located  in  the  by-pass  circuit.  It  has  the  capability  to  heat  the  liquid  to 
temperatures  in  excess  of  176°C.  Water,  Freon  1 13,  and  alcohol  have  been  used  as  working  fluids  in  this 
facility. 
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JLTRA-HIGH  SPEED  CAVITATION  TUNNEL 


1960 


Description  of  F acility:C\oseA  Circuit,  Closed  Jet 
Type  of  Drive  System:Cenin^{xgd\  Variable  Speed  Drive 
Total  Motor  Power:  75  hp  (55.9  kW) 

Working  Section  Max.  Velocity:  83.8  m/s 

Max.  &  Min.  Abs.  Pressures:%21A.O  to  41.4  kPa 

Cavitation  Number  Range :>Q.0  \  dependent  on  velocity  and  velocity 

lnstrumentation:Vxess\xxQ  and  temperature  sensors,  lasers 

Temperature  Range:  1 6°C  to  \16^C 

Model  Size  Range:\2.1  mm  max.  dia. 

Test  Medium:W?iiQx^  Freon  113,  Alcohol 

Tests  Performed:  Incipient  and  desinent  cavitation  studies.  Development  cavittion  studies.  Cavitation 
damage. 

Other  Remarks:  Stainless  steel  tunnel.  Bronze  pump.  Three  filter  banks  for  removal  of  water,  acides, 
solid  particles  (10  micrometers)  depend  on  fluid  media. 

Published  Description:  ART  Penn  State  TM  75-188,  Weir,  Billet  &  Holl,  1975. 

Figure  22:  Description  of  the  ART  Penn  State  1.5-inch  diameter  water  tunnel 


Measurements  of  cavity  dynamics  in  the  reentrant  flow  regime 

As  Stated  previously,  if  the  product  of  the  cavitation  number  and  Froude  number  is  above  a  critical  value, 
then  the  cavity  will  be  in  the  reentrant  flow  regime.  The  oscillation  of  the  cavity  in  the  reentrant  regime 
affects  the  ventilation  gas  entrainment  and  the  body  dynamics.  Therefore,  understanding  the  dynamics  of 
reentrant  jet  cavities  is  important. 


A  45°  conical-nosed  model  having  a  2.54-cm  (1.0-  inch)  diameter  afterbody  was  instrumented  with  an 
internally  mounted  piezoelectric  transducer,  Figure  23.  It  was  expected  that  the  reentrant  jet  striking  the 
cavity  would  cause  a  significant  pressure  rise  that  could  be  measured  with  the  transducer.  Spectral 
analyses  were  performed  on  the  transducer  output  to  determine  the  frequency  of  the  cavity  cycling. 
Tests  were  conducted  with  both  vaporous  and  ventilated  cavities  over  a  range  of  cavitation  numbers  and 
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velocities  of  9.1,  13.7  and  15.2  m/sec  (30,  45,  and  50  ft/sec).  High-speed  movies  of  the  cavitation  were 
taken  and  compared  to  the  spectrum  analyzer  results.  To  determine  if  the  boundary  layer  thickness 
affects  the  cycling  frequency,  a  number  of  tests  were  conducted  with  distributed  roughness  applied  to  the 
conical  nose.  Lastly,  the  results  were  compared  with  the  findings  of  previous  investigations  in  water 
tunnels  covering  a  wide  range  of  model  sizes  and  geometries. 


Figure  23:  Schematic  of  model  for  measuring  cavity  cycling  showing  the  location 
of  the  pressure  transducer  (inset) 


The  cavity  cycling  frequency  Strouhal  number  based  on  body  diameter  is  defined  as 


where,  /  is  the  cycling  frequency,  and  D  is  the  body  diameter.  A  plot  of  cycling  frequency  Strouhal 
number  as  a  function  of  cavitation  number  is  presented  in  Figure  (24).  The  data  of  Knapp  (18)  for 
hemispherical  nosed  models  and  from  Stinebring  (8)  for  zero  caliber  ogives  are  also  shown  in  the  figure. 
The  trend  of  lower  cycling  frequency  for  lower  cavitation  numbers,  i.e.,  larger  cavities,  is  the  same  for  all 
models  for  vaporous  and  ventilated  cavities.  The  Strouhal  number  can  also  be  defined  such  that  the 
characteristic  length  scale  is  the  ratio  of  cavity  length  to  model  diameter,  L/D.  A  plot  of  Strouhal  number 
as  a  function  of  L/D  is  presented  in  Figure  (25).  The  plot  shows  that  the  cavity  length  is  the 
characteristic  dimension  for  cavity  cycling  and  that  the  Strouhal  number  based  on  cavity  length  is  a 
constant,  approximately,  *5=0.16. 
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VENTILATED  C  AVI  TIES -THIS  INVESTIGATION 
o  30  ft/sec  (9.1  in/sec) 
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NATURAL  CAVITATION 

•  KNAPP  (5)  0.5  TO  2.0  inch  DIAMETER  HEMISPMER ICAL-NOSED  (1.28  to  5. 08 cm) 

♦  STINEBRING  (4)  0.25  Inch  DIAMETER  ZERO  CALIBER  OGIVE  (0.64 cm) 


0.2  0.3 

CAVITATION  NUMBER,  0 


Figure  24:  Cavity  cycling  Strouhal  number,  based  on  body  diameter,  as  a  function  of  cavitation  number 
for  vaporous  and  ventilated  cavities  for  a  number  of  investigations  having  different  test  geometries 
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L/0 

Figure  25:  Cavity  cycling  Strouhal  number,  based  on  cavity  length  divided  by  body  diameter,  as  a 
function  of  cavity  length  divided  by  body  diameter  for  vaporous  and  ventilated  cavities  for  a  number  of 

investigations  having  different  test  geometries 


Effect  of  afterbody  shape  upon  gas  entrainment 

Since  most  of  the  gas  entrainment  takes  place  in  the  aft  region  of  a  body,  the  afterbody  shape  should 
affect  the  required  ventilation  rate  to  generate  a  cavity.  Tests  were  performed  in  the  ART  Penn  State 
0.305-m  (12-inch)  diameter  water  tunnel  to  examine  afterbody  effects  upon  gas  entrainment.  The 
models  used  for  this  study  are  shown  in  Figure  (26).  Each  model  had  a  25.4-mm  (1.0-inch)  diameter  45° 
apex  angle  conical  nose.  One  model  had  a  25.4-mm  (1.0-inch)  afterbody,  the  second  had  a  12.7-mm 
(0.5-inch)  afterbody,  and  the  third  model  was  supported  by  three  struts  and  had  no  afterbody.  All  models 
had  six  holes  for  introduction  of  ventilation  gas  and  a  pressure  tap  for  measuring  cavity  pressure.  Tests 
were  conducted  at  velocities  of  9.1,  13.7,  and  15.2-m/sec  (30,  45,  and  50  ft/sec).  To  minimize  gaseous 
diffusion  across  the  cavity  wall,  the  test  conditions  were  selected  so  the  cavity  pressure  was  close  to  the 
partial  pressure  of  gas  in  the  surrounding  water. 


Figure  26:  Photograph  of  the  models  used  to  examine  the  effect  of  afterbody  on  gas  entrainment 


The  results  of  the  study  for  a  tunnel  velocity  of  13.7-  m/sec  (45-ft/sec)  are  displayed  in  Figure  (27).  The 
model  requiring  the  lowest  flow  rate  for  a  given  cavitation  number  was  the  one  with  no  afterbody.  The 
model  having  the  afterbody  one-half  of  the  cone  diameter  required  the  largest  ventilation  flow  rate 
(except  at  the  highest  cavitation  numbers),  and  the  model  with  the  afterbody  equal  to  the  cone  diameter 
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was  between  the  two.  It  would  seem  that  the  model  with  no  afterbody  should  require  the  largest  flow 
rate,  because  of  the  greater  volume  of  gas  inside  the  cavity,  but  this  was  not  the  case.  The  reentrant  jet 
behavior  could  possibly  account  for  this  effect.  Observations  show  that  gravity  causes  the  reentrant  jet  to 
move  along  the  bottom  of  the  cavity  for  the  model  with  no  afterbody.  An  afterbody  causes  a  “guiding 
effect”  upon  the  reentrant  jet  that  results  in  more  mixing  at  the  top  of  the  cavity.  It  is  not  known  why  the 
smaller  afterbody  required  the  largest  ventilation.  The  data  does  show  that  afterbody  design  is  important 
to  minimize  ventilation  requirements. 


O  1.0' INCH  AFTERBODY  IvlODEL  H 

o  0.5- INCH  AFTERBODY  MODEL  I 

a  NO  AFTERBODY  ALODEL  HE 

a  KiM  AND  HOLL  (1975),  1,0- INCH  ArTtREODY 
VElOCm'  =  45  (ps 


0.5- INCH  AFTERBODY  SHOWN 


lAVlTATlON  NUMBER,  o=lP^-  Tj.  )  i  1  .(2  f< 


Figure  27:  The  effects  of  afterbody  arrangement  on  ventilation  requirements 


Cavitator  testing 

A  photograph  of  a  model  for  cavitator  testing  in  the  ART  Penn  State  12-inch  diameter  water  tunnel  is 
shown  in  Figure  (28).  The  models  can  incorporate  systems  for  introducing  ventilation  gas,  cavitator 
force  balances,  pressure  measurement  systems,  and  other  instrumentation.  Just  downstream  of  the 
cavitator  in  the  figure  is  a  gas  deflector  that  redirects  the  gas  flow  to  minimize  disturbances  to  the  cavity. 
The  strut-mounted  model  is  attached  to  the  large  dark  plate,  which  is  the  section  that  mounts  to  the  water 
tunnel  test  section.  A  typical  mounting,  for  a  cavitator  at  angle  of  attack,  to  a  force  balance,  is  shown  in 
Figure  (29).  Care  must  be  taken  to  ensure  that  the  design  for  the  introduction  of  ventilation  gas  does  not 
have  a  significant  effect  upon  the  force  measurements. 


Figure  28:  Photograph  of  model  for  testing  cavitators 
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Figure  29:  Photograph  of  cavitator  mounted  on  force  cell  balance 


Photographs  of  cavities  produced  by  conical  and  disk  cavitators  are  shown  in  Figures  (30  to  32).  The 
differences  in  cavity  appearance,  by  using  continuous  and  stroboscopic  lighting,  are  shown  in  Figures  (30 
and  31).  Short  exposure  times,  such  as  with  stroboscopic  lighting,  should  be  used  when  investigating 
unsteady  cavity  dynamics.  Strobe  lights  can  be  syncronized  with  the  scanning  rate  of  video  systems  to 
provide  exposure  times  of  a  few  microseconds  for  each  video  frame.  The  video  record  of  the  cavity  can 
then  be  compared  with  transient  measurements,  such  as  forces,  by  use  of  a  master  clock.  The  photograph 
in  Figure  (32)  shows  a  stable  cavity  and  the  effect  of  the  strut  mounting  on  the  cavity.  When 
investigating  the  downstream  end  of  a  cavity,  a  sting  mount  is  used,  or  as  shown  in  Figure  (19)  the 
cavitator  can  be  supported  with  careful  design  of  the  struts. 


Figure  30:  Photograph  of  cavity  formed  by  a  conical  nosed  cavitator-  continuous  lighting 


Figure  31:  Photograph  of  cavity  formed  by  a  conical  nosed  cavitator-  stroboscopic  lighting 
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Figure  32:  Photograph  of  cavity  formed  by  a  disk  at  angle  of  attack 

Cavity  Piercing  Hydrofoil/Control  Surface  Testing 

Cavity  piercing  supercavitating  hydrofoil/control  surfaces  have  been  tested  in  the  ARL  Penn  State  12- 
inch  diameter  water  tunnel.  Some  hydrofoils  having  wedge  shaped  cross  sections  are  shown  in  Figure 
(33).  The  hydrofoil  is  mounted  to  a  force  balance  and  test  fixture,  as  shown  in  Figure  (34).  The  test 
fixture  mounts  through  the  water  tunnel  test  section  wall,  and  is  designed  so  that  there  is  a  small  gap 
between  the  base  of  the  hydrofoil  and  the  test  section  wall.  The  hydrofoil  angle  of  attack  can  be  adjusted 
by  rotating  the  test  fixture.  A  two-dimensional  cavity  is  created  along  the  test  section  wall  upstream  of 
the  hydrofoil.  This  is  done  by  ventilating  downstream  of  a  wedge  mounted  to  the  tunnel  wall.  The 
hydrofoil  then  pierces  the  tunnel  wall  cavity  as  shown  in  Figure  (35).  The  wall  cavity  is  approximately 
25.4-mm  (1.0-inch)  thick  at  the  leading  edge  of  the  hydrofoil.  Reference  lines  are  drawn  along  the 
hydrofoil,  25.4-and  38.1-mm  (1.0  and  1.5-inches)  from  the  base.  The  photograph  in  Figure  (35)  shows 
the  pressure  side  view  with  the  hydrofoil  at  high  angle  of  attack.  As  shown  in  the  figure,  the  tunnel  wall 
cavity  strikes  the  hydrofoil  leading  edge  at  the  25.4-mm  (1.0-inch)  reference  line.  The  cavity  along  the 
hydrofoil  surface  is  deflected  down  due  to  the  constant  pressure  cavity  and  the  pressure  gradient  along 
the  surface.  This  deflection  of  the  cavity  changes  the  wetted  area  and  affects  the  lift  and  drag  forces. 
The  hydrofoil  cavity  can  be  seen  attached  to  the  trailing  edge  in  the  figure. 


Figure  33:  Cavity  piercing  hydrofoils  having  wedge  shaped  cross  sections 
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Figure  34:  Cavity  piercing  hydrofoil  showing  force  balance  and  tunnel  mounting  fixture 


Figure  35:  Photograph  of  pressure  side  of  cavity  piercing  hydrofoil 

The  suction  side  view  of  a  hydrofoil  at  high  angle  of  attack  is  shown  in  Figure  (36).  This  view  shows 
disturbances  in  the  cavity  wall  due  to  imperfections  along  the  hydrofoil  leading  edge.  For  a  hydrofoil 
with  a  very  sharp  leading  edge  and  at  large  angles  of  attack,  the  cavity  is  transparent  and  stable  near  the 
hydrofoil.  At  low  angles  of  attack  the  cavity  is  attached  at  the  base  as  shown  in  Figure  (37),  and  is 
termed  base  cavitation.  At  intermediate  angles  of  attack  between  base  cavitation  and  supercavitation 
there  can  be  what  is  termed  partial  cavitation.  With  partial  cavitation  there  may  be  intermittent  cavitation 
along  the  suction  face,  a  small,  attached  cavity  or  a  vortex  cavity.  Figure  (38)  shows  the  stable  sheet 
cavity  and  supercavitating  tip  vortex  formed  by  a  higher  aspect  ratio  hydrofoil.  The  forces  associated 
with  the  different  forms  of  hydrofoil  cavitation  will  be  discussed  next. 


Figure  36:  Photograph  of  suction  surface  of  cavity  piercing  hydrofoil  that  shows 
cavity  disturbances  due  to  imperfections  along  leading  edge. 


Figure  37:  Photograph  of  cavity  piercing  hydrofoil  at  low  angle  of  attack,  with  base  cavitation 


Figure  38:  Photograph  of  cavity  from  higher  aspect  ratio  cavity  piercing  hydrofoil 


Typical  lift  and  drag  coefficient  curves  as  a  function  of  angle  of  attack  for  a  cavity  piercing  hydrofoil,  are 
shown  in  Figure  (39).  The  reference  area  for  reducing  forces  to  coefficient  form  was  the  wetted  area  if 
the  tunnel  wall  cavity  was  not  affected  by  the  hydrofoil  surface  pressure  gradient.  The  force  coefficients 
have  also  been  calculated  based  upon  the  actual  wetted  area,  as  determined  from  videotapes  of  the  tests, 
see  Figure  (35).  The  complex  shape  of  the  force  coefficient  curves  is  due  in  part  to  the  transitions 
between  base,  partial,  and  supercavitating  flow  regimes. 


While  the  figure  shows  the  averaged  force  coefficients,  the  time  dependent  forces  due  to  cavity 
fluctuations  can  also  be  very  important.  Time  dependent  forces  for  base  cavitation  are  shown  in  Figures 
(40  and  41),  partial  cavitation  in  Figures  (42  and  43),  and  supercavitating  conditions  in  Figure  (44  and 
45).  For  all  figures,  at  time  zero  the  hydrofoil  is  fully  wetted.  At  approximately  1.25  seconds  the  tunnel 
wall  cavity  is  established  and  the  hydrofoil  pierces  the  cavity.  After  establishment  of  the  tunnel  wall 
cavity,  both  lift  and  drag  decrease  for  all  conditions,  as  expected.  The  primary  difference  due  to  the 
changes  in  forms  of  cavitation  can  be  seen  in  the  lift  plots.  The  lift  for  base  cavitation  and  supercavitation 
show  relatively  little  fluctuation.  However,  with  partial  cavitation  there  are  large  changes  in  lift.  All  tests 
in  the  tunnel  were  documented  with  video  cameras  using  stroboscopic  lighting  synchronized  with  the 
video  scanning.  These  changes  in  lift  were  associated  with  intermittent  bursts  of  cavitation  on  the 
hydrofoil  suction  surface.  In  some  cases  the  lift  fluctuations  were  up  to  50%. 
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For  these  fins  with  wedge  shaped  cross  sections,  the  intermittent  cavitation  occurred  when  the  relative 
fiow  direction  near  the  leading  edge  was  close  to  the  wedge  half-angle  in  the  direction  of  flow.  This 
relative  fiow  direction  is  affected  by  the  perturbation  in  the  tunnel  wall  cavity  due  to  the  pressure  side 
pressure  gradient.  The  “effective  half-angle”  is  then  also  affected  by  the  cavity  perturbation.  Practical 
designs  must  take  into  consideration  these  factors  that  affect  the  unsteady  cavity  behavior. 

Fin  1  Cavity  Lift  and  Drag  Coefficient  Curves 
Beta  =  7.5  degrees.  Theta  =  25  degrees 


-15  10  6  0  S  10  15 

Angle  of  Attack,  degrees 


Figure  39:  Lift  and  drag  coefficients  for  a  cavity-piercing  hydrofoil  as  a  function  of  angle  of  attack 


Fin  1  Drag 

Velocity  =  30  ft/sec.  Angle  =  2.0  degrees 


Time,  seconds 


Figure  40:  Drag  force  as  a  function  of  time,  base  cavitation 


Fin  1  Lift 

Velocity  =  30  ft/sec,  Angle  =  +  2.0  degrees 


Time,  seconds 


Figure  41:  Lift  force  as  a  function  of  time,  base  cavitation 
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Fin  1  Lift 

Velocity  »  30  ft/sec,  Angle  «  +  10.0  degrees 


0  0.5  1  !.5  2  2.5  3  3.5  4  4.5  S 

Time,  seconds 

Figure  45:  Lift  force  as  a  function  of  time,  supercavitation 


Summary 

This  report  presents  a  summary  of  the  cavitation  flow  regimes  and  experimental  techniques  used  at  ARL 
Penn  State  for  investigating  developed  cavitation  physics. 
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Variational  Methods  in  Cavitational  Flow 
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ABSTRACT 

The  study  of  cavitational  flow  is  formulated  as  a  free  boundary  problem  for  the  Laplace  equation  in 
three  dimensions.  Constant  pressure  free  streamlines  are  determined  by  a  variational  principle  for 
the  virtual  mass.  Steepest  descent  applied  to  minimization  of  the  potential  energy  suggests  a  natural 
iteration  scheme  to  calculate  the  shape  of  the  cavity  bounded  by  the  free  streamlines.  Numerical 
methods  enable  one  to  estimate  the  drag  and  the  geometry  of  the  flow.  Another  version  of  the 
variational  principle  plays  an  important  role  in  plasma  physics  and  the  theory  of  magnetic  fusion. 
Novel  stellarator  conflgurations  for  a  thermonuclear  reactor  have  been  designed  by  running  large 
computer  codes  based  on  these  mathematical  ideas. 

1.  Introduction 

We  shall  be  concerned  with  steady,  irrotational  flow  of  an  incompressible  fluid  with  a  free  surface  on 
which  the  pressure  is  constant.  This  is  a  difficult  mathematical  problem  because  the  shape  of  the 
free  boundary  must  be  calculated  as  part  of  the  solution.  Our  approach  is  to  apply  the  principle 
of  minimum  virtual  mass,  in  which  the  answer  appears  as  the  solution  of  a  problem  in  the  calculus 
of  variations  that  is  easier  to  treat  both  theoretically  and  numerically.  The  appearance  of  potential 
energy  in  the  analysis  may  be  unconventional  in  fluid  dynamics,  but  we  shall  show  how  this  can  be 
used  to  find  the  drag,  and  afterwards  we  shall  present  another  application  of  the  same  method  in 
magnetohydrodynamics  where  the  physics  becomes  more  natural. 

2.  The  Riabouchinsky  model 

Steady  irrotational  flow  of  an  incompressible  fluid  in  the  plane  is  governed  by  a  complex  potential 
=  (j)  i%jj  whose  real  and  imaginary  parts  satisfy  the  Cauchy-Riemann  equations 

(j)^  =.  'ijjy  ^  (jyy  ZZZ  . 

The  horizontal  and  vertical  components  of  the  velocity  are  found  from  the  derivative 

w  =  u  —  iv  =  dC,fdz 

of  C  as  an  analytic  function  of  the  complex  variable  2:  =  a:  +  iy,  and  the  pressure  p  is  found  from 
Bernoulli’s  law 

2 

q  p 

—  +  -  =  const.  , 

2  p 

where  q  =  |u;|  is  the  speed.  Thus  along  any  streamline  ^2  =  0  bordering  a  cavity  we  arrive  at  a  free 
boundary  condition  of  the  form 

p  =  const.  ,  q  =  const. 

In  the  Riabouchinsky  model  of  cavitational  flow  the  obstacle  consists  of  two  symmetrically  located 
vertical  plates  joined  by  a  pair  of  free  streamlines.  A  solution  is  obtained  by  mapping  the  upper  half 
of  the  ^-plane  conformally  onto  a  semicircle  in  the  hodograph  plane  slit  along  a  segment  of  the  u-ax.is. 
Another  interesting  method  of  flnding  the  flow  is  to  study  the  geometry  of  the  analytic  function 

9{^)  =  (  dz  =  z  , 


Paper  presented  at  the  RTOAVT  Lecture  Series  on  “Supercavitating  Flows  ”,  held  at  the  von  Kdrmdn 
Institute  (VKI)  in  Brussels,  Belgium,  12-16  February  2001,  and  published  in  RTO  EN-010. 
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which  has  boundary  values  indicated  at  the  right  along  a  free  streamline  where  g  =  1.  This  function 
has  to  do  with  the  forces  on  the  vertical  plates  and  is  suggested  by  the  conservation  of  momentum. 
The  solution  of  the  Riabouchinsky  free  boundary  value  problem  can  be  obtained  by  using  the  Schwarz- 
Christoffel  formula  to  calculate  the  two  auxiliary  functions 

$(2)  =  z  +  g{z)  ,  =  z-g{z)  , 

which  map  the  flow  conformally  onto  polygonal  domains  of  the  complex  plane.  These  classical  methods 
apply  primarily  to  plane  flow  and  play  a  signiflcant  role  in  the  study  of  supercavitating  hydrofoils. 
However,  we  do  not  discuss  them  in  detail  here,  but  turn  our  attention  instead  to  three-dimensional 
flows  such  as  occur  in  the  study  of  torpedoes. 


3.  The  principle  of  minimum  virtual  mass 

Let  us  consider  a  flow  of  water  past  a  body  followed  by  a  cavity  Q  in  three-dimmensional  space. 
The  velocity  potential  of  the  flow  is  a  harmonic  function  ^  whose  normal  derivative  vanishes  at  the 
boundary,  and  at  inflnity  it  has  an  expansion  of  the  form 


(p  = 


ax 

X  H — T  +  ••• 


with  a  coefficient  a  related  to  the  virtual  mass.  On  the  free  surface  T  bounding  the  cavity  it  satisfies 
the  additional  condition 

(V<^)^  =  const. 

because  the  pressure  is  constant  there.  The  shape  of  the  cavity  has  to  be  adjusted  to  meet  this 
nonlinear  free  boundary  condition,  and  that  is  what  makes  the  problem  hard  mathematically. 


1  y 


Figure  1:  Geometry  of  the  Riabouchinsky  model  of  plane  flow  around  a  finite  cavity  Q  displaying  the 
free  stramlines  F  and  two  vertical  fixed  boundaries  C. 

The  kinetic  energy,  or  virtual  mass, 

M  =  1 1  Vxf  dV 

is  a  Dirichlet  integral  over  the  flow  region.  We  also  introduce  the  volume 

JJh^’ 

which  is  an  integral  over  the  cavity  and  the  body.  An  application  of  the  divergence  theorem  leads  to 
the  remarkable  formula 

4'jia  =  M  +  V 

relating  the  virtual  mass  to  the  coefficient  a  in  the  expansion  of  the  velocity  potential  at  infinity. 

We  proceed  to  discuss  variational  formulas  for  a  and  V  under  a  suitable  hypothesis  about  smoothness 
at  the  boundary  of  the  flow.  Let  us  shift  each  point  on  the  free  surface  by  an  infinitesimal  distance 
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dn  along  its  normal  n.  It  is  evident  that  the  first  order  perturbation  of  the  volume  is  given  by  the 
formula 

SV  =  -  j  I  Sn  dS  , 

where  integration  is  performed  over  the  free  surface. 

Next  observe  that  according  to  the  divergence  theorem,  the  harmonic  function  cj)  minimizes  the  Dirich- 
let  integral  regardless  of  conditions  at  the  boundary  because  its  normal  derivative  vanishes  there.  It 
follows  that  the  perturbation  of  the  coefficient  a  under  the  shift  6n  can  be  computed  with  (p  held  fixed. 
Therefore  we  obtain  an  equally  simply  result 


47r5a 


giving  the  first  variation  of  the  virtual  mass.  This  means  that  a  flow  satisfying  the  free  boundary 
condition 

{V4>f  =  A 

can  be  found  from  the  variational  principle 

ATx5a  -  =  0  , 

where  A  is  constant.  The  result  is  better  stated  in  the  form 

M  —  aV  =  minimum 

of  an  extremal  problem,  where  a  =  A  —  1  is  the  cavitation  parameter. 

The  theorem  we  have  described,  which  we  refer  to  as  the  principle  of  minimum  virtual  mass,  makes 
sense  only  when  the  cavity  is  finite  so  the  improper  integrals  that  occur  are  convergent.  This  becomes 
the  case  for  the  Riabouchinsky  model  of  cavitational  flow.  In  that  model  two  symmetrically  situated 
plates  C  are  connected  by  the  free  surface  T  of  a  cavity  17.  For  plane  flow  the  geometry  is  illustrated 
in  Fig.  1.  Note  that  the  cavitation  parameter  a  is  positive. 

A  physical  interpretation  of  the  variational  formula  for  the  virtual  mass  just  states  that  work  equals 
force  times  displacement.  Details  of  a  mathematical  proof  are  easier  to  understand  for  the  example 
of  a  vortex  ring,  which  will  come  up  again  in  our  discussion  of  magnetohydrodynamics.  Suppose  (p  is 
a  harmonic  function  in  a  torus  D  with  a  unit  period  and  a  vanishing  normal  derivative,  and  let  (/>*  be 
the  analogous  function  in  a  neighboring  torus  D*  obtained  by  a  shift  6n  of  the  boundary.  If  M  now 
stands  for  the  Dirichlet  integral  of  (p  over  D  and  M*  stands  for  the  Dirichlet  integral  of  (p*  over  D*, 
what  we  want  to  show  is  that 

M*-M  =  II {V(pf5n  dS  , 

where  higher  order  terms  are  neglected  and  the  integration  is  performed  over  the  surface  of  D.  This 
is  true  because  the  Dirichlet  integrals  of  and  (p  over  D  differ  by  a  term  of  second  order  in  5n,  To 
see  that  we  apply  the  divergence  theorem  to  establish  the  identity 

!  I  lvcl>-  -Vct>)dV  =  II  -ct>)dS-  1 1  I {r  -  ct>)  Ad)  dV  =  0  , 

which  asserts  that  because  of  the  natural  boundary  condition  satisfied  by  (p  its  Dirichlet  integral  over 
D  is  stationary.  The  desired  result  now  follows  because 

{Vd)  +  vd>*  -  Vd>f  =  {Vd>f  +  2Vd>  ■  {Vd>*  -  vd>)  +  {Vd>*  -  Vd>f  ■ 


4.  Calculation  of  the  drag 
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For  special  shapes  of  the  fixed  boundary  the  principle  of  minimum  virtual  mass  can  be  used  to 
calculate  the  drag.  In  the  Riaboucnsky  model  suppose  that  the  free  surface  F  is  a  sheath  connecting 
a  symmetric  pair  of  circular  disks  situated  in  planes  perpendicular  to  the  x-axis.  Let  us  magnify  the 
whole  configuration  by  the  factor  1  +  77,  where  77  is  a  small  positive  number.  For  this  infinitesimal 
normal  displacement  of  the  boundary  of  the  fiow  our  variational  formulas  yield  the  relation 

6M  -  aSV  =11  [(V</>)2  -  X]5n  dS  . 

Along  the  free  surface  the  integrand  vanishes,  so 

6M  -  a6V  =  r]h  I  [{V(f>)^  -  X]  dS  , 

where  the  integrals  are  now  evaluated  only  over  the  disks,  and  2h  is  the  distance  between  them.  On 
the  other  hand,  by  Bernoulli’s  law  the  integral 

D  =  I  [ /[l+^-(V</.)2]  dS 

over  just  one  disk  is  the  drag.  Since  V  and  M  have  the  dimensions  of  length  cubed,  and  since  the 
shift  6n  is  defined  by  a  magnification,  this  establishes  the  remarkable  relationship 


AhD  =  3{aV-M) 


between  the  virtual  mass  and  the  drag  for  Riabouchinsky  flow  past  a  circular  disk. 

If  the  formula  we  just  established  for  the  drag  were  generalized  to  the  case  of  two  parallel  plates  of 
elliptical  cross  section,  then  a  continuous  transition  could  be  made  from  axially  symmetric  over  to 
plane  flow.  It  is  not  hard  to  see  that  invariance  of  the  drag  under  changes  of  the  eccentricity  of  the 
ellipse  would  then  lead  to  a  contradiction.  We  conclude  that  it  is  naive  to  assume  that  the  symmetric 
model  of  Riabouchinsky  flow  always  has  solutions  in  three  dimensions. 

To  compute  the  drag  more  generally  one  needs  to  solve  the  cavitational  flow  problem  numerically.  A 
systematic  scheme  to  accomplish  that  is  suggested  by  applying  the  concept  of  steepest  descent  to  the 
principle  of  minimum  virtual  mass.  This  means  that  to  improve  on  a  given  approximation  of  the  free 
surface  one  should  shift  it  along  the  normal  by  an  amount  6n  proportional  to  the  error  —  A  in 

the  free  boundary  condition.  This  concept  has  been  implemented  in  computer  codes  that  run  quite 
succesfully.  We  shall  discuss  the  matter  in  more  detail  when  we  describe  an  application  to  magnetic 
fusion  in  the  next  section. 

Another  attack  on  the  drag  problem  has  been  developed  using  a  stream  function  t/j  which  satisfies  the 
partial  differential  equation 


A  /  _ 

^  y  dy 


0 


with  e  =  0  for  plane  flow  and  e  =  1  for  axially  symmetric  flow.  For  other  values  of  e  the  boundary 
value  problem  still  makes  sense,  and  it  can  be  solved  in  closed  form  in  special  cases.  That  enables  one 
to  estimate  the  drag  for  a  circular  disk  by  interpolation  from  known  values.  For  a  circular  disk  with  an 
infinite  cavity  the  drag  coefficient  is  found  to  be  Co  =  0.827.  Similarly,  the  contraction  coefficient  for 
a  circular  orifice  in  a  plane  wall  is  =  0.59,  a  result  differing  from  the  answer  obtained  in  the  case  of 
plane  flow.  Presently  of  course  many  more  complicated  free  boundary  problems  are  being  investigated 
computationally  by  a  variety  of  new  methods. 


5.  Variational  principle  of  magnetohydrodynamics 

Another  enlightening  application  of  the  variational  principle  plays  an  important  role  in  the  plasma 
physics  of  magnetic  fusion.  The  concept  of  a  thermonuclear  reactor  is  based  on  fusion  of  hydrogen 
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at  very  high  temperatures  to  form  helium  and  release  neutrons  that  penetrate  a  blanket  which  is 
heated  up  to  supply  power.  The  hydrogen  is  ionized  to  become  a  plasma  so  hot  that  it  should  not 
encounter  material  walls  and  must  be  confined  by  a  magnetic  field.  The  charged  particles  of  the 
plasma  tend  to  follow  lines  of  force  in  the  magnetic  field,  whose  geometry  is  therefore  usually  chosen 
to  be  a  torus.  Most  of  the  magnetic  lines  sweep  out  nested  fiux  surfaces  rather  than  ergodic  regions 
so  that  the  confinement  of  the  plasma  is  adequate  for  fusion  in  a  power  plant.  There  is  an  analogy 
here  with  vortex  rings  and  rotational  fiow  of  an  incompressible  fluid  governed  by  the  Euler  equations. 
We  shall  review  the  mathematical  theory  of  equilibrium  and  stability  in  magnetohydrodynamics  that 
is  required  to  address  this  problem. 

We  study  the  equilibrium  and  stability  of  a  plasma  by  solving  magnetostatic  equations 

V*B  =  0,  JxB  =  Vp 

analogous  to  the  Euler  equations,  where  B  is  the  magnetic  field,  J  =  V  x  B  is  the  current  density,  and 
p  is  the  pressure.  In  the  analogy  the  velocity  of  the  flow  corresponds  to  the  magnetic  field  and  the 
stagnation  enthalpy  from  Bernoulli’s  law  corresponds  to  the  pressure  of  the  plasma.  We  shall  explain 
our  variational  theory  in  the  context  of  the  plasma  problem,  which  will  show  how  islands  whose  fiux 
surfaces  are  shaped  like  vortices  can  be  modeled  in  practice  by  current  sheets. 

Let  us  rewrite  the  partial  differential  equations  of  magnetostatics  in  a  conservation  form 

V*B  =  0,  V*T  =  0 

involving  the  Maxwell  stress  tensor  T,  which  is  given  by 


Tjk  =  +p)  , 

where  6jk  is  the  Kronecker  delta.  To  avoid  assuming  the  existence  of  partial  derivatives,  we  apply  the 
the  divergence  theorem  and  say  that  B  and  p  define  a  weak  solution  of  the  equations  whenever 

over  any  volume  of  integration,  where  '0i,'02j^3  and  'll;  are  arbitrary  continuously  differentiable  func¬ 
tions  of  compact  support.  The  simplest  example  of  a  weak  solution  is  a  magnetic  field  with  just  one 
nontrivial  component  Bi  that  is  a  nondifferentiable  function  of  X2  and  0:3,  while  the  pressure  satisfies 
the  condition  Bil2  +  p  =  const. 

These  formulas  are  comparable  to  the  conservation  of  mass 

and  the  conservation  of  momemtum 

^  (9  dp  ^ 

/  ^  UjUk  H  ^  —  0 

^  ox  k  pOXj 

for  steady  fiow  of  an  incompressible  fluid  without  viscosity  in  hydrodynamics.  Another  application 
of  the  divergence  theorem  establishes  that  any  smooth  surface  of  discontinuity  of  a  weak  solution 
of  the  magnetostatic  equations  must  be  a  current  sheet  in  the  sense  that  it  is  a  fiux  surface  of  the 
magnetic  field  across  which  B  may  have  jumps,  but  5^/2 remains  continuous.  It  is  our  contention 
that  small  magnetic  islands  can  be  modeled  computationally  by  such  current  sheets  when  a  finite 
difference  scheme  with  adequate  numerical  viscosity  is  applied.  We  use  the  variational  principle  of 
magnetohydrodynamics  to  show  how  this  concept  has  been  implemented  in  practice.  The  analogy 
with  the  problem  of  cavitational  fiow  is  evident. 
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The  variational  principle  of  magnetohydrodynamics  enables  one  to  study  questions  of  toroidal  equi¬ 
librium  and  stability  in  plasma  physics  by  considering  the  extremal  problem 


1 1  l[By2-p]dV 


=  minimum 


for  the  potential  energy  subject  to  appropriate  flux  constraints  on  the  vector  held  B,  which  is  supposed 
to  be  divergence  free.  This  leads  in  a  natural  way  to  the  Clebsch  representations 


B  =  Vs  xV0 


of  B  in  terms  of  flux  functions  s  and  9  and  potentials  (p  and  C-  We  make  a  nested  surface  hypothesis 
under  which  s  becomes  the  single- valued  toroidal  flux  and  p  is  a  prescribed  function  of  s.  The  flux 
function  9  is  multiple- valued  on  each  torus  s  =  const.,  with  periods  related  to  the  rotational  transform 
i  =  /.(s),  which  measures  how  much  a  magnetic  line  turns  in  the  poloidal  direction  during  a  complete 
circuit  in  the  toroidal  direction.  For  fully  three-dimensional  equilibria  called  stellar ators  no  constraint 
is  imposed  on  i  in  the  variational  principle  and  the  potential  (/>  has  no  poloidal  period,  whereas  for  an 
axially  symmetric  tokamak  i  is  a  prescribed  function  of  the  toroidal  flux  s  and  (f)  acquires  a  nontrivial 
poloidal  period  equal  to  the  net  current. 


Figure  2:  Computational  model  of  fusion  plasma  in  a  thermonuclear  reactor  based  on  the  stellarator 
concept  for  magnetic  confinement  of  hot  ions  and  electrons.  Twelve  moderately  twisted  modular  coils, 
half  of  which  are  plotted,  produce  a  magnetic  field  whose  strength  has  a  desirable  symmetry  displayed 
by  the  color  map  of  the  plasma  surface. 

Straightforward  perturbations  of  the  potential  energy  lead  to  variational  equations  that  are  equivalent 
to  classical  magnetostatics.  Before  a  standard  integration  by  parts  they  furnish  a  practical  definition, 
essentially  in  conservation  form,  of  what  we  mean  by  a  weak  solution  without  derivatives.  For  a 
stellarator  at  zero  (3  =  the  result  reduces  to  Dirichlet’s  principle  for  harmonic  functions,  so 

the  configuration  is  stable.  The  NSTAB  computer  code  has  been  written  to  implement  the  variational 
principle  of  magnetohydrodynamics  numerically  and  perform  an  analysis  of  nonlinear  stability  for 
positive  /?.  It  enables  us  to  capture  small  magnetic  islands  in  a  convincing  way  when  we  use  a  mesh 
size  for  s  larger  than  the  island  width. 

In  stellarators  it  is  convenient  to  renormalize  the  multiple- valued  flux  function  9  and  the  Clebsch 
potential  (p  so  they  become  invariant  poloidal  and  toroidal  angles.  If  one  then  represents  the  magnetic 
field  strength  by  a  Fourier  series  of  the  form 

^  Bmn  cos(m6>  -  [n  -  im](j))  , 


the  coefficients  Bmn^  which  depend  on  the  toroidal  flux  5,  are  known  collectively  as  the  magnetic 
spectrum.  By  solving  the  magnetostatic  equations  for  J  and  taking  a  divergence  we  can  show  that 
there  is  a  comparable  expansion 


J  B 


p'Y. 


n  —  im 


cos{m9  —  [n 


im]<j)) 


for  the  parallel  current,  which  is  analogous  to  the  swirl  in  fluid  dynamics.  In  three  dimensions  the 
small  denominators  n  —  im  are  seen  to  vanish  at  a  dense  set  of  rational  surfaces  where  i  =  n/m. 
Therefore  smooth  solutions  of  the  equilibrium  problem  that  have  three-dimensional  asymmetry  do 
not  in  general  exist,  so  that  one  should  only  try  to  construct  weak  solutions.  Correspondingly,  the 
only  smooth  vortex  rings  in  steady  flow  must  be  axially  symmetric. 

The  NSTAB  code  includes  a  remarkably  robust  calculation  of  the  coefficients  Bmn-  In  the  spectral 
method  that  has  been  used  it  is  helpful  to  filter  the  Fourier  series  defining  the  solution.  This  is 
especially  true  in  the  case  of  the  parallel  current,  which  requires  evaluation  of  a  divergent  series. 
It  turns  out  that  many  aspects  of  equilibrium,  stability  and  transport  just  depend  on  the  magnetic 
spectrum,  together  with  the  profiles  of  pressure  and  rotational  transform.  For  tokamaks  there  is  a 
two-dimensional  symmetry  such  that  only  the  column  B^q  differs  from  zero,  and  similarly  for  straight 
two-dimensional  stellar ators  only  the  diagonal  Bmm  is  present.  Because  of  their  two-dimensional 
magnetic  symmetry,  these  equilibria  have  excellent  transport  properties.  The  problem  of  design  is  to 
exploit  this  theory  to  arrive  at  configurations  for  a  fusion  reactor  that  meet  a  broad  range  of  physics 
and  engineering  requirements. 


6.  Quasiaxially  symmetric  stellarators 

Fast  computer  codes  with  a  three-dimensional  capability  are  an  essential  tool  for  the  design  of  efficient 
stellarators.  Here  we  shall  discuss  in  some  detail  a  stellarator  called  the  Modular  Helias-like  Heliac  2 
(MHH2)  that  has  quasiaxial  symmetry  characterized  by  very  small  coefficients  Bmn  with  n  7^  0.  This 
was  discovered  recently  by  running  the  NSTAB  code.  It  has  just  two  field  periods  and  the  aspect  ratio 
of  the  plasma  is  only  2.5.  Transport  is  almost  as  good  as  that  in  a  tokamak  because  of  the  comparable 
symmetry.  Moderately  twisted  modular  coils  to  generate  the  required  magnetic  field  can  be  wound 
on  a  control  surface  surrounding  the  plasma,  whose  shape  brings  the  total  rotational  transform  into 
an  acceptable  range  0.5  >  i  >  0.4.  Ample  space  is  available  for  the  hardware  requirements  of  a  power 
plant  (cf.  Fig.  2). 

We  studied  nonlinear  stability  of  the  MHH2  stellarator  by  looking  for  bifurcated  equilibria  over  the 
full  torus  that  do  not  have  the  helical  symmetry  of  the  solution  with  two  field  periods.  The  most 
dangerous  mode  we  found  running  the  NSTAB  code  has  a  complicated  ballooning  structure  that  is 
localized  in  an  outer  rim  of  the  plasma.  Equilibrium  seems  to  impose  a  more  severe  limitation  on  (3  for 
the  MHH2  than  stability.  Only  for  broad  pressure  profiles  do  good  magnetic  surfaces  prevail  when  /J  is 
raised  as  high  as  5%.  Thus  calculations  by  the  NSTAB  code  used  to  invent  the  MHH2  establish  that 
its  equilibrium  and  stability  limits  on  average  /?  for  a  relatively  broad  pressure  profile  lie  somewhere 
between  4%  and  5%.  The  configuration  is  sufficiently  robust  to  allow  for  further  optimization.  Less 
painstaking  computations  of  linear  or  local  stability  that  ignore  the  difficulties  with  parallel  current 
at  magnetic  resonances  give  misleading  predictions  about  performance.  Numerical  simulations  built 
around  the  construction  of  weak  solutions  seem  to  be  the  best  that  mathematical  theory  can  contribute 
to  the  problem  of  design  in  this  situation. 
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The  Principle  of  Independence  of  the  Cavity  Sections  Expansion 
(Log vino vich’s  Principle)  as  the  Basis  for  Investigation  on  Cavitation  Flows 
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State  SRC  TsAGI,  Moscow,  Russia 
17,  Radio  str.,  Moscow,  Russia 


Summary 

For  the  investigation  of  complex  non-steady  cavitation  flows  in  three  dimensions  it  is  extremely 
important  to  find  a  simple  model  which  on  one  hand  would  correspond  to  the  basic  laws  of  a  fluid  stream 
(the  laws  of  conservation  of  energy  and  momentum)  and  on  the  other  hand  would  be  simple  enough  for 
the  numerical  calculation.  This  model  was  presented  by  G.  V.  Logvinovich,  and  was  called  ‘The 
Principle  of  Independence  of  the  Cavity  Sections  Expansion”.  In  the  present  lecture  the  deduction  of  the 
principle  of  independence  from  the  equation  of  conservation  of  energy  is  adduced.  It  is  shown  that  for 
the  stationary  cavities  the  results  obtained  on  the  basis  of  the  principle  of  independence  agree  with  the 
results  obtained  on  the  basis  of  the  slender  body  theory  and  the  numerical  methods  as  well  as  with  the 
experimental  data.  It  is  shown  that  for  the  special  case  -  the  cavitation  number  equals  zero  -  the  cavity 
shape  determined  on  the  basis  of  the  principle  of  independence  agrees  with  the  well-known  Levinson- 
Gurevich  asymptotic.  The  application  of  the  principle  of  independence  for  the  calculation  of  some  types 
of  the  non-stationary  cavities  and  cavities  with  variable  external  pressure  (the  vertical  cavities  in  the 
gravitational  field)  is  considered. 


Introduction 

In  the  case  of  high-speed  motion  in  water,  cavities  filled  with  gas  or  vapor  are  formed  behind  the  body- 
cavitator.  The  mathematical  problem  on  the  determination  of  the  cavity  shape  is  stated  as  the  inverse 
problem  on  the  flow  around  a  body  -  the  free  boundary  shape  is  found  from  the  constant  pressure 
condition.  In  case  of  the  non-stationary  cavities,  the  cavities  with  variable  external  pressure  along  their 
length  or  the  asymmetrical  cavities,  the  problem  on  the  determination  of  the  cavity  shape  becomes 
extremely  complex.  For  the  practical  problems  it  is  very  important  to  have  a  simple  method  of 
calculation  of  non-stationary  cavitation  flows  that  corresponds  with  the  basic  laws  of  a  fluid  stream. 
Such  a  method  was  suggested  by  Logvinovich  and  was  called  “The  Principle  of  Independence  of  the 
Cavity  Sections  Expansion”. 

The  principle  of  independence  is  stated  as  following.  Each  cross  section  of  a  cavity  expands  relatively  to 
the  trajectory  of  the  center  of  a  cavitator  which  happens  almost  independently  from  the  following  or  the 
previous  body  motion.  The  expansion  occurs  according  to  the  definite  law  which  is  dependent  only  upon 
the  difference  between  the  pressure  at  infinity  and  the  pressure  within  the  cavity,  the  speed,  the  size,  and 
the  drag  of  a  body  at  the  moment  when  a  body  passes  the  plane  of  the  considered  section  [1].  The  law  of 
expansion  of  the  cavity  fixed  section  can  be  determined  using  the  principle  of  conservation  of  energy  in 
the  wake.  The  thin  cavity  in  ideal  fluid  can  be  considered  as  the  wake.  Each  unit  of  the  wake  length 
keeps  the  energy  which  was  expended  by  the  cavitator  at  the  moment  when  it  passes  this  unit  of  the 
length  of  the  trajectory  [2,3].  This  theory  applied  to  the  cavity  with  the  constant  difference  of  pressures 
gives  results  which  are  very  similar  to  the  results  observed  in  the  experiments.  Therefore,  we  can  suggest 
that  this  theory  is  also  applicable  for  the  case  of  variable  difference  of  pressures. 
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8-2 


1.  The  Deduction  of  the  Principle  of  Independence  from  the  Equation  of 
Conservation  of  Energy 

We  designate  the  coordinate  along  the  arc  of  the  trajectory  of  the  cavitator  center  as  h  (Fig.  1).  This 
coordinate  is  fixed  relatively  to  the  motionless  fluid.  At  the  point  h  let  us  draw  the  plane  E  that  is 
perpendicular  to  the  trajectory.  We  will  observe  the  development  of  the  cavity  cross  section  arisen  on 
this  plane  at  the  moment  t=Q. 


Fig,  1  The  scheme  of  development  of  the  non-stationary  cavity 


Let  us  introduce  the  following  designations:  the  radius  of  the  cavity  section  R=R(h,t),  the  area  of  the 
cavity  section  S(hj)=7iR^,  the  pressure  within  the  cavity  Pk=Pk(hj),  the  pressure  at  infinity  Poo(hj).  We 
can  consider  the  pressure  Poo(ht)  to  be  the  pressure  at  the  point  “0”  of  the  intersection  of  the  trajectory 
with  the  plane  X  when  the  cavity  is  absent  or  to  be  the  hydrostatic  pressure  on  the  depth  of  the  point  ‘O’. 

The  cavitator  passing  the  path  Ah  performs  certain  work  and  gives  the  energy  WAh  to  the  fluid  (where  W 
is  the  drag  force  acting  on  the  cavitator  at  the  moment  /=0).  Proceeding  from  the  physical  scheme  of  the 
flow  we  can  accept  that  approximately  the  energy  WAh  is  conserved  in  the  considered  section  at  the  same 
segment  Ah  in  the  form  of  the  kinetic  energy  TAh  h  potential  energy  EAh  up  to  the  moment  of  this 
section  closure.  Therefore,  we  can  write  an  approximate  equation  for  each  cavity  cross  section 


T{h,t)+E{h,t)=W{h,0) 


(1.1) 


Equation  (1.1)  can  be  applied  to  the  whole  cavity  length  and  signifies  that  the  energy  that  was  imparted 
by  the  cavitator  at  the  point  of  the  trajectory  h  is  conserved  on  the  cavity  at  this  point.  Proceeding  from 
the  first  Green’s  formula  [4]  we  can  express  the  kinetic  energy  that  fits  the  unit  of  the  cavity  length  by  the 
following  equation 

T  =  -  ^p(p27tR^ 

2  an 


(1.2) 
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where  (p  is  the  potential  of  the  absolute  velocity  at  the  boundary,  R  and  R~d(p  Idn  are  the  radius  and 
the  radial  velocity  of  cavity  boundary  at  the  point  of  the  trajectory  h,  p  is  the  fluid  density. 

The  potential  energy  of  a  cavity  section  is  determined  as  follows 


E  =  \  ^P  Qt  ,t)2nRRdt  (1.3) 

o 


where  AF{h,t)-  P^{h,t)-  Pk{h,t)-  After  substitution  of  (1.2)  and  (1.3)  in  (1.1)  we  obtain  an 
approximate  equation  of  energy 


2 


p(pS  +  j  ^P{h,t)Sdt  =  W{h,0) 

o 


(1.4) 


where  S  =  2kRR  is  the  time  derivative  of  the  area  of  a  cavity  cross  section. 

The  kinetic  energy  is  determined  along  the  stream  tubes  that  lean  on  the  expanding  cavity  hole  in  the 
motionless  plane.  The  trajectory  of  a  cavitator  intersects  this  plane  along  normal  at  the  point  h.  The 
dynamic  boundary  condition  is  written  in  a  form  of  the  general  Bernoulli  equation  applied  to  the  points  of 
space  that  coincide  with  the  cavity  boundary  at  the  considered  moment  (later  on  we  will  be  writing  AP 
instead  of  AP(h,t)) 


d(p  _  AP 
dt  2  p 


(1.5) 


where  v  is  the  absolute  velocity  of  the  fluid  particles  on  the  cavity  boundary.  In  the  middle  section  of  the 
cavity  v  ~  7?  is  the  small  quantity  and  we  neglect  the  value  of  compared  to  the  value  of  AP/p.  Then 
equation  (1.5)  is  written  in  the  form 


d(p  _AP 
dt  p 


(1.6) 


Let  us  differentiate  equation  (1 .4)  with  respect  to  t  and  using  expression  (1 .6)  we  obtain 


(1.7) 
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From  equation  (1.6)  the  value  of  the  potential  on  the  cavity  section  boundary  is  determined  as  follows 


(p  =  (p^  + 


(1.8) 


where  (pn  is  the  value  of  the  potential  at  the  edge  of  a  cavitator  at  the  moment  of  generation  of  the  cavity 
section  (t=0).  After  substitution  of  (1.8)  in  (1.7)  we  obtain  the  following  differential  equation 


I 

p(p„  +  J  APdt 


S  =  APS 


(1.9) 


Taking  into  account  that  of  J  APdt  =  APdt ,  as  a  result  of  dividing  variables  and  integrating  we  obtain 

o 


S  =  A 


p<p„  +  J  APdt 

o 


(1.10) 


where  A  is  the  constant  connected  with  the  initial  velocity  of  expansion  of  the  cavity  section  by 
dependence  A  =  Sg  /  p(p„  ;  is  the  initial  velocity  of  expansion.  As  a  result  equation  (1.10)  is 
represented  in  the  following  form 


S  =  S^ 


1  + 


_Lf^ 

(Pn  '  P 


dt 


(1.11) 


The  value  of  the  potential  at  the  edge  of  a  cavitator  we  can  write  as  following: 


where  a  is  some  constant,  Rn  is  the  radius  of  a  cavitator,  V(0)  is  the  velocity  of  a  cavitator  at  the  moment 
/=0.  Since  for  the  stationary  cavity  the  flow  is  symmetrical  the  value  of  the  potential  on  the  mid-section 
equals  zero,  consequently  for  the  stationary  cavity  equation  (1.8)  can  be  written  in  the  following  form 


(Pn 


-\aR„V{0) 


(1.12) 
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where  4  is  the  time  of  expansion  of  a  cavity  section  to  the  maximum  size.  In  case  of  the  stationary  cavity 
we  can  obtain  the  expression  of  the  constant  a  from  equation  (1.12) 


2R 


(1.13) 


where  <7 


2AP 


is  the  cavitation  number,  V  is  the  velocity  of  stationary  motion  of  a  cavitator, 


=  2F4  is  the  cavity  length.  Let  us  determine  the  initial  velocity  of  expansion  from  the  equation 

of  energy  (1 .4)  at  the  moment  ^=0.  Taking  into  account  that  W  =  C^kRI  ’  where  Cx  is  the  drag 

coefficient  of  a  cavitator  we  obtain 


o 


2nC^R„V{0)  S„  AnC^ 

a  (p„ 


(1.14) 


As  a  result  we  go  on  from  equations  (1.11)  and  (1.14)  to  the  well-known  mathematical  entry  expressing 
the  principle  of  independence  of  the  cavity  sections  expansion  in  the  form  of 


S  = 


kAP 

P 


(1.15) 


Equation  (1.15)  with  the  coefficient  (1.14)  (the  constant  a  is  slightly  dependent  on  the  cavitation  number 
and  its  value  is  selected  from  the  range  1 .5^-2)  is  widely  applied  for  the  investigation  of  non-stationary 
cavities  and  cavities  with  variable  external  pressure  along  their  length.  The  velocity  of  expansion  of  a 
cavity  section  is  determined  from  equation  (1.11) 


S  =  S„ 


■  Ic  I  — iit 

i  p 


(1.16) 


Integrating  equation  (1.16)  we  obtain  the  dependence  of  the  area  of  a  cavity  section  on  time 


nAP 
— dtdt 

p 


0  0 


(1.17) 
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where  So  is  the  initial  area  of  a  cavity  cross  section.  In  particular  for  the  stationary  cavity  the  value 


AP 


is  constant  and  from  (1.17),  (1.14)  and  (1.13)  we  obtain  the  well-known  result 


(1.18) 


where  Sk  is  the  maximum  quantity  of  the  area  of  a  cavity  cross  section  (the  area  of  the  mid-section). 

If  as  the  quantity  Sq  we  choose  the  quantity  of  the  area  of  the  cross  section  on  which  the  incline  of  a 
cavity  boundary  is  sufficiently  small  (slightly  deviating  from  a  disk-cavitator),  then  the  calculations  from 
formula  (1.18)  agree  very  well  with  the  experimental  data  as  shown  in  Fig.  2  (in  this  figure  the  points 
show  the  experimental  data  for  the  different  cavitation  numbers). 


Fig.  2  The  comparison  of  the  stationary  cavity  profile  obtained  on  the  basis  of  the  principle  of 
independence  with  the  experimental  data 

Usually  the  profile  of  the  stationary  cavity  past  a  disk  is  constructed  as  follows.  In  the  vicinity  of  the  disk 
the  cavity  shape  is  not  dependent  on  the  cavitation  number  and  can  be  expressed  in  the  form  [1] 


R(x)  =  R„ 


1  + 


3x 

R 


n1/3 

/ 


(1.19) 


where  x  is  the  coordinate  measured  along  the  axis  of  symmetry  from  the  center  of  a  disk.  The  cavity 
shape  determined  from  equation  (1.18)  joins  with  the  shape  expressed  by  the  dependence  R(x)  (1.19). 
We  can  consider  the  point  with  the  coordinates:  x=2R„,  R(x)=\.92Rn  to  be  the  point  of  contact. 
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2.  The  comparison  of  the  results  obtained  for  stationary  cavitation  flows  on  the 
basis  of  the  principle  of  independence  with  the  results  obtained  on  the  basis  of  the 
slender  body  theory  and  the  numerical  methods 

In  this  chapter  we  will  demonstrate  that  the  shape  of  the  stationary  cavity  represented  by 
expression  (1.18)  can  be  obtained  from  the  slender  body  theory.  As  an  example  we  use  the  cavitation 
flow  past  a  thin  cone.  Let  us  consider  a  more  general  case  -  the  supercavity  past  a  thin  cone  in  subsonic 
compressible  fluid  flow.  We  apply  the  Riabouchinsky  scheme  (Fig.  3,  the  cavity  is  closed  by  a  body  with 
the  same  dimensions  as  the  caivtator). 


Fig.  3  The  Riabouchinsky  scheme  for  the  cavitation  flow  past  a  thin  cone 


The  origin  of  the  orthogonal  system  x,  r  is  placed  at  the  apex  of  the  cone,  the  geometric  dimensions  are 
scaled  by  the  radius  of  the  cone  base  (the  radius  of  the  cone  base  R„  equals  unity,  /  is  the  altitude  of  the 
cone,  a  is  the  apex  half-angle,  Lk  is  the  cavity  length,  l+Lk  and  2l+Lk  are  the  coordinates  of  the  base  and 
the  apex  of  the  closing  cone  respectively,  L=2l+Lk  is  the  total  length). 

Let  us  apply  the  linearized  equation  of  the  flow  in  the  cylindrical  coordinate  system  [5] 


dx^  dr^  r  dr 


(2.1) 


where  ^  is  the  dimensionless  flow  velocity  potential, 

is  the  flow  velocity  potential, 

Fo  is  the  free  stream  velocity, 

M=Vo/ao  is  the  Mach  number, 
ao  is  the  free  stream  speed  of  sound 

We  assume  that  the  parameter  of  the  cavity  thinness  has  the  same  order  as  the  parameter  of  the  cone- 
cavitator  thinness.  The  parameter  of  thinness  £  equals  the  ratio  of  the  cone  radius  to  its  altitude 
(£=l/l=tga).  Let  us  represent  the  potential  <1>  in  the  following  way:  0=(p+x,  where  (p  is  the 
dimensionless  perturbed  velocity  potential  which  is  aimed  at  zero  when  x  and  r  are  aimed  at  infinity. 
The  dynamical  boundary  condition  on  the  cavity  surface  is  written  as  follows  [6,7]  (we  neglect  the 
members  that  have  the  order  of  trifle  exceeding  S^ln^e) 


dx  ( ar 


=  (T 


(2.2) 


For  the  slender  axisymmetrical  bodies  the  perturbed  velocity  potential  is  defined  by  the  method  of 
sources  and  sinks  distributed  along  the  axis  of  symmetry.  For  the  subsonic  flow  the  potential  (p  satisfying 
the  equation  (2.1)  has  the  form  [5] 


j-  g(x,  )c/x, 

An  ^ 

’Ai 

1 

+ 

(l-M^ 

\r^ 

(2.3) 


where  q(xi)  is  the  intensity  of  sources  and  sinks  on  the  axis  of  symmetry.  Near  the  axis  of  symmetry  the 
perturbed  velocity  potential  is  represented  by  the  following  asymptotic  equation  [6,7] 


(p  =  ^S'{x)\nr  +  g{x) 
IK 


(2.4) 


where  S'(x)  is  the  derivative  of  the  dimensionless  area  of  the  slender  body  cross  section  with  respect  to  x 
coordinate. 

The  logarithmic  potential  is  the  main  part  of  expression  (2.4),  and  some  function  g(x)  is  added  to  it.  The 
function  g(x)  is  determined  from  the  condition  of  matching  with  the  potential  of  the  distributed  sources 
(2.3)  since  the  logarithmic  potential  does  not  satisfy  the  condition  at  infinity.  Also,  the  function  g(x) 
takes  into  account  the  influence  of  compressibility.  After  substitution  g(x)  we  obtain  the  following 
expression  for  the  perturbed  velocity  potential  near  the  surface  of  the  body  and  the  cavity  [7] 


(p  =-^S\x)\n 
Ak 


Ax{L  -  x) 


1 


An 


\ 


X“X-, 


i/Xj 


(2.5) 


Substituting  equation  (2.5)  in  (2.2)  we  obtain  the  integro-differential  equation  for  the  cavity  profile  [8] 


u 


fi 


2u 


+  u'\n 


(l  -  M  "  )u 
Ax{L  —  x) 


/ 

I 


^r(^i )“  u'\x) 


dx 


X  —  Xi 


1 


u{x^-u{x) 
\  |x-x,|  ' 


r  m'(x,)-m''(x) 


I 


/+Ii 


x-x 


</X|  =  2(7 


(2.6) 


u  =  R\u,  «;(!)= 0 
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The  cavity  profile  is  determined  by  altering  its  radius  along  the  coordinate  x:  R(x).  Along  the  coordinate 
X  the  radius  R}  of  the  cone-cavitator  and  the  closing  cone  respectively  change  to  R]=Ex  and  R]=£(L-x), 
The  following  boundary  conditions  are  added  to  the  integro-differential  equation  (2.6) 


x  =  l:R  =  lR^  =  £ 
x  =  l  +  L,  :R^I,R'  =  ^£ 


We  seek  the  solution  for  the  whole  area  of  the  cavity  by  expanding  the  asymptotic  rows  with  the  small 
parameter  £. 


Rf 


f,  1 1 

f,  1  T' 

O', 

In—  \+o,+o_, 

In—  +... 

1  ^  ) 

1  ^  J  J 

(2.7) 


After  substitution  of  the  rows  (2.7)  into  (2.6)  and  conservation  of  the  two  members  of  the  rows  the 
integro-differential  equation  (2.6)  is  transformed  to  two  differential  equations.  The  first  equation  is 
obtained  from  the  equality  of  the  members  at  £‘^ In  1/^,  the  second  one  follows  from  the  equality  of  the 
members  at  The  first  differential  equation  with  the  boundary  conditions  is  written  as  follows 


^  =  -2cr 

dx^  ' 


dRl 

dx 


x~l 


=  21 


(2.8) 


The  solution  of  the  equation  (2.8)  has  the  form 


=o^{a-xXx-b) 

21  L  \l}  IL  ,  L 

a.  = — ,a=—+. - ,b=— 

'4  2  V4  2  2 


4  2 


(2.9) 


After  reduction  of  equations  (2.7)  and  (2.9)  to  the  dimensional  form  and  some  transformations  the  first 
approximation  of  the  cavity  shape  is  written  as  follows 


R^  =■ 


2r: 


lU 


2  r 

C  +  xR - 


(2.10) 
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If  we  transfer  the  origin  of  the  coordinate  system  from  the  apex  of  the  cone  to  its  base  then  the  cavity 
profile  takes  the  form  of 


+  xLk 


(2.11) 


For  the  stationary  cavity  we  can  write  the  coordinate  x  and  the  length  as  following: 

where  t  is  the  time.  Substituting  x  and  in  (2.11)  and  taking  into  account  that 

when  t=tk  the  equality  R=Rk  is  satisfied,  where  Rk  is  the  cavity  mid-section  radius,  we  obtain  the 
following  equation 


R^ 


R: 


R: 


(2.12) 


Equation  (2.12)  corresponds  with  equation  (1.18)  if  Sq  =kRI  .  Thus,  the  principle  of  independence  of 

the  cavity  sections  expansion  and  the  slender  body  theory  give  the  same  result  -  we  can  consider  an 
ellipsoid  of  revolution  to  be  the  first  approximation  of  the  shape  of  the  stationary  cavity.  Taking  into 
account  that  the  first  approximation  is  obtained  for  the  compressible  fluid  we  can  draw  a  more  general 
conclusion  -  the  principle  of  independence  of  the  cavity  sections  expansion  is  satisfied  in  the  subsonic 
flow  of  the  compressible  fluid.  For  the  case  of  the  non-stationary  cavities  in  the  incompressible  fluid  the 
conclusion  of  the  principle  of  independence  from  the  slender  body  theory  has  been  performed  in  [9] 
where  the  so-called  “circular  model”  was  applied. 

Let  us  consider  the  results  obtained  for  the  stationary  cavities  by  the  numerical  methods.  We  can  divide 
the  numerical  methods  into  three  groups.  The  first  group  can  be  called  The  boundary  integral  equation 
method’.  In  this  method  the  stream  function  is  applied  and  the  surfaces  of  a  cavity  and  a  cavitator  are 
represented  by  the  vortex  layer.  The  cavitation  flow  is  found  with  the  help  of  the  numerical  solution  of 
the  vortex  layer  integral  equations  [10,11,12].  The  boundary  element  method  based  on  the  Green’s 
integral  is  related  to  the  second  group.  In  this  method  on  the  cavitator  surface  the  sought  function  is  the 
perturbed  velocity  potential;  on  the  cavity  surface  the  sought  function  is  the  normal  derivative  of  the 
perturbed  velocity  potential  [13,14].  The  finite-difference  method  represents  the  third  group  [15,16]. 

The  published  works  on  the  numerical  calculations  of  the  stationary  cavitation  flows  contain  the  results 
on  the  cavitation  drag  coefficient  of  a  cavitator,  the  cavity  mid-section  radius  and  the  cavity  length.  In 
these  works  the  difference  in  the  results  of  the  numerical  calculations  does  not  exceed  several  percent. 
The  numerical  calculations  have  shown  that  the  stationary  cavity  shape  is  close  to  an  ellipsoid  of 
revolution  for  the  cavitation  numbers  that  have  the  order  lO’^^lO'^  This  result  agrees  with  the  principle 
of  independence  of  the  cavity  sections  expansion. 

As  an  example,  let  us  consider  the  results  of  the  numerical  calculations  obtained  by  the  author  [16]. 
Using  the  finite-difference  method  the  author  has  calculated  the  cavities  past  a  disk  in  the  subsonic  flow 
of  the  compressible  fluid.  The  Riabouchinsky  scheme  was  applied  and  the  Mach  numbers  were  located 
on  the  range  0<M<0.95.  The  numerical  calculation  has  shown  that  on  the  whole  range  of  the  Mach 
numbers  the  cavity  profile  is  close  to  an  ellipsoid  of  revolution  which  is  represented  by  the  equation 
(1.18).  An  ellipsoid  joins  with  the  cavity  profile  in  the  vicinity  of  the  disk;  as  the  point  of  contact  we  can 
take  the  point  with  the  coordinates:  R=2  Rn,  Figure  4  illustrates  the  cavity  profile  in  the  vicinity 

of  the  disk  (the  geometric  dimensions  are  scaled  by  the  radius  of  the  disk  Rn). 
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Fig.  4  The  front  of  the  caivty 


In  Fig.  4  the  continuous  curve  represents  the  result  of  the  numerical  calculation  by  the  boundary  integral 
equation  method  for  the  incompressible  fluid  [10],  the  author’s  numerical  results  in  the  subsonic  flow  for 
the  different  Mach  numbers  are  shown  by  the  points  [16].  Figure  5  shows  the  cavity  profiles  in  the 
compressible  fluid  (M=0.8)  and  in  the  incompressible  fluid  (M=0)  for  the  same  cavitation  number 
a^O.0235  [16]. 


Both  of  the  cavity  profiles  are  close  to  an  ellipsoid  of  revolution.  The  dimensions  of  an  ellipsoid  for 
M=0.8  exceed  the  analogous  dimensions  for  M=0  since  the  cavitation  drag  coefficient  for  M=0.S  exceeds 
that  for  M=0. 
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3.  The  application  of  the  equation  of  conservation  of  energy  for  determining  the 
stationary  cavity  shape  at  cr-^O 


The  equation  of  conservation  of  energy  on  the  given  cavity  section  (1.1)  is  equivalent  to  the  principle  of 
independence  of  the  cavity  sections  expansion  since  all  the  three  quantities  that  construct  equation  (1.1) 
are  independent  from  both  the  following  and  the  previous  cavitator  motion.  The  sum  of  the  kinetic  and 
potential  energies  on  the  section  E  (Fig.  1)  is  determined  by  the  value  of  the  cavitator  drag  W  at  the 
moment  when  a  cavitator  passes  the  section  X.  The  law  of  the  cavity  section  expansion  (1.15)  obtained 
from  the  energy  equation  (1.1)  is  independent  from  the  following  and  the  previous  cavitator  motion.  This 
law  represents  the  principle  of  independence.  It  should  be  noted  that  the  energy  equation  similar  to 
equation  (1.1)  was  applied  in  [17]  in  order  to  estimate  the  axisymmetric  cavity  shape.  However,  in  [17] 
the  kinetic  energy  in  the  wake  was  determined  for  the  radial  flow  on  the  plane  circular  layer.  In  chapter  1 
in  contrast  to  [17]  the  kinetic  energy  (formula  (1.2))  is  determined  along  the  stream  tube  leaning  on  the 
expanding  cavity  hole. 

The  principle  of  independence  is  some  approximation  to  the  reality.  However,  a  large  number  of 
experiments  have  confirmed  its  accuracy  for  both  the  stationary  and  non-stationary  cavities.  The 
principle  of  independence  agrees  with  the  results  obtained  from  the  slender  body  theory  for  the  stationary 
and  non-stationary  cavitation  flows.  Furthermore,  the  calculation  results  of  the  stationary  cavities  using 
the  numerical  methods  show  that  the  cavity  shape  is  close  to  an  ellipsoid  of  revolution  for  the  cavitation 
number  that  have  the  order  lO’^^lO Also,  the  ellipsoidal  form  of  the  stationary  cavity  has  been 
obtained  from  the  principle  of  independence  as  we  neglect  the  value  of  v^/2  compared  to  the  value  of 
AP/p  in  equation  (1.5).  Let  us  prove  that  the  principle  of  independence  of  the  cavity  sections  expansion 
or  the  energy  equation  (1.1)  are  applicable  for  the  special  case.  That  is  the  cavitation  number  is  equal  to 
zero  (the  infinite  cavity  length). 

When  the  cavitation  number  equals  to  zero  then  AP  —  —Q  and  the  potential  energy  in  the  wake 

E  (equation  (1.1))  also  equals  zero.  The  kinetic  energy  in  the  wake  is  determined  by  formula  (1.2).  Let 
us  determine  the  quantities  of  the  velocities  on  the  cavity  surface  at  the  zero  cavitation  number  (Fig.  6). 


Fig.  6  The  absolute  velocity  of  the  fluid  particle  on  the  cavity  surface  at  (p=0 


The  absolute  velocity  of  the  fluid  particles  on  the  cavity  surface  v  is  determined  as  the  vector  sum  of  the 
transport  velocity  Vq  directed  along  the  x  axis  and  the  relative  velocity  directed  along  the  tangent  to  the 
cavity  surface  (for  the  zero  cavitation  number  the  relative  velocity  is  equal  to  Vq).  In  Fig.  6  the  section  of 
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the  cavity  surface  is  designated  as  s-s.  From  Fig.  6  we  obtain  the  following  correlations  for  the  velocity 
components. 


.  OC  •  .  d(p  . 

V  =  2Ksin— ,  =R  =  K sma,  v„  = —  =  K sma 

"  2  ®  ®  (3.1) 

v^=v^=R,  v^R 


where  a  is  the  angle  of  inclination  of  the  cavity  surface  to  x  axis.  Correlations  (3.1)  are  approximately 
satisfied  for  the  small  cavitation  numbers  different  from  zero.  They  were  used  in  chapter  1 .  For  the  zero 
cavitation  number  the  energy  equation  (1.1)  we  can  write  in  the  following  form  (taking  into  account 
equation  (1.2)  and  correlations  (3.1)) 


“  pipjrRR  =  W 


(3.2) 


Let  us  substitute  (p  from  equation  (3.2)  in  the  boundary  condition  (1.5).  We  assume  that  the  approximate 
equality  v  -  R  is  satisfied  as  a  is  a  small  quantity  (correlations  (3.1)).  As  a  result  we  obtain  the  equation 


W  d  f  I  ^ 
np  dtyRR  ^ 


(3.3) 


The  first  integral  of  the  differential  equation  (3.3)  has  the  form  [1] 

R^npi^nR/ R^+  a) 


(3.4) 


where  A  is  some  constant. 

For  the  stationary  cavity  the  equality  dx=Vdt  is  satisfied.  Let  us  introduce  the  following  designations: 
R'^=R/Rn.  Equation  (3.4)  is  written  as  follows 

dR^ 
dx^ 


2  R*^J\nR*+A 


(3.5) 


Let  us  join  the  cavity  profile  (3.5)  with  the  cavity  profile  in  the  vicinity  of  the  disk  (1.19).  As  the  point  of 
contact  we  take  the  point  with  the  coordinates  x*=2,  R^=l,92,  At  the  point  of  contact  we  determine  the 
derivative  dRVdx^  from  equation  (1.19)  and  substitute  it  in  equation  (3.5).  As  a  result  we  determine  the 
constant  A.  According  to  the  data  presented  in  [1]  the  constant  A  equals  0.845.  We  obtain  the  cavity 
profile  from  equation  (3.5)  in  the  form  of 


~R* 


’  =  2  +  I —  f  u^lnu  +  Adu 


X  ^ 


(3.6) 
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where  u  is  the  variable  of  integration.  The  asymptotic  law  of  the  axisymmetric  cavity  expansion  has  been 
obtained  for  the  zero  cavitation  number  in  [18,19].  This  law  can  be  presented  as  follows 


(3.7) 


In  [20]  the  law  of  the  cavity  expansion  was  generalized  for  the  case  of  subsonic  compressible  fluid  flow. 
In  [20]  it  is  shown  that  equation  (3.7)  has  the  same  form  for  both  incompressible  and  compressible  fluid. 
The  compressibility  exerts  influence  on  the  law  of  the  cavity  expansion  by  means  of  the  drag  coefficient 
Cx,  which  is  dependent  upon  the  Mach  number. 

Let  us  compare  the  cavity  profiles  past  a  disk  in  incompressible  fluid  for  the  zero  cavitation  number 
(Cx=0.82).  We  compare  the  profile  obtained  from  the  law  of  conservation  of  energy  in  the  wake 
(equation  (3.6))  with  the  profile  expressed  by  the  asymptotic  law  (3.7).  The  results  of  this  comparison 
are  shown  in  the  table. 


Table 


X* 

7?*  eq.  (3.7) 

7?*  eq.  (3.6) 

5 

2.67 

2.59 

10 

3.45 

3.36 

25 

5.02 

4.90 

50 

6.77 

6.63 

10 

9.19 

9.03 

0 

25 

13.88 

13.70 

0 

50 

19.06 

18.86 

0 

10 

26.25 

26.04 

00 

15 

31.69 

31.48 

00 
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It  is  evident  from  the  table  that  the  difference  in  the  cavity  profiles  does  not  exceed  several  percent.  We 
can  conclude  here  that  for  the  zero  cavitation  number  the  results  obtained  based  on  the  energy  equation  in 
the  wake  (the  principle  of  independence)  agree  with  the  well-known  Levinson-Gurevich  asymptotic  (3.7). 

In  chapters  1  and  3  we  have  determined  the  cavitation  profiles  based  on  the  energy  equation  (the 
principle  of  independence)  and  have  applied  the  dynamical  boundary  condition  (1 .5)  for  two  cases: 

1.  when  we  can  neglect  the  value  of  vV2  compared  to  the  value  of  AP/p  in  the  middle  section  of  the 
cavity 

2.  when  the  value  ZIP  equals  zero  (the  zero  cavitation  number). 


In  the  first  case  the  cavity  shape  agrees  with  the  experimental  data  and  the  theoretical  results  for  the 
cavitation  numbers  that  have  the  order  10’^-^10'\  In  the  second  case  the  cavity  shape  agrees  with  the 
Levinson-Gurevich  asymptotic  at  o^O.  Thus,  we  do  not  investigate  the  cavities  on  the  range  0<(J<0.005. 
Let  us  extend  the  application  of  the  principle  of  independence  to  this  range  of  the  cavitation  numbers. 

Recently  G.  V.  Logvinovich  has  considered  the  general  case  -  two  members  v^/2  and  AP/p  are  taken  into 
account  in  the  dynamical  boundary  condition  (1.5)  [21].  Let  us  determine  the  stationary  cavity  shape  for 
this  case.  The  potential  energy  is  defined  as  E=nR^ AP  and  equation  (1.4)  is  written  in  the  following 
form 


“  p(p7rRR  ttR^ AP  =  W 


(3.8) 


After  substitution  of  (p  from  equation  (3.8)  into  the  dynamical  boundary  condition  (1.5)  using  the 
approximate  equality  v  ~  P  we  obtain  the  following  equation 


fV  d 

^  1  ^ 

AP  d 

_| 

_  AP  R^ 

Kp  dt 

p  dt 

“  P  2 

As  a  result  of  the  transformations  the  first  integral  of  differential  equation  (3.9)  for  the  stationary  cavity 
can  be  written  as  follows  [21] 


dR*  I^J_  /C, 

dx*~i  2  R*i  lnR*+A 


At  (1=0  differential  equation  (3.10)  is  transformed  to  equation  (3.5).  Using  equation  (3.10)  the  cavity 
profiles  were  calculated  for  the  wide  range  of  cavitation  numbers  [21].  For  the  cavitation  numbers  that 
have  the  order  10'^  the  calculations  on  the  basis  of  equation  (3.10)  have  shown  that  the  cavity  shape  is 
close  to  an  ellipsoid  of  revolution.  This  result  agrees  with  the  well-known  experimental  and  theoretical 
results. 

Thus,  on  the  basis  of  the  carried  out  investigations  we  can  conclude  that  the  principle  of  independence  of 
the  cavity  sections  expansion  deduced  from  the  equation  of  conservation  of  energy  in  the  wake  is 
applicable  to  the  wide  range  of  the  cavitation  numbers  0<(J<0.1.  On  this  range  the  stationary  cavity 
profiles  can  be  calculated  by  the  single  formula  (3.10). 
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4.  The  calculations  of  the  cavities  in  the  gravitational  field  on  the  basis  of  the 
principle  of  independence  of  the  cavity  sections  expansion 


The  principle  of  independence  of  the  cavity  sections  expansion  makes  the  calculation  of  the  cavity  profile 
easier  in  the  arbitrary  variable  pressure  fields.  Based  on  this  principle  the  cavity  shape  is  determined  if 
we  know  the  law  of  the  cavitator  motion  and  the  values  of  the  pressure  at  infinity  and  within  the  cavity. 
Let  us  apply  the  principle  of  independence  for  the  calculation  of  the  vertical  cavities  in  the  gravitational 
field  [22]. 

Let  us  consider  the  vertical  axisymmetrical  cavity  formed  by  the  stream  around  the  motionless  disk- 
cavitator  in  the  gravitational  field.  The  stream  can  be  descending  or  ascending,  the  value  of  the  stream 
velocity  V is  the  constant  (Fig.  7). 


Fig.  7  The  coordinate  systems  for  the  calculation  of  the  cavity  profile  in  the  gravitational  field 


At  the  level  of  the  cavitator  the  free  stream  pressure  (the  pressure  at  infinity)  is  the  constant.  Let  us 
introduce  the  vertical  coordinate  axis  x  directed  along  the  stream  velocity  and  the  symmetry  axis  of  the 
cavity  from  the  cavitator  center.  On  the  section  with  coordinate  x  the  free  stream  pressure  (the  pressure 
at  infinity)  is  expressed  as  following 

P^{x)=P„±pgx  (4.1) 


where  g  is  the  gravitational  acceleration,  the  sign  ‘plus’  corresponds  with  the  descending  stream,  the  sign 
‘minus’  corresponds  to  the  ascending  stream. 

We  determine  the  profile  of  the  stationary  vertical  cavity.  For  the  stationary  cavity  the  pressure  within  it 
is  the  constant  -  P^^const.  The  area  of  the  cavity  cross  section  fixed  relatively  the  motionless  fluid 
changes  according  to  equation  (1.15).  Integral  of  equation  (1.15)  is  equation  (1.17)  which  describes  the 
change  of  the  area  of  the  cavity  fixed  cross  section.  In  this  example  we  consider  the  cavitator  to  be 
motionless  and  observe  the  cavity  section  which  has  been  formed  at  the  edge  of  the  cavitator  at  the 
moment  t=0  and  moves  at  the  velocity  V  along  with  the  stream.  The  area  change  of  this  section  can  be 
represented  by  the  following  expression 

j  t  u 

—  J  J  AP(v)</v 

P  0  0 


S{t)=S,+S,t 


(4.2) 


8-17 


where  v  and  u  are  the  variables  of  integration,  So  is  the  section  initial  area  equal  to  the  cavitator  area.  Let 
us  substitute  the  expression  of  the  external  pressure  (4.1)  in  dependence  (4.2).  Note  that  in  (4.1)  x  is 
written  as  x(v)=Vv.  After  integration  of  equation  (4.2)  we  obtain 


S{t)=S,+S,t 


kt^ 

2p 


APo  ±^pgVt 


(4.3) 


Expression  (4.3)  contains  the  difference  APq  of  the  pressure  at  infinity  and  the  pressure  within  the  cavity 
APq  =  P„  -  P^  .  This  difference  is  related  to  the  section  at  the  level  of  the  cavitator. 

Let  us  consider  the  case  of  the  descending  stream.  For  the  stationary  cavity  the  variable  x  is  written  as 
x=Vt.  After  substitution  of  (1.14)  into  (4.3)  and  certain  transformations  we  obtain  the  expression  for  the 
vertical  cavity  profile  in  the  dimensionless  form 


R 


1  2C,  . 

;  J  _| - 


Cx' 


do  + 


3Fr' 


(4.4) 


where  7?*,  x*  are  the  dimensionless  cavity  radius  and  coordinate  x  scaled  by  the  disk  radius  Rn, 
(j^  =  2 APq  /  pV^  is  the  cavitation  number  at  the  level  of  the  cavitator, 

Fr  =  V/  ^2R^g  is  the  Froude  number. 


Fig.  8  The  vertical  cavity  profiles  in  the  descending  stream 
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As  an  example,  in  Fig.  8  the  cavity  profiles  calculated  by  formula  (4.4)  are  represented  by  the  continuous 
curves  for  the  three  values  of  the  cavitation  number  do:  -0.1;  0;  0.1.  The  Froude  number  equals  3.2  and 
it  remains  the  same  for  all  the  three  cavities,  the  constant  a  equals  1.5.  The  Levinson-Gurevich 
asymptotic  (3.7)  for  the  zero  cavitation  number  and  weightless  fluid  (Fr=oo)  is  represented  by  the  broken 
curve. 

Let  us  determine  the  length  L^.  of  the  stationary  vertical  cavity  for  the  Riabouchinsky  scheme  (Fig.  7). 
We  assume  that  the  cavity  is  closed  by  the  disk  of  the  same  dimensions  as  the  disk  cavitator,  i.e.  7?*=1  at 
x*=L//7?«.  From  expression  (4.4)  we  obtain  the  quadratic  equation  for  determining  the  cavity  length 


/ 


3aFr' 


■  + 


|^-2  =  0 
a 


(4.5) 


The  solution  of  equation  (4.5)  can  be  represented  in  the  following  form 


2R„Fr 


16 


3a 

+  — 

2 


(4.6) 


In  Fig.  9  dependence  (4.6)  is  represented  by  the  continuous  curve,  the  points  show  the  experimental  data 
obtained  for  different  values  of  the  Froude  and  the  cavitation  numbers  [22].  Figure  9  shows  good 
agreement  between  the  theoretical  dependence  (4.6)  and  the  experimental  data. 


Fig.  9  The  comparison  of  the  calculation  of  the  vertical  cavity  length  based  on  formula  (4.6) 
with  the  experimental  data 


Let  us  apply  the  principle  of  independence  for  the  investigation  of  the  cavity  deep  closure  which  occurs 
at  the  water  entry  of  bodies  [23].  At  the  moment  of  intersection  of  the  water  surface  the  cavity  is  formed 
past  a  body.  This  cavity  communicates  with  the  atmosphere,  consequently  in  the  initial  period  of 
submersion  the  gas  pressure  within  the  cavity  is  close  to  atmospheric  pressure  and  the  cavitation  number 
is  close  to  zero.  However,  as  the  body  sinks  the  external  hydrostatic  pressure  increases  and  under  the 
influence  of  the  excess  pressure  the  cavity  section  closes.  The  cavity  detaches  from  the  atmosphere  and 
the  so-called  deep  closure  occurs  (Fig.  10). 
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Fig.  10  The  cavity  deep  closure  at  the  water  entry  of  a  cavitator 


Let  us  consider  the  inclined  rectilinear  water  entry  of  the  cavitator  at  the  constant  velocity  V.  We 
designate  the  entry  angle  as  0  (the  angle  of  inclination  of  the  trajectory  to  the  free  surface).  The  time  t  is 
measured  from  the  instant  of  the  cavitator’ s  initial  contact  with  the  water  surface.  We  observe  the  section 
which  has  been  formed  at  the  moment  t\  on  the  depth  H\  (Fig.  1 1). 


V 


Fig.  11  The  scheme  for  the  calculation  of  the  deep  closure 


We  consider  the  pressure  within  the  cavity  equal  to  the  atmospheric  pressure  then  the  excess  pressure  on 
the  considered  section  is  the  constant  and  can  be  written  in  the  form  of 


AP=pg//,  =pgL,  sin0 


(4.7) 
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The  equation  of  the  cavity  section  expansion  is  described  by  equation  (1.15).  The  integral  of  equation 
(1.15)  is  written  as  follows 


S{H,  ,t)=S,+S,{t-t,)-^{t-tJ  (4.8) 

2p 

where  So  is  the  cross  section  initial  area  equal  to  the  cavitator  area.  From  equations  (4.7)  and  (4.8)  we 
can  determine  the  cavity  profile  at  the  water  entry  of  the  disk-cavitator  if  we  apply  the  obvious 
correlations  -  x=V{t  ~t^);  L^=  L  —  x  where  x  is  the  coordinate  measured  from  the  cavitator  center 

along  the  trajectory  of  the  cavitator,  L  is  the  cavitator  path  passed  after  the  intersection  of  the  water 
surface. 


5(x)-5o 


kgLsmQ  2 
2V^ 


+ 


kgsmQ  3 

I  X 

2V^ 


(4.9) 


We  determine  the  cavity  length  from  the  condition  that  the  cavity  is  closed  by  the  disk  with  the  same 
dimensions  as  the  disk-cavitator.  From  (4.9)  we  obtain  the  quadratic  equation  for  determining  the  cavity 
length 


kg  sin  6 
2V^ 


kgLsinQ 

2V^ 


L, 


+  - 


V 


(4.10) 


The  solution  of  equation  (4.10)  is  written  in  the  form  of 
2  2  y  kgl}  sin0 


(4.11) 


It  is  obvious  that  the  maximum  cavity  length  corresponds  to  the  deep  closure.  It  follows  from  (4.1 1)  that 
the  value  of  Lk  is  maximum  when  the  radicand  expression  equals  zero.  Then  the  value  of  equals  LH, 
i.e.  the  cavity  closes  halfway  passed  by  the  cavitator.  The  moment  of  the  deep  closure  is  determined 
from  the  equation 


kgL^  sin0 


(4.12) 


After  substitution  of  correlations  (1.14)  and  the  equality  L=Vtd  in  (4.12),  for  the  dimensionless  deep 
closure  time  we  obtain  the  expression 


(4.13) 
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where  =  Vt^  /  is  the  dimensionless  deep  closure  time,  td  is  the  deep  closure  time. 

Previously  expression  (4.13)  was  obtained  in  a  different  way  in  [24].  The  path  passed  by  the  cavitator  at 
the  moment  of  the  deep  closure  is  determined  from  the  equality  L  =  . 


5.  The  application  of  the  principle  of  independence  for  the  calculation  of  the  non¬ 
stationary  cavities  with  variable  internal  pressure 


The  area  of  the  cavity  cross  section  fixed  relatively  to  the  motionless  fluid  changes  according  to  equation 
(1.15).  Equation  (1.15)  expresses  the  principle  of  independence.  The  integral  of  equation  (1.15)  is 
equation  (1.17)  that  describes  the  area  change  of  the  cavity  fixed  cross  section.  Let  us  go  on  from 
equation  (1.17)  to  the  expression  that  represents  the  cavity  profile  at  the  fixed  time  [25].  In  order  to  do 
that  in  equation  (1.17)  we  introduce  the  time  t  which  is  common  for  all  the  sections.  At  the  moment  t  the 
cavitator  has  the  coordinate  H.  Let  us  designate  the  moment  of  the  section  formation  with  the  coordinate 
h  as  U  {t\=ti(h)<t=ti(H)).  Then  equation  (1.17)  transforms  to 


S{h,t)=  Sq  +So{t-t^ 


) — -  J  du^  SP{h,v)dv 

P  t,  t, 


(5.1) 


where  Sq  is  the  cavitator  area,  is  the  constant  that  defines  the  initial  velocity  of  the  cavity  expansion, 

V  and  u  are  the  variables  of  integration.  At  the  fixed  moment  t  equation  (5.1)  expresses  the  cavity  profile 
S(h).  At  the  fixed  moment  t\,  i.e.  Z^^const,  equation  (5.1)  describes  the  expansion  of  the  fixed  cavity 
cross  section.  We  can  transform  the  double  integral  in  (5.1)  to  the  line  one  as  follows.  Let  us  change  the 
order  of  integration  in  the  double  integral 


t  u  t  t  t 

J i/w  J  AP {h,v)dv  =  J  AP (h,v)dv  j du  =  J  (/  -  v )iP (h , v )dv 


(5.2) 


After  substitution  of  (5.2)  in  (5.1)  we  obtain 


s(h,t)=  So 


+  So{t  -  ) — -J it 

p  i 


V  )iP  (/? ,  V  )  Jv 


(5.3) 


Equation  (5.3)  is  especially  convenient  for  the  numerical  calculation  of  the  cavity  profile  when  the 
pressure  within  it  changes  arbitrarily.  As  an  example  we  consider  the  calculation  of  the  cavity  profile 
when  the  gas  pressure  within  it  changes  according  to  the  harmonic  oscillations  [26].  The  time 
dependence  of  the  gas  pressure  is  written  as  follows 


Pdt)=Pk  +  AunoJt 


(5.4) 
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where  is  some  constant  pressure,  0)  is  the  circular  frequency,  A  is  the  amplitude  of  oscillations.  We 

consider  the  external  pressure  Poo(h,t)  to  be  a  constant  and  equal  to  Pco.  After  substitution  of  (5.4)  in 
(5.3)  or  (5.1)  we  obtain  the  profile  of  the  pulsating  cavity 


S{xa)- Sq 


kAR 


2pF" 


kA 

pco^ 


^cox^ 


sin[(ot  +  (p{x)] 


(5.5) 


where  x  =  V{t  - )  is  the  coordinate  measured  from  the  cavitator  along  the  stream  velocity, 
APq  =  ^  is  the  stationary  excess  pressure 


=  2 

\  COX  ^ 

1-cos  — 

cox 

^  cox  ^  .  cox  ^ 
- ^2sm  — 

1  ^  J 

1  V 

[v  V  ) 

(5.6) 


The  first  three  members  in  (5.5)  express  the  profile  of  the  stationary  cavity,  the  last  member  describes  the 
perturbation  of  the  cavity  profile.  The  amplitude  of  the  perturbation  of  the  cavity  profile  increases  to  the 
downstream  end  of  the  cavity.  The  increase  of  the  perturbations  to  the  downstream  end  of  the  cavity  is 
illustrated  by  Fig.  12  which  shows  the  dependence  (5.6). 


Fig.  12  The  increase  of  the  perturbations  to  the  downstream  end  of  the  cavity 


Also,  the  increase  of  the  perturbations  to  the  downstream  end  of  the  cavity  is  confirmed  by  the 
experiments  performed  with  the  pulsating  cavities  [26]. 

If  beforehand  the  gas  pressure  within  the  cavity  is  not  known  then  it  is  necessary  to  add  the  subsidiary 
equations  to  equation  (5.3)  or  (1.15).  The  equation  for  calculating  the  gas  volume  within  the  cavity  is 
one  of  them 


e(0= 


he  6  ) 

J[^ 


H(t) 


(h,t)-  Si,(h,t)]dh 


(5.7) 


where  Q(t)  is  the  volume  contained  between  the  cavity  boundary  and  the  body  within  the  cavity, 
Sh  (h,t)  is  the  area  of  the  body  cross  section; 

H(t)  is  the  coordinate  of  the  cavitator, 
he  (t)  is  the  coordinate  of  the  cavity  closure. 
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The  equation  of  the  gas  mass  change  within  the  cavity  has  the  form  of 


dmit) 

dt  '  ' 


(5.8) 


m(t)  is  the  gas  mass  within  the  cavity; 

is  the  mass  gas-supply  rate  to  the  cavity; 

fhi  is  the  mass-leakage  rate  from  the  cavity. 

The  following  is  the  equation  of  the  gas  state  within  the  cavity 

Pk{t)  =  [If  {t)  (5  9) 

myt) 

where  R  is  the  gas  constant, 

T(t)  is  the  gas  temperature  within  the  cavity.  This  temperature  is  dependent  upon  the  thermodynamic 
process.  In  most  cases  we  can  consider  the  thermodynamic  processes  within  the  cavity  to  be  isothermal 
and  assume  that  the  gas  temperature  within  the  cavity  is  equal  to  the  temperature  of  the  surrounding  fluid. 

In  general  the  equation  of  the  cavitator  motion  appears  like 


dV 

dt 


=  F{V,H,P„h^,..) 


(5.10) 


where  V  is  the  velocity  vector. 

The  system  of  the  equations  (5.3),  (5.7)-(5.10)  describes  the  dynamics  of  the  non-stationary  cavity  in  the 
closed  form.  In  fact,  we  can  solve  this  system  by  the  numerical  method  at  each  time  step  substituting  the 
cavity  profile  for  the  discrete  set  of  the  cross  sections.  Also,  in  this  case  using  the  numerical  method  we 
can  solve  equation  (1.15)  instead  of  equation  (5.3). 

E.  V.  Parishev  [25]  has  transformed  the  integral  correlations  (5.3)  and  (5.7)  in  the  nonlinear  differential 
equations  with  the  lagging  argument.  It  turned  out  that  in  general  the  dynamics  of  the  non-stationary 
cavity  is  described  by  the  system  of  the  nonlinear  differential  equations  of  the  sixth  order  with  the 
variable  lag  (excluding  the  equations  of  the  cavitator  motion).  In  particular  cases  these  equations  are 
simplified.  For  example,  in  case  of  the  axisymmetric  cavity  formed  past  a  cavitator  which  is  moving  at 
the  constant  velocity  in  the  weightless  fluid  and  with  the  assumption  that  the  gas  mass  within  the  cavity  is 
the  constant  (gas-supply  and  gas-leakage  are  absent),  the  equation  for  the  small  pressure  oscillations  of 
the  gas  within  the  cavity  has  the  form  [27] 


/f  {t  *)+  Plit*)  +  Pl{t  *  -T  *) - —P^  {t  *)+—Pk{t*  -T  *)=  0 

T  *  T  * 


(5.11) 
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where  Pk  is  the  gas  pressure  within  the  cavity  (small  oscillations  relatively  to  the  equilibrium),  t^=t/T -  is 
the  dimensionless  time,  r^=r/T  is  the  dimensionless  lag,  t=L/F  is  the  dimensional  lag,  Lk  is  the  cavity 
length  at  the  equilibrium,  V  is  the  cavitator  velocity.  The  time  scale  T  is  determined  by  the  expression 


I  nQoP 


(5.12) 


where  Qo  is  the  cavity  volume  at  the  equilibrium,  is  the  gas  pressure  within  the  cavity  at  the 

equilibrium,  l/n  is  the  polytropic  index  of  the  thermodynamic  process  within  the  cavity,  for  the 
isothermal  process  n  equals  1. 

Equation  (5.11)  has  the  single  basic  parameter  equal  to  the  dimensionless  lag  T*  As  a  result  of 
transforming  equation  (5.12)  this  parameter  can  be  represented  as  following 


T* 


j]2(^ 

\  n  (J 


where  £u  =  2P^  /  pV^  is  the  Euler  number,  cris  the  average  cavitation  number  defined  by  the  pressure 

Thus,  all  the  cavity  properties  described  by  equation  (5.11)  are  defined  by  the  value  of  the  ratio  Eu/g. 
Also  the  experimental  works  [28,29]  show  that  the  phenomenon  of  the  artificially  inflated  cavity 
pulsation  is  defined  by  the  ratio  a/Eu.  Equation  (5.11)  has  both  the  steady  and  unsteady  (pulsating) 
solutions.  For  the  vapor  cavities  {a~Eu)  and  the  ones  close  to  them  the  solutions  are  steady.  However, 

when  T*  >  K^^2  the  solutions  are  unsteady.  This  result  corresponds  to  the  well-known  features  of  the 
vapor  cavity  which  does  not  pulsate.  Also,  the  experiments  in  [28,29]  show  that  the  cavities  with  a  weak 
gas-supply,  i.e.  those  that  are  close  to  the  vapor  ones,  are  steady. 


Fig.  13  The  dependence  of  the  dimensionless  circular  frequency  of  cavity 
pulsation  (O^  on  the  parameter  i* 


In  Fig.  13  the  dependence  of  the  dimensionless  circular  frequency  of  the  cavity  pulsation  (o^  ((o^=(oL^t^ 
F,  where  (o  is  the  dimensional  circular  frequency)  on  is  represented  by  the  discontinuous  serrate 
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function  with  the  average  value  equal  to  1 .  Knowing  the  dimensionless  frequency  of  pulsation  we  can 
determine  the  number  of  the  waves  N  going  into  the  cavity  length 


N  =  —  = - 

X  2k 


where  X  is  the  wave  length.  Since  the  dependence  (o^(x^)  is  discontinuous  the  dependence  N(x^)  is 
discontinuous  too  and  the  number  of  the  waves  going  into  the  cavity  length  is  close  to  integer.  At  the 
continuous  change  of  the  value  of  N  changes  as  the  stepped  function.  The  dependence  N('T^)  is 
represented  in  Fig.  14.  The  points  show  the  experimental  data  [26]. 


Fig.  14  The  dependence  of  the  number  of  the  waves  going  into  the  cavity  length  on  the 

parameter  x* 


The  discontinuous  properties  of  the  dependences  (o^(t^)  and  N(T'^)  agree  with  the  well-known 
experimental  data  [29].  The  experiments  have  shown  [29]  that  the  pulsating  cavities  have  the  regimes 
with  the  fixed  number  of  waves  close  to  integer.  The  experiments  have  also  shown  [29]  that  at  the 
smooth  value  change  of  the  gas-supply  the  number  of  waves  changes  as  the  stepped  function. 

Thus,  the  cavity  instability  is  connected  with  the  gas  elasticity  within  it.  The  underwater  bubble  has  the 
analogous  instability  when  it  is  internally  supplied  by  gas.  We  can  consider  the  cavity  to  be  a  dynamic 
system  with  infinite  degrees  of  freedom.  The  cavity  cross  section  changes  influenced  by  the  difference 
between  the  free  stream  pressure  and  the  pressure  within  the  cavity;  the  cavity  volume  changes  as  well. 
The  cavity  volume  change  leads  to  the  pressure  change  within  the  cavity,  etc.  The  cavity  being  a 
dynamic  system  with  these  properties  is  analogous  to  the  vibration  of  a  body  on  a  spring.  The  coordinate 
of  a  body  is  analogous  to  the  cavity  cross  section  area.  The  elastic  force  of  a  spring  is  analogous  to  the 
pressure  within  the  cavity.  However,  in  case  of  a  cavity  we  have  an  infinite  quantity  of  these  bodies 
(sections)  and  the  pressures  within  the  cavity  is  a  function  of  the  whole  cavity  volume,  i.e.  the  cross 
sections  are  connected  by  means  of  the  gas  that  fills  the  cavity.  The  gas-leakage  from  the  cavity  is  the 
factor  of  stability.  When  this  factor  is  active  the  parameter  that  corresponds  to  the  cavity  stability, 

exceeds  the  value  of  K^fl  .  In  addition  to  the  mathematical  model  Parishev  removed  the  gas  along  the 
bound  vortexes  and  obtained  the  accordance  with  Epshtein’s  experimental  data  [26]. 
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Conclusions 


The  principle  of  independence  of  the  cavity  sections  expansion  stated  by  G.  V.  Logvinovich  provides  an 
easier  way  for  investigating  the  non-stationary  cavities  and  the  cavities  with  the  variable  external 
pressure.  This  principle  corresponds  to  the  flow’s  property  around  slender  bodies  and  it  is  stated  as 
following  ™  each  cavity  cross  section  expands  relatively  to  the  trajectory  of  the  cavitator  center  according 
to  the  certain  law  which  is  dependent  on  the  conditions  at  the  moment  as  a  cavitator  passes  the  plane  of 
the  considered  section.  The  cross  section  expands  almost  independently  from  the  following  or  the 
previous  cavitator  motion. 

The  principle  of  independence  is  equivalent  to  the  equation  of  conservation  of  energy  applied  to  the  given 
cavity  section.  The  sum  of  the  kinetic  and  potential  energies  on  the  cavity  section  is  determined  only  by 
the  value  of  the  cavitation  drag  at  the  moment  of  intersection  with  this  section.  The  law  of  the  cavity 
section  expansion  (1.15)  obtained  from  the  energy  equation  (1.1)  is  independent  from  the  following  and 
the  previous  cavitation  motion. 

The  principle  of  independence  is  some  approximation  to  the  reality.  However,  the  numerous  experiments 
have  confirmed  it  being  accurate  for  both  the  stationary  and  non-stationary  cavities.  The  principle  of 
independence  agrees  with  the  results  obtained  from  the  slender  body  theory  for  the  stationary  and  non- 
stationary  cavitation  flows. 

Furthermore,  the  results  of  the  stationary  cavity  calculation  by  the  numerical  methods  demonstrate  that 
the  cavity  shape  is  close  to  an  ellipsoid  of  revolution  for  the  cavitation  numbers  that  have  the  order 
10^^10  \  The  ellipsoidal  form  of  the  stationary  cavity  has  also  been  obtained  from  the  principle  of 
independence.  The  principle  of  independence  of  the  cavity  section  expansion  and  the  energy  equation  are 
applicable  for  a  special  case  -  the  cavitation  number  equals  zero  (the  infinite  cavity  length). 
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SUMMARY 

Supercavitating  bodies  can  achieve  very  high  speeds  under  water  by  virtue  of  reduced  drag:  with 
proper  design,  a  cavitation  bubble  is  generated  at  the  nose  and  skin  friction  drag  is  drastically  reduced. 
Depending  on  the  type  of  supercavitating  vehicle  under  consideration,  the  overall  drag  coefficient  can 
be  an  order  of  magnitude  less  than  that  of  a  fully  wetted  vehicle.  Slender-body  theory  and  boundary 
element  methods  are  two  modern  computational  methods  applied  to  the  design  of  supercavitating 
vehicles.  These  course  notes  present  recent  advances  in  the  theory  behind  these  two  computational 
approaches,  as  well  as  results  and  application  of  the  methods  to  the  simulation  and  control  of 
supercavitating  vehicles. 

1  INTRODUCTION 

Naval  hydrodynamics  and  the  marine  engineering  sciences  have  been  characterized  by  centuries  of 
evolutionary  innovation  punctuated  by  several  revolutionary  performance  improvements.  The 
relatively  continuous  improvement  in  early  paddle  wheel  technology,  for  example,  became 
obsolete  very  quickly  upon  introduction  of  the  screw  propeller  in  the  late  nineteenth  century.  The 
development  of  undersea  vehicles  has  seen  several  similar  paradigm  shifts,  such  as  the  introduction 
of  piston  engines  appropriately  packaged  to  fit  within  a  typical  vehicle  envelope,  and  the 
application  of  acoustical  homing  techniques.  However,  until  recently,  there  has  been  little  interest 
in  very  high  speeds  for  undersea  applications. 

There  are  two  primary  impediments  to  increasing  underwater  vehicle  speeds:  current 
propulsion  capability  and  the  relatively  high  drag  of  current  underwater  vehicle  configurations. 

For  most  of  the  last  century  in  this  country,  relatively  little  research  has  been  devoted  to 
significantly  opening  the  performance  envelope  in  these  areas.  Over  the  last  decade,  however, 
high-speed  capability  has  received  increased  attention,  and  dramatic  advancements  have  been 
made.  These  achievements  have  been  supplemented  with  information  concerning  international 
development  (LEGI,  2000). 

The  history  of  hydrodynamics  research  displays  an  emphasis  on  eliminating  cavitation,  chiefly 
because  of  the  erosion,  vibration,  and  acoustical  signatures  that  often  accompany  the  effect.  The 
drag-reducing  benefits  of  cavitation,  however,  were  noted  during  the  first  half  of  the  last  century, 
and  have  received  significant  attention  over  the  last  decade. 

Supercavitation  is  a  hydrodynamic  process  by  which  a  submerged  body  is  almost  entirely 
enveloped  in  a  layer  of  gas.  Because  the  density  and  viscosity  of  the  gas  is  dramatically  lower  than 
that  of  seawater,  skin  friction  drag  can  be  reduced  dramatically.  If  the  body  is  shaped  properly,  the 
attendant  pressure  drag  can  be  maintained  at  a  very  low  value,  so  that  the  overall  body  drag  is  also 
reduced  significantly.  The  process  of  designing  a  supercavitating  body  for  minimum  pressure  drag, 
while  addressing  issues  of  control  and  maneuvering,  is  greatly  aided  by  the  use  of  modem 
computational  methods. 

This  document  presents  details  of  two  computational  methods  that  have  been  applied 
extensively  during  the  past  decade  to  the  analysis  and  design  of  supercavitating  bodies:  boundary 
element  methods  and  slender-  body  theory.  Section  2  lays  the  groundwork  with  a  discussion  of 
several  issues  pertinent  to  the  numerical  modeling,  including  a  motivation  for  the  application  of 
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potential  flow  techniques  to  prediction  of  supercavitating  flows.  Section  3  presents  results  from 
several  applications  of  boundary  element  methods,  including  steady  axisymmetric  flows,  unsteady 
flows,  and  cavitating  fins.  Section  4  contains  a  discussion  of  slender-body  theory  and  some 
pertinent  results.  In  section  5,  we  present  the  results  of  numerical  flight  simulation  for 
supercavitating  vehicles  that  incorporates  some  of  the  computational  methods  discussed  in  previous 
sections  in  determining  the  forces  experienced  by  the  vehicle  in  maneuvers. 

These  lecture  notes  were  derived  from  several  previous  publications.  The  nomenclature 
schemes  of  the  original  publications  have  been  retained,  but  each  sub-section  is  reasonably  self- 
consistent. 

2  PRELIMINARY  REMARKS 

2.1  Vehicle  Control 

A  properly  shaped  supercavitating  body  will  have  a  very  small  pressure  drag,  so  that  the  overall 
body  drag  is  also  reduced  dramatically  over  that  of  a  fully  wetted  body.  However,  because  the 
center  of  pressure  is  typically  located  well  forward  with  respect  to  the  center  of  gravity,  control  and 
maneuvering  present  special  challenges.  Also,  whereas  a  fully  wetted  vehicle  develops  substantial 
lift  in  a  turn  due  to  vortex  shedding  off  the  hull,  a  supercavitating  vehicle  does  not  develop 
significant  lift  over  the  gas-enveloped  surfaces.  This  requires  a  different  approach  to  effecting 
hydrodynamic  control,  and  increases  the  relative  advantage  of  a  banked  maneuvering  strategy, 

A  supercavity  can  be  maintained  in  one  of  two  ways:  (1)  by  achieving  such  a  high  speed  that 
the  water  vaporizes  near  the  nose  of  the  body,  generating  a  cavity  that  grows  to  exceed  the  length 
of  the  body;  or,  (2)  by  supplying  gas  to  the  cavity  at  nearly  ambient  pressure  at  more  moderate  (but 
still  very  high)  speeds.  The  first  technique  is  known  as  vaporous  cavitation;  the  second  is  termed 
ventilation,  or  artificial  cavitation.  Schematic  views  of  two  types  of  notional  supercavitating 
bodies  are  shown  in  Figure  1 .  Note  that  each  concept  involves  a  cavitator  (in  this  case  a  disk)  with 
a  salient  edge  that  ensures  clean  cavity  formation  near  the  nose  of  the  body.  The  relatively  small 
diameter  of  the  cavitator  with  respect  to  that  of  the  vehicle  is  also  important:  it  is  this  feature  that 
allows  the  pressure  drag  to  be  maintained  at  a  manageable  level.  An  important  step  in  the  design  of 
a  supercavitating  body  is  selection  of  a  cavitator  that  is  appropriately  sized  for  the  vehicle  and 
speed  of  interest. 

Control  of  supercavitating  vehicles  presents  special  challenges  not  normally  associated  with 
ftilly  wetted  vehicle  dynamics.  These  arise  from  the  absence  of  certain  physical  effects  such  as  lift 
on  the  body  and  from  the  presence  of  other  effects  such  as  the  nonlinear  interaction  of  the  control 
surfaces  and  the  body  with  the  cavity  wall. 

In  contrast  with  the  controlled  vehicle  depicted  in  Figure  lb,  a  projectile  of  the  type  shown  in 
Figure  la  need  not  have  fins,  since  the  global  stability  of  the  trajectory  is  maintained  via  occasional 
tail-slap  contact  of  the  afterbody  with  the  cavity  boundary  (or,  at  extremely  high  speeds,  by  the 
forces  due  to  the  relative  motion  between  the  vapor  and  the  body).  Since  the  vehicle  shown  in 
Figure  lb  would  incorporate  some  sort  of  guidance  system,  fins  have  been  indicated  that  would 
provide  hydrodynamic  control  in  concert  with  actuation  of  the  cavitator.  The  blast  tube  (that  is,  the 
small-diameter  section  of  the  vehicle  aft  of  the  fins)  shown  in  Figure  lb  is  expected  to  represent  a 
more  optimal  shape  than  a  cylinder  of  constant  radius  for  certain  classes  of  supercavitating 
vehicles:  if  range  is  critical,  then  drag  must  be  minimized,  which  (in  turn)  entails  minimization  of 
the  cavity  diameter.  The  step  at  the  after  end  of  the  mid-body  allows  for  this, 

2.2  Drag  Components  for  Submerged  Bodies 

For  simplicity,  consider  an  undersea  vehicle  with  constant  mass.  This  excludes  rocket  propulsion, 
but  is  illustrative  of  the  physics  of  supercavitation  drag  reduction.  The  following  analysis  of  the 
drag  force  is  equally  applicable  to  rocket-propelled  vehicles;  however,  the  basic  equation  of  vehicle 
motion  (equation  2,1)  must  be  modified  to  account  for  the  ejection  of  mass  (Greenwood,  1965), 
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Newton’s  second  law  of  motion  applied  to  undersea  vehicles  can  be  written  (Greenwood, 
1965) as 

T-D^  —  (mU) 

dt  (2.1) 

where  m  is  the  vehicle  mass  plus  the  hydrodynamic  added  mass  (Newman,  1980)  and  U  is  the 
velocity  of  the  vehicle  in  straight  and  level  flight  along  a  trajectory  parallel  to  the  thrust  vector. 
Under  steady  conditions,  the  thrust  provided  by  the  propulsion  system,  T,  balances  the  vehicle 
drag,  D,  For  this  simple  case,  the  dynamics  and  hydrodynamics  of  the  vehicle  are  usually  analyzed 
in  a  body-fixed  frame  of  reference,  as  shown  in  Figure  2. 

The  drag  represents  an  integration  over  the  vehicle  surface  of  all  components  of  stress  acting 
opposite  to  the  direction  of  travel  (Newman,  1980): 

D  =  g  +«yV 

5  (2-2) 


where  p  is  the  pressure,  Xyx  and  x^x  are  the  components  of  the  shear  stress  in  the  x-direction,  and  n  = 
(^x,  ny,  fij)  is  the  unit  vector  normal  to  the  surface  of  the  vehicle. 

It  is  often  convenient  to  separate  the  total  drag  force  into  components  representing  the  pressure 
and  skin-friction  contributions: 

D=Dp+Df  where  Dp  is  the  pressure  drag  and  Dp  is  the  skin-friction  drag. 

It  should  be  noted  that,  for  vehicles  traveling  close  to  a  free  surface,  generation  of  gravity  and 
capillary  waves  is  associated  with  a  modification  of  the  pressure  and  velocity  fields  on  the  vehicle 
hull,  causing  a  drag  increase.  Also,  at  speeds  greater  than  the  lower  critical  Mach  number,  there  is 
a  drag  increase  associated  with  the  shock  wave  system  (Ashley  and  Landahl,  1965),  In  most  cases 
of  interest,  the  primary  drag  component  affected  is  the  pressure  drag.  For  purposes  of  analysis, 
each  contribution  is  often  treated  as  a  separate  component,  although  some  coupling  of  the  terms 
occurs.  Free-surface  drag  will  not  be  considered  in  the  following  discussion.  A  compressible  flow 
formulation  using  slender-body  theory  is  presented  in  a  later  section,  but  discussion  of  the 
associated  effects  on  drag  is  relegated  to  the  originating  publication,  Varghese,  et  al,  (1997), 

Denoting  the  fluid  density  as  p  and  the  free  stream  speed  as  the  drag  is  typically 
normalized  on  the  product  of  the  dynamic  pressure  of  the  free  stream,  /^p  ud  >  and  a  characteristic 
area.  A,  For  axisymmetric  undersea  vehicles,  A  is  usually  chosen  as  the  maximum  sectional  area. 
Thus, 


(2,3) 


2.3  Governing  Equations 

Neglecting  the  effect  of  gravity  (assuming  that  free-surface  and  stratification  effects  are 
unimportant  for  the  case  under  consideration),  the  equations  of  motion  of  a  fluid  in  a  volume  V  in 
the  incompressible  limit  describe  conservation  of  mass: 

V-U=0  (2.4) 

and  conservation  of  momentum: 

where  v  is  the  fluid  kinematic  viscosity.  The  momentum  conservation  equations  are  referred  to  as 
the  Navier-Stokes  equations. 


U  =  -^+v\^U, 


G,  5^ 
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The  relative  importance  of  the  terms  on  the  right-hand  side  of  equation  2.6  can  be  gleaned  by 
making  the  entire  system  dimensionless,  as  follows: 

.A  t 

v  =  zv 

U  L 

oo 

9 

where  L  is  some  length  characterizing  the  flow.  For  axisymmetric  undersea  vehicles,  this  length  is 
usually  chosen  as  the  maximum  diameter.  Making  these  substitutions  into  equations  2,5  and  2.6, 
rearranging,  and  dropping  the  tildes  gives 

V-[7  =  0  t2  6t 


^  +  (f/.V)  f/=--VC^+-V^J/, 


where 


Cjj  =— — pressure  coefficient 

jipui 


^ .  ^°°'^  .  Reynolds  number. 

^  (2.9) 

Prandtl  noted  that,  as  the  Reynolds  number  increases,  viscous  effects  become  increasingly 
confined  to  a  thin  boundary  layer  near  the  body  surface  (Schlichting,  1979).  This  fact,  in 
conjunction  with  certain  mathematically  provable  laws  of  fluid  motion  (Yih,  1979),  allows  use  of 
potential  flow  techniques  in  predicting  the  motion  of  high-Reynolds-number  flows  past  bodies 
(Newman,  1980).  Under  these  conditions,  the  velocity  field  can  be  determined  based  solely  on 
kinematic  considerations  and  knowledge  of  conditions  at  the  boundaries  of  the  fluid.  Once  the 
irrotational  velocity  field  is  known,  an  auxiliary  equation  for  pressure  is  given  by  a  simple  form  of 
Bernoulli’s  equation  (Aris,  1962): 

1  X  72  1  X  7^2 

— /?oo  +  7"  P^/oo 

2  2.  (2.10) 

The  far  field  pressure,  is  simply  the  hydrostatic  pressure  at  the  operating  depth  of  the  vehicle. 

When  the  pressure  of  a  liquid  is  reduced  below  some  threshold  level  at  constant  temperature  it 
vaporizes.  This  change  of  phase  is  known  as  cavitation  (Newman,  1980),  The  threshold  value  for 
a  pure  liquid  undergoing  quasi-static  pressure  reduction  is  known  as  the  vapor  pressure,  py. 
Cavitation  inception  is  often  enhanced  in  the  field  due  to  various  perturbations  of  ideal  conditions, 
including  the  amount  of  gases  absorbed  in  the  liquid,  contamination  by  other  liquids  or  solids,  or 
the  presence  of  bubbles.  The  vapor  pressure  provides  an  excellent  measure  of  the  cavitation 
inception  pressure  under  most  conditions  of  interest,  however. 

As  fluid  flows  past  a  fully  wetted  body,  the  pressure  increases  to  stagnation  pressure  at  the 
forward  stagnation  point,  decreases  below  ambient  pressure,  then  increases  toward  stagnation 
pressure  over  the  afterbody.  The  actual  pressure  recovery  depends  on  the  development  of  the 
boundary  layer  and  the  extent  of  separation. 

If  the  pressure  falls  below  the  fluid  vapor  pressure  at  any  point,  a  vapor  cavity  will  form.  The 
density  of  the  vapor  within  the  cavity  is  orders  of  magnitude  less  than  that  of  the  ambient  liquid. 
The  dimensionless  quantity  characterizing  the  tendency  of  a  given  flow  to  cavitate  is  known  as  the 
cavitation  number: 

Yipui 


(2.11) 
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where  pc  is  the  cavity  pressure.  For  non-ventilated  flows,  the  cavity  pressure  is  approximately 
equal  to  the  vapor  pressure  of  the  ambient  liquid  under  most  conditions  of  current  interest. 

As  the  velocity  increases,  the  cavitation  number  and  the  minimum  pressure  on  the  body  surface 
decrease,  and  the  fluid  tends  to  cavitate.  Below  a  certain  cavitation  number,  an  experimentally 
observed  fact  (one  that  may  be  explained  by  considering  the  various  terms  in  the  momentum 
equation,  equation  2.5)  is  that  the  velocity  within  the  vapor  cavity  is  very  small.  Consequently,  to 
lowest  order,  the  pressure  within  the  vapor  cavity  is  constant,  with  a  value  nearly  equal  to  the  vapor 
pressure  of  the  fluid.  At  high  Reynolds  number,  the  shear  layer  forming  the  cavity  boundary  is 
thin.  In  that  case,  potential  flow  techniques  may  be  used  to  predict  such  flows  (Newman,  1980),  It 
should  be  noted  that  recent  results  of  high-Mach-number  research  indicate  that  the  assumption  of 
negligible  velocities  within  the  cavity  is  not  valid  at  very  high  speeds  (say,  at  Mach  numbers 
approaching  unity).  However,  for  cavity-riding  vehicles,  the  pressure  can  be  taken  as  constant 
within  the  vapor  cavity. 

In  terms  of  velocity,  the  boundary-value  problem  describing  the  ideal  supercavitating  flow 
shown  in  Figure  3  is  given  by  the  field  equation  describing  conservation  of  mass  (equation  2,4) 
along  with  boundary  conditions  on  velocity: 

t/-n  =  0  (2\r\ 


Us  =  U^^l  +  o  on5’c 


(2.13) 


where  is  the  wetted  surface  of  the  body  and  Sc  is  the  cavity  boundary. 

The  dynamic  condition  results  from  applying  Bernoulli’s  equation  (equation  2.10)  along  the 
cavity  streamline,  under  the  constraint  that  the  pressure  within  the  cavity  is  constant  with  a  value 
equal  to  the  cavity  pressure,  pc.  Various  techniques  exist  for  solving  such  a  problem,  including 
panel  methods  and  slender-body  theory  (Kuethe  and  Chow,  1976).  These  two  approaches  will  be 
discussed  in  the  following  sections. 


3  APPLICATION  OF  THE  BOUNDARY-ELEMENT  METHOD 

This  section  describes  application  of  the  boundary  element  method  to  prediction  of  supercavitating 
flows.  Three  sample  problems  are  discussed:  (1)  steady,  subsonic  flow  around  an  axisymmetric 
disk;  (2)  unsteady,  subsonic  flow  around  general  cavitator  shapes;  and  (3)  steady  flow  around 
cavitating  control  effector  fins  for  application  to  supercavitating  vehicle  flight  control. 


3.1  Steady  Axisymmetric  Flows 

This  sub-section  is  derived  from  Kirschner,  et  al,  (1995). 

The  physical  problem  is  shown  in  the  schematic  drawing  of  Figure  4,  The  body  is 
axisymmetric  and  oriented  parallel  to  the  flow.  The  geometries  under  consideration  in  these  lecture 
notes  include  only  those  for  which  a  salient  cavity  detachment  point  can  be  identified,  although  the 
solution  techniques  described  could  be  extended  to  more  general  shapes. 

The  position  vector  in  a  meridonal  plane  is  denoted  as  x=  xi  +  rj ,  The  inner  boundary  of  the 
flow  problem  is  the  union  of  the  wetted  portion  of  the  body  and  the  boundary  of  the  cavity: 

S  =  SbuSc^  (3^1) 

The  lengths  of  the  body  and  cavity  are  denoted  as  4  and  4 ,  respectively.  The  total  length  of  the 
combined  body-cavity  system  is  denoted  as  /. 

Only  steady  flows  are  considered  in  this  sub-section.  The  difficulties  of  representing  cavity 
closure  under  this  assumption  are  discussed  below. 

Unit  vectors  normal  and  tangent  to  the  body-cavity  surface  in  a  meridonal  plane  are  denoted  as 
n  =  nj-^nj  and  s  =  ,  respectively.  The  unit  normal  vector  is  directed  into  the  liquid;  the 

unit  tangent  vector  is  directed  positive  aft,  =  U^i  is  the  free  stream  velocity.  The  total  velocity 
at  any  point  outside  of  the  body-cavity  s  urface  is  decomposed  as 
U  =  U^i^u 


(3.2) 
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where  u(x)=Ux  i+Urj  is  the  disturbance  velocity.  As  discussed  above,  to  lowest  order  the  cavity 
pressure,  pc 

Potential  Flow  Formulation 

The  fluid  is  assumed  to  be  incompressible  and  the  flow  is  taken  to  be  irrotational.  The  last 
assumption  guarantees  the  existence  of  a  velocity  potential.  Under  this  condition,  the  flow  field  is 
governed  by  Laplace’s  equation, 

2 

V  fp  =  ^xx  ^r  r  =0 

,  (33) 

where  ^  is  the  total  potential, 

A  disturbance  potential,  0 ,  can  be  defined  from  the  total  potential  by 

0  =  U^-x  +  ^^  (3.4) 

SO  that  the  disturbance  velocity,  w,  is  given  by  the  gradient  of  the  disturbance  potential.  The 
disturbance  potential  also  obeys  the  Laplace  equation.  This  boundary  value  problem  is  shown  in 
the  schematic  drawing  of  Figure  5, 


Kinematic  Condition 

The  requirement  that  the  flow  be  tangential  to  the  body  and  cavity  surfaces,  equation  2,12, 
combined  with  the  definition  of  the  potential  in  equation  3,4,  gives  the  following  kinematic 
condition  on  the  body-cavity  surface,  S : 


(90 

dn 


=  -n  ■  on  S 


(3.5) 


Dynamic  Condition  On  The  Cavity 

Bernoulli’s  equation  applied  along  the  cavity  surface  can  be  expressed  as  follows: 

Cp=-(7  on5t  p 

The  magnitude  of  the  total  velocity  on  the  cavity  surface  is  given  by  equation  2,13,  From  this,  the 
following  expression  for  the  disturbance  potential  may  be  applied  on  the  cavity  surface: 

(90  t— 

-r  =  U-Vl+cj-U^5v  on^c 

ds  (3,7) 


Cavity  Termination 

For  a  given  wetted  body  shape  and  cavity  length,  Laplace’s  equation  for  the  disturbance  potential 
can  be  solved  subject  to  the  kinematic  condition,  equation  3,5,  and  the  dynamic  condition, 
equation  3,7,  A  cavity  termination  model  is  also  required. 

In  this  work,  a  modified  Riabouchinsky  cavity  termination  model  is  used.  The  cavity  is  closed 
with  a  Riabouchinsky  wall  or  endplate  extending  from  the  axis  of  symmetry  to  the  point  at  which 
the  cavity  streamline  becomes  perpendicular  to  the  axis.  Along  the  endplate,  denoted  as  ,  the 
kinematic  condition  is  satisfied.  In  the  current  case,  since  the  flow  is  axisymmetric,  the  endplate  is 
always  perpendicular  to  the  axis  of  symmetry. 

It  should  be  noted  that  this  termination  model  has  been  chosen  as  a  compromise  between 
simplicity  and  physical  validity.  The  reentrant  jet  model  is  a  closer  representation  of  the  physical 
flow,  but  is  more  difficult  to  implement  numerically.  The  reentrant  jet  model  is  discussed  in 
further  detail  below. 

Solution  Procedure  using  Boundary  Elements 

The  disturbance  velocity  potential  in  equation  3,4  satisfies  Green’s  third  identity,  a  Fredholm 
integral  equation  of  the  second  kind,  along  the  body,  cavity,  and  endplate  (Lamb,  1945),  Thus,  for 


any  field  point  jc  on  the  body-cavity  surface,  the  disturbance  velocity  potential  can  be  computed 
from 
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271(I){x)  =  -CJ 


dn  dn 


dS{x^) 


(3,8) 


where  the  integration  is  performed  over  source  points,  x',  along  the  entire  body,  cavity,  and 
endplate  surface.  Green's  function  for  this  problem,  G(x;x'),  is 


G(x;x') 


(3,9) 


Along  the  body  and  the  endplate  surfaces,  the  source  strength  distribution,  d(pldn,  is  known 
and  given  by  equation  3.5.  Along  the  cavity  surface,  an  expression  for  the  dipole  strength 
distribution,  0  ,  can  be  found  by  integrating  equation  3.7: 

0 (5 )  =  0 (^0 )  + 1/00 Vl  +  0“  [s-s^)-U^{x-Xq)  on5'c. 

(3,10) 


where  Sq  is  the  arc  length  coordinate  at  an  arbitrary  fixed  point  on  the  body-cavity  surface,  S , 

To  solve  for  the  dipole  strength  distribution,  0 ,  along  the  body  and  endplate  surfaces,  and  the 
source  strength  distribution,  d<pldn,  along  the  cavity  boundary,  the  computational  domain  is 
discretized  into  panels  along  the  body,  Mq  panels  along  the  cavity,  and  panels  along  the 
endplate.  Unequal  spacing  of  the  panels  is  utilized  to  ensure  that  more  panels  are  concentrated 
where  large  velocity  gradients  are  expected. 

The  source  and  dipole  strengths  are  taken  to  be  constant  on  each  panel.  Integral  equation  3,8  is 
satisfied  at  control  points  on  every  panel.  These  are  chosen  such  that  each  trapezoidal  panel  is 
divided  into  equal  areas  upstream  and  downstream  of  its  control  point. 

The  unknowns  to  be  determined  are  therefore 


•  Mb  dipole  strengths  on  the  body  panels; 

•  Mq  source  strengths  on  the  cavity  panels; 


•  Mw  dipole  strengths  on  the  endplate  panels;  and, 

•  the  dimensionless  cavity  surface  velocity,  Vl  +CJ  . 

There  are  Mg  +  + 1  quantities  to  be  determined, 

equations.  The  zero  net  flux  condition. 


Equation  3,8  gives  Mg  + 


(3.11) 


is  used  as  another  condition  to  form  a  determinate  system. 

Cavity  Shape  For  Fixed  Cavity  Length 

For  the  body  shapes  considered  in  these  lecture  notes,  the  cavity  detachment  point  is  known.  For  a 
specified  cavity  length,  a  cavity  profile  is  assumed,  and  the  potential-based  boundary  element 
method  used  to  solve  for  the  dimensionless  cavity  surface  velocity,  Vl  +cr ,  and  the  source  and 
dipole  strengths.  A  new  estimate  of  the  cavity  profile  is  then  determined  by  applying  the  kinematic 
condition  on  the  cavity  surface,  .  The  boundary  value  problem  is  then  re-solved,  and  the  process 
repeated  until  the  cavity  profile  converges. 

The  kinematic  condition,  equation  3,5,  can  be  written  as 

Wx  (wx  +  bU  )=  -flrUr  . 


(3,12) 


9-8 


For  example,  if  the  body  cavity  surface  profile  is  defined  by  y  =  h{x),  then 

db 

dx 


(3.13) 


along  the  cavity  surface. 

Prior  to  convergence  of  the  cavity  profile,  the  kinematic  condition  on  the  cavity  boundary  has  not 
been  imposed.  Thus,  the  object  is  to  change  the  cavity  shape  such  that  the  flux  across  the  boundary 
is  minimized.  Two  methods  have  been  tested  for  modifying  the  cavity  shape  including  (1) 
modification  of  the  profile  offset;  and,  (2)  sequential  modification  of  each  panel  angle  followed  by 
re~scaling  of  the  cavity  to  its  original  length.  In  practice,  the  latter  approach  has  proven  to  be  more 
general  and  robust  than  the  former. 

Pressure  and  Drag 

Once  the  potential  flow  problem  outlined  in  the  previous  section  has  been  solved,  the  pressure 
coefficient  on  the  body  surface,  Sb  ,  can  be  computed  as 


Cp=l- 


Ik 


=  1  - 


ds 

oo  y 


(3.14) 


The  body  drag  is  the  integral  of  the  x -component  of  the  differential  pressure  force  over  the 
wetted  portion  of  the  body  and  the  base: 


pn^  dS  +  pQ 


(3.15) 


Where  B  is  the  radius  of  the  cavitator  at  the  cavity  detachment  point.  The  drag  coefficient  is 
computed  as: 


Cp  dS 


(3.16) 


Selected  Results  -  Steady  Flows 

Sample  results  of  the  fully  axisymmetric  boundary  element  method  for  incompressible  flow  are 
presented  in  Figure  6  through  Figure  8.  For  additional  results  and  discussion,  refer  to  Kirschner,  et 
al,(1995). 

The  body-cavity  profiles  predicted  for  a  15°  cone  at  several  cavitation  numbers  are  shown  in 
Figure  6.  The  predicted  drag  coefficients  at  each  cavitation  number  are  plotted  in  Figure  7  and 
compared  with  the  empirical  curve  fit  of  May  (1975): 

Cd=  0.151  +0.587(7  17X 


It  can  be  seen  that  the  trend  is  very  accurate.  Since  the  publication  of  Kirschner,  et  al  (1995),  a 
coding  error  was  discovered  which,  when  corrected,  virtually  eliminated  the  offset  seen  in  Figure  7. 

The  predicted  maximum  cavity  diameter  is  compared  with  the  empirical  curve  fit  of  May 
(1975)  in  Figure  8.  The  following  equation  represents  the  curve  fit: 

^  ;  (3.18) 


The  left-hand  side  of  equation  3.18  is  the  function  plotted  on  the  ordinate  of  Figure  8.  The 
prediction  appears  to  be  excellent.  Note  from  the  figures  that,  if  the  predicted  drag  coefficient  used 
in  equation  3.18  is  replaced  with  that  given  by  equation  3.17,  the  prediction  of  values 
characterizing  the  cavity  geometry  is  improved.  It  should  be  noted  that  May’s  equation  over¬ 
predicts  experimental  cavity  lengths  at  higher  cavitation  numbers. 
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Reentrant  Jet  Termination  Model 

A  termination  model  that  better  represents  the  physics  for  typical  supercavitating  flows  of  interest 
is  the  reentrant  jet  model,  a  description  of  which  may  be  found  in  Tulin  (1964).  The  current 
formulation  is  based  on  Uhlman,  et  al,  (1998). 

For  axisymmetric  flows,  the  presence  of  the  reentrant  jet  may  be  handled  quite  simply  by 
truncating  an  axisymmetric  reentrant  surface  at  a  jet  face,  and  assuming  that,  at  this  axial  location, 
this  surface  is  asymptotic  to  a  cylinder  of  constant  diameter  and  the  cavity  surface  velocity  has 
approached  a  constant  limit.  In  the  absence  of  gravity,  and  assuming  that  the  truncated  jet  face  is 
perpendicular  to  the  velocity,  the  conditions  at  the  jet  face  are 

—  =  i7^Vr+a 

(3.20) 
and 

^=0. 

(3.21) 


With  the  disturbance  potential  defined  by  equation  3.4,  the  conditions  to  be  applied  at  the  jet  face 
become 


|^-c/.(7uT+i) 


and 


ds 


(3,22) 


(3.23) 


Note  that  for  two-dimensional  reentrant  jets  with  lift  the  conditions  are  more  complicated.  Figure  9 
shows  a  sample  computed  cavity  shape  for  a  two-dimensional  flat  plate  cavitator  at  an  angle  of 
attack. 


3.2  General  Incompressible  Flows 

This  section,  which  is  based  on  Kring  et  al  (2000),  presents  some  initial  results  for  a  fully  three- 
dimensional  time-domain  simulation  of  the  flow  about  general  supercavitating  bodies.  The  intent 
of  the  effort  is  to  study  various  ventilated  cavitators,  lifting  appendages,  and  bodies  that  may 
penetrate  the  cavity  wall.  The  time-domain  approach,  useful  for  the  formulation  of  the  nonlinear 
boundary  conditions  on  the  cavity  tree  surface,  will  also  allow  the  application  of  this  method  to 
flight  simulation  and  control  studies  (see  section  5). 

In  this  fully  three-dimensional  initial  value  problem  for  a  moving,  cavitating  body,  several 
boundary  conditions  must  be  specified.  These  include  the  body  boundary  condition,  nonlinear 
cavity  conditions  on  the  moving  free  surface,  a  reentrant  jet  closure,  and  a  shed  wake  sheet.  At 
each  time  step,  these  conditions  are  integrated  both  in  time  and  in  space  and  combined  with  the 
governing  Laplace  equation  to  produce  a  boundary  value  problem  that  is  formulated  as  a  boundary 
integral  equation  of  the  mixed  Neumann-Dirichlet  type. 

The  numerical  scheme  in  this  paper  has  been  adapted  from  a  boundary-element  method 
developed  for  ffee-surface  gravity  waves  interacting  with  submerged  and  floating  bodies  (Kring,  et 
al,  1999),  with  guidance  for  the  cavity  boundary  and  jet  closure  conditions  from  Uhlman  (1987  and 
1989)  and  Fine  and  Kinnas  (1993),  The  free  surface  scheme  was  designed  in  accordance  with  the 
numerical  stability  analysis  of  Vada  and  Nakos  (1993),  A  key  result  of  that  analysis  was  the 
demonstration  that  both  high-order  elements  and  mixed  explicit-implicit  time  marching  are  needed 
for  numerical  stability.  The  boundary-element  method  employed  here  is  a  high-order,  B-spline- 
based  approach  developed  originally  by  Maniar  (1995)  with  a  so-called  fast  or  accelerated  solver 
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developed  by  Phillips  and  White  (1997)  and  applied  in  Kring,  et  al,  (1999b),  Whereas  direct 
solution  of  full  matrices  requires  computational  effort  proportional  to  the  cube  of  the  number  of 
unknowns,  iV,  --  that  is,  effort  of  order  or  0(N^)  -  and  other  traditional  methods  may  show 
improved  performance  of  0(iV^),  the  accelerated  method  discussed  in  this  section  is  0(iV), 

Figure  10  illustrates  the  potential  flow,  initial  boundary- value  problem  for  a  cavitating  disk 
with  a  trailing  cavity,  reentrant  jet  closure,  and  shed  wake.  The  body  may  have  any  shape  and  the 
method  may  be  extended  to  add  lifting  appendages  and  planing  bodies. 

In  order  to  provide  a  computational  window  to  track  this  moving  body,  the  three-dimensional 
problem  is  defined  with  respect  to  a  mean-body  frame  of  reference,  x ,  Points  in  the  inertial  frame, 
Xj ,  are  related  to  the  mean-body  frame  by  the  relation: 


=  X  +  |(7(x,T)(iT, 

k) 


(3,24) 


where  t  is  time.  The  motion  of  the  mean-body  frame,  U (x.t) ,  is  a  function  of  space  since  it  may 
be  rotating  with  respect  to  the  inertial  frame,  so  that 


[7(x,  o  =  t/(0, 0  +  ^(0  W 


(3,25) 


where  Q(/')  is  a  rotational  transformation  matrix  and  U (0,/^)  is  the  translation  at  the  origin.  The 
mean-body  frame  is  defined  about  the  assumed  mean  position  of  the  disk  cavitator,  so  that  the  disk 
tends  to  oscillate  around  x  =  0  , 

Initial  Conditions 

The  problem  is  started  impulsively  from  an  assumed  initial  geometry  and  distribution  of  potential. 
Two  initial  conditions  have  been  considered.  In  the  first  case,  the  potential  on  the  cavity  is  set  to 
zero  on  an  assumed  surface.  Physically,  this  can  be  considered  as  an  artificial  pressure  and  cavity 
location  that  is  released  at  ^  =  0,  If  the  cavitator  disk  is  set  in  steady  motion,  the  transients  due  to 
this  artificial  start-up  should  eventually  decay.  The  second  case  involves  solution  of  a  Neumann 
problem  in  which  the  cavity  is  considered  to  be  a  fixed  wall.  The  potential  from  this  solution  is 
then  used  as  the  initial  condition  for  the  time-domain  simulation.  The  intent  is  to  reduce  the  size  of 
the  startup  transient. 

Governing  Equation 

The  potential  flow  exterior  to  the  surface  S  (the  union  of  the  cavity  and  S^,_ ;  the  body,  ; 
and  the  jet,  Sj )  is  governed  by  the  Laplace  equation  with  allowance  for  the  wake  cuts  collapsed 
onto  the  surface  ,  Hence, 

VV  =  0 

(3.26) 


where  (p  is  the  disturbance  potential. 

Green’s  third  identity,  equation  3,8,  is  applied  in  a  manner  similar  to  that  described  for  steady 
axisymmetric  flows.  In  this  case,  however,  we  explicitly  include  an  integration  over  the  wake 
surface,  5^,  as  follows: 

A0(x’)G  (x;x’)Jx’  =  0 

(3,27) 


27t(l)(x)  + {(p{x  ')Gix;  X ')  -  (/>„  (x  ')G„(x;x'))dx'  + 


where  the  Green’s  function  is  defined  by  equation  3,9, 
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Cavity  Conditions 


The  cavity  conditions  on  and  are  posed  in  the  curvilinear  frame  of  reference  defined  by 

the  parametric  surface,  ^(u,v,t).  The  parametric  coordinates,  (u,v),  are  the  presumed 
streamwise  and  circumferential  directions,  respectively.  This  semi-Eulerian  formulation  is 
important  for  a  numerically  consistent  representation  of  the  boundary  condition  on  the  moving 
surface.  Surface  potentials,  (p(u,v,t)  and  (v,  t) ,  are  defined  through  the  decomposition  of  the 
perturbation  potential: 

=  (p(u,v,t)  +  (p^(v,t) 


The  first  part  of  the  surface  potential,  (p ,  satisfies  the  dynamic  cavity  condition  implicitly  in  the 
numerical  scheme.  The  second  part,  which  is  constant  along  the  presumed  streamline 

direction,  u ,  satisfies  continuity  of  the  disturbance  potential  at  the  cavity  detachment  locus  and 
appears  explicitly  in  the  dynamic  cavity  condition  on  the  leading  cavity  surface. 

Applying  the  chain  rule  to  the  decomposition  leads  to  relations  for  the  time-derivative  and 
gradient: 


30 


5(<P  +  <Po) 

dt 


V„(<P  +  <Po)-V/ 


(3.29) 


and 


an 


(3.30) 


where  h  is  the  unit  vector  normal  to  the  surface  and  is  the  surface  gradient  operator  defined  by 


v„/ 


_du^  ^  ^  ayL  ^  -I 


U/xv 


Here  u  and  v  are  unit  vectors  that  are  non-orthogonal  in  general. 


(3.31) 


Kinematic  Boundary  Condition 

The  total  time  derivative  of  the  function  that  defines  the  cavity  surface  must  vanish.  Applying  the 
Gallilean  transform  from  the  inertial  to  the  mean-body  frame  and  defining  the  normal  coordinate, 

n ,  and  the  surface  displacement  in  the  normal  direction,  h(u,v^  t)  =  ^(u^vj)* n(u, v, t)  ,  yields  the 
kinematic  condition: 


dt  “  “  dn 


(3.32) 


Dynamic  Boundary  Condition 


The  dynamic  condition  specifies  a  constant  pressure  on  the  cavity  surface  at  all  times.  The 
derivation  of  this  condition  begins  with  the  unsteady  Bernoulli  condition  in  the  inertial  frame 
(referencing  atmospheric  pressure  as  zero).  With  z  =  0  representing  the  mean  ocean  surface: 


^+lv<^.V0  +  gz 


(3.33) 


where  is  the  cavity  pressure. 
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Applying  the  Gallilean  transform  from  the  inertial  to  the  mean-body  frame  and  substituting 
relations  for  the  surface  potential  yields 


p 


(334) 


Cavitator  Wetted-Surface  Condition 

A  Neumann  body~boundary  condition  similar  to  equation  3.5  is  applied  to  the  cavitator  wetted 
surface,  S^, 


Jet  Condition 

The  reentrant  jet  is  artificially  truncated  (cut  perpendicular  to  the  streamline)  and  assumed  to  have 
reached  a  steady  diameter  with  no  cross-flow  components  and  a  pressure  equal  to  the  cavity 
pressure  across  the  face  of  the  cut.  Thus,  it  has  an  imposed  flux  and  an  imposed  pressure. 
Although  this  is  intended  to  be  a  time-accurate  formulation  for  the  cavity  problem,  a  steady-state 
jet  condition  has  been  used  to  date. 

We  start  with  the  steady,  dynamic  boundary  condition:  equation  3.34  with  the  time  derivative 
set  to  zero.  If  there  is  no  cross-flow,  then  V(p  =  (p^h  on  the  jet.  Therefore,  the  jet  condition 
becomes 


dn  2 


dn  J 


P  ,  (3,35) 

where  =  U 

Choosing  the  positive  root,  consistent  with  the  cavity  conditions,  the  jet  flux  then  becomes: 


d(j) 

dn 


U„"-2 

p ) 

(3.36) 


With  no  cross-flow,  the  potential  across  the  jet  face  must  be  constant  at  a  given  depth  and  is  set 
equal  to  the  potential  on  the  adjacent  cavity. 


Cavity  Detachment  and  Kutta  Conditions 

The  additional  potential,  (p^ ,  on  the  leading  cavity  surface,  ,  that  detaches  fi'om  the  cavitator 

body  boundary  is  specified  by  a  detachment  condition  across  the  body-cavity  intersection,  x  . 
With  the  further  constraint  that  the  first  surface  potential  vanishes  at  the  cavity  detachment  line, 
Li?  9  ^9  0  “  ^  ’  the  additional  potential  is. 


%  t)  —  (pi^x  1^^ ,  t) 


(3.37) 


which  represents  the  cavity  detachment  condition,  A  cavity  trailing  edge  is  defined  at  the  junction 
of  the  leading  and  lagging  cavity  surfaces  where  the  potential  j  ump  across  the  wake  is  specified  as 


ItE  \tE  ^ 


(3,38) 


which  comprises  the  Kutta  condition.  For  a  time-dependent  wake,  a  nonlinear  evolution  equation 
should  govern  the  propagation  of  the  shed  vorticity  downstream,  but,  to  date,  a  simplifying 
assumption  has  been  used:  The  wake  position  is  fixed  and  a  steady  state  asymptotic  distribution  is 
assumed  for  the  shed  vorticity. 
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Numerical  Implementation 

The  scheme  begins  with  initial  conditions  for  the  geometry  and  the  surface  potential,  (p ,  at  time 
t  =  0,  The  detachment  conditions,  the  Kutta  conditions,  and  the  mixed  boundary-integral  equation 
are  then  solved  simultaneously  to  find  the  normal  velocity  on  the  cavity  surface  and  the  potential 
on  the  body.  This  is  referred  to  as  the  mixed  BVP,  which  will  be  solved  at  each  time  step  as  the 
surface  evolves.  The  cavity  conditions  and  the  mixed  BVP  must  be  integrated  in  time  and  space. 

After  the  impulsive  start,  each  step  in  the  temporal  integration  begins  by  first  satisfying  the 
kinematic  and  dynamic  boundary  conditions  to  update  the  geometry  and  surface  potential  on  the 
cavity.  The  mixed  BVP  is  then  solved  to  update  the  potential  on  the  body  and  the  normal  velocity 
on  the  cavity. 

To  summarize,  at  the  start-up  =  0^  ^  : 

0.  Given  initial  conditions  on  5^,  solve  mixed  BVP  for  (j)^^  on  . 

At  each  subsequent  time-step: 

1 .  Determine  body  motion:  impose  or  solve  equation  of  motion. 

2.  Integrate  the  kinematic  condition  on  the  cavity  to  find  ^  on  5^. . 

3.  Update  the  cavity  and  body  geometry. 

4.  Integrate  the  djmamic  condition  on  the  cavity  to  find  on  . 

5.  Set  the  body  and  jet  conditions  for  on  and  Sj . 

6.  Solve  mixed  BVP  to  find  on  and  on  . 

The  continuous  problem  is  discretized  by  a  set  of  high-order  B-spline  patches  that  represent  the 
geometry  of  the  body  and  cavity  and  another  set  that  represent  the  flow  quantities  of  potential,  (p , 

normal  velocity,  (j>^ ,  and  cavity  displacement,  h  . 

Third-  to  fifth-order  splines  and  Galerkin  schemes  are  used  to  spatially  integrate  both  the  cavity 
conditions  and  the  mixed  BVP.  The  use  of  a  high-order  discretization  has  been  shown  to  be  stable 
for  the  ffee-surface  gravity  wave  problem  where  more  typical  flat  panel  methods  have  failed. 
Initial  work  with  low-order,  three-dimensional  panel  methods  indicated  that  this  would  hold  for 
cavity  free-surface  flows  also. 

The  kinematic  cavity  condition  is  integrated  in  time  using  a  forward  (explicit)  Euler  method 
and  the  dynamic  cavity  condition  is  integrated  in  time  using  a  backward  (implicit)  Euler  method. 
For  the  djmamic  condition,  only  the  linear  terms  for  the  surface  potential  are  treated  implicitly. 
This  mix  of  explicit  and  implicit  methods  was  selected  based  on  a  stability  analysis  for  wave 
propagation  over  discretized  free  surfaces. 

The  geometry  and  surface  potential  are  represented  by  B-spline  basis  functions  in  space  that 
overlap  with  their  neighbors.  These  conditions  produce  a  banded  system  of  linear  equations  that 
must  be  solved  at  each  time-step. 

The  unknown  normal  velocity  on  the  cavity  and  potential  on  the  body  are  obtained  from  the 
solution  of  the  boundary  integral  equation,  which  contains  the  detachment  and  Kutta  conditions. 
On  the  cavity,  the  disturbance  potential  at  any  instant  is  the  sum  of  the  known  surface  potential  and 
an  unknown  additional  potential. 

The  solution  of  the  integral  equation  at  each  time-step  represents  the  largest  computational 
burden  in  the  problem.  To  maintain  high  local  accuracy  and  satisfy  numerical  stability 
requirements,  a  high-order,  B-spline,  Galerkin  boundary-element  method  is  used  for  this  integral 
equation  and  two  solvers  are  adopted.  The  first  is  a  traditional  dense  matrix  solver  that  requires 
0{N^)  computational  memory  and  operations.  The  second  is  an  accelerated  solver,  using  a 
precorrected  fast  Fourier  transform  (FFT)  algorithm  that  is  similar  to  the  fast  multipole  method. 
This  involves  a  sparse  matrix  requiring  only  0(A)  computational  memory  and  operations. 
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Selected  Results  -  General  Flows 

To  date,  the  high-order  boundary-element  method  has  been  adapted  for  the  mixed  BVP  with  the 
detachment  and  Kutta  conditions.  In  Figure  1 1  an  initial  solution  of  the  problem  at  the  startup  has 
been  computed.  In  this  figure,  the  high  negative  values  of  the  normal  velocity  at  the  trailing  end  of 
the  cavity  show  that  the  assumed  geometry  is  too  small  and  the  cavity  will  lengthen  along  the  side 
in  the  next  time  step.  Work  on  the  complete  simulation  is  in  progress. 

This  boundary-element  method  is  numerically  convergent,  has  been  compared  to  analytic 
solutions  for  simple  geometries,  and  has  been  validated  experimentally  in  its  original  ship 
seakeeping  manifestation,  but  it  is  too  early  to  j  udge  the  performance  of  the  cavity  time-marching 
scheme  and  the  wake  sheet. 

3.3  Cavitating  Fins 

In  this  section,  we  describe  a  tool  used  to  predict  the  flow  around  cavitating  fins,  particularly  fins 
with  wedge-shaped  cross-sections.  The  tool  uses  a  boundary  element  method  to  predict  six-degree- 
of-freedom  forces  for  steady  flight.  The  computed  forces  have  been  used  as  input  to  guidance  and 
control  simulations,  as  described  below.  The  basic  computational  approach  is  summarized  in  Fine 
and  Kinnas  (1993). 

A  simple  wedge-shaped  fin  geometry  was  considered  for  this  investigation.  It  would  be  easily 
fabricated  and  appropriate  to  operation  in  the  supercavitating  regime,  but  is  probably  not  optimal, 
although  the  wedge  shape  provides  good  strength  characteristics.  It  is  also  convenient  for 
comparison  of  the  boundary-element  results  with  preliminary  predictions  based  on  two- 
dimensional  theory  such  as  that  of  Uhlman  (1987,  1989)  or  Wu  (1956),  or  the  various  experimental 
data  presented  in  May  (1975).  Also,  for  small  wedge  angles,  the  unsteady  effects  associated  with 
the  transition  between  partial  cavitation  and  supercavitation  are  confined  to  a  very  limited  range  of 
deflection  angles. 

In  computing  the  forces,  a  high  level  of  detail  was  required  over  even  the  limited  operational 
range  considered,  because  several  cavity  detachment  modes  must  be  taken  into  account.  The  forces 
acting  on  cavitating  fins  are  complicated  by  these  different  flow  regimes.  For  wedge-shaped  fins, 
four  regimes  must  be  considered.  If  the  flow  is  symmetric  about  the  symmetric  fin,  and  the 
cavitation  number  is  low  enough,  a  cavity  develops  at  the  base  of  the  wedge.  Of  course  the  fin 
does  not  develop  lift  in  this  case.  At  small  angles  of  attack  and  moderately  low  cavitation  numbers, 
a  partial  cavity  develops  at  the  leading  edge  separately  from  the  base  cavity.  At  larger  angles  of 
attack  or  lower  cavitation  numbers,  the  cavity  originating  at  the  leading  edge  becomes  large  enough 
to  merge  with  the  base  cavity,  forming  a  supercavity  that  envelopes  all  the  surfaces  except  the 
pressure  face.  The  lift  curve  slope  in  the  supercavitating  regime  is  less  than  in  the  partially 
cavitating  regime.  The  final  regime  (which  has  not  been  modeled  for  the  current  effort)  involves 
very  high  cavitation  numbers.  In  that  case,  the  cavities  are  eliminated  and  replaced  with  separation 
regions.  The  three  regimes  are  shown  in  Figure  12. 

Brief  Description  of  LScav 

ETC’s  Lifting  Surface  Cavitation  code  (LScav)  computes  the  first  iteration  of  the  fully  nonlinear 
cavity  solution  for  a  general  three-dimensional  wing  attached  to  a  non-lifting  ‘‘center-body”  at 
arbitrary  cavitation  number.  The  flow  is  assumed  to  be  steady,  inviscid,  incompressible,  and 
irrotational  (outside  of  a  thin  vortex  sheet  trailing  behind  the  lifting  surface).  The  solution  is  found 
by  applying  a  disturbance-potential-based  panel  method  that  involves  a  numerical  solution  of 
Green’s  third  identity.  The  method  is  described  in  the  context  of  cavitating  propellers  in  Fine 
(1992). 

The  wing  and  center-body  are  assumed  to  be  symmetric  about  a  vertical  plane  intersecting  the 
body  centerline.  The  cavity  solution  represents  the  first  iteration  of  a  fully  nonlinear  solution.  In 
order  to  understand  the  difference  between  the  first  iteration  solution  and  the  fully  nonlinear 
solution,  consider  a  two-dimensional  hydrofoil  and  assume  that  the  cavity  length  is  known.  Since 
the  cavity  length  is  a  single-valued  function  of  the  cavitation  number  for  all  stable  two-dimensional 
cavities,  the  cavitation  number  may  not  be  specified  in  this  canonical  problem  and,  in  fact,  must  be 
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considered  an  unknown  to  be  determined  as  part  of  the  solution.  To  solve  the  nonlinear  problem, 
one  must  first  guess  the  location  of  the  cavity  boundary  and  satisfy  the  boundary  conditions  on  that 
approximate  surface.  However,  since  we  cannot  say  beforehand  that  our  approximate  location  of 
the  cavity  boundary  is  the  correct  one,  we  can  only  satisfy  the  dynamic  boundary  condition  (the 
condition  that  the  pressure  be  constant  on  the  boundary  and  equal  to  the  cavity  pressure)  in  the 
solution.  In  general,  the  kinematic  boundary  condition  (the  condition  that  the  normal  velocity 
vanish  on  the  cavity  surface)  will  not  be  satisfied.  However,  we  may  use  the  kinematic  boundary 
condition  to  update  the  location  of  the  cavity  surface. 

Since  the  first  guess  of  the  cavity  location  is  arbitrary,  it  is  numerically  convenient  to  first  solve 
the  boundary  conditions  on  the  wing  surface  and,  for  supercavities,  on  a  zero-thickness  sheet 
downstream  of  the  wing.  To  find  the  nonlinear  solution,  one  simply  re-solves  the  problem  with  the 
new  body  shape  defined  from  the  first  iteration  (see  Figure  13).  The  fully  nonlinear  solution  is 
found  when  the  solution  converges  to  some  preset  tolerance.  In  previous  work  (Fine,  1992), 
extensive  studies  showed  that  the  accuracy  of  the  first  iteration  solution  relative  to  the  fully 
nonlinear  solution  was  very  good  over  a  reasonably  large  range  of  operating  conditions.  As  a  result 
(and  motivated  by  the  significant  computational  savings  of  solving  only  the  first  iteration)  LScav 
was  configured  to  comp  ute  only  the  first  iteration  of  the  nonlinear  sol  ution. 

Sample  LScav  results  are  shown  in  Figure  14,  which  indicates  the  convergence  of  the  cavity 
planform  for  a  fin  with  a  triangular  planform  and  a  wedge-shaped  cross-section.  Table  1  shows  the 
convergence  of  the  corresponding  lift  and  drag  coefficients  and  the  cavity  volume.  Convergence  to 
three  significant  digits  occurs  with  about  1300  total  panels.  The  total  amount  of  memory  that  is 
required  for  this  size  problem  is  roughly  108  MB. 

LScav  has  been  validated  through  comparison  of  computed  lift  and  drag  coefficients  to 
measurements  made  in  a  water  tunnel.  A  sample  of  the  validation  is  shown  in  Figure  15, 

4  APPLICATION  OF  SLENDER-BODY-THEORY 

This  section  is  based  on  Varghese,  et  al,  (1997). 

In  slender-body  theory  (SBT),  the  slenderness  ratio,  8,  of  the  body  is  defined  as  the  ratio  of  the 
maximum  radius  to  the  total  length.  It  is  assumed  that  8  «  1  and  that  the  cavitation  number  and 
the  inverse  square  of  the  Froude  number  are  of  order  8^ In  8  (Chou,  1974).  The  axial  gradient  of  the 
body-cavity  radius  should  be  of  the  same  order  as  the  slenderness  parameter,  restricting  the 
analysis  to  certain  classes  of  cavitators  using  this  approach. 

In  the  following  sections,  Chou’s  formulation  is  extended  to  subsonic  compressible  fluid  flows. 
Also  presented  are  selected  results  for  an  incompressible  fluid,  Chou’s  original  method 
incorporated  terms  accounting  for  an  axisymmetric  gravitational  field,  and  these  have  been  retained 
in  the  following  presentation.  Results  may  be  found  in  Varghese,  et  al,  (1997), 


4.1  Mathematical  Formulation 

The  present  SBT  analysis  assumes  an  axisymmetric  body  with  a  conical  cavity  closure,  A  salient 
cavity  detachment  point  is  specified  in  the  model  as  is  shown  in  Figure  16,  The  free-stream 
velocity,  Uao,  is  at  zero  angle  of  attack.  The  body  length  is  Ihe  cavity  length  is  and  the  total 

length  is  L  In  the  following  formulation,  all  lengths  are  made  dimensionless  with  body  length, 
velocities  with  free  stream  velocity,  and  potential  with  body  length  and  free  stream  velocity. 

Incompressible  Flow 
The  total  potential  is 

O  =  x  +  (|)  ,  (^41^ 


where  (|)  is  the  perturbation  velocity  potential.  The  axial  and  radial  components  of  the  perturbation 
velocity  are 


0(1) 

u  =  —  and  u 

"  dx 


0(|) 

dr’ 


(4.2) 


respectively. 
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The  SBT  outer  expansion  results  in  Laplace’s  equation  for  the  perturbation  potential: 


(!)(x,r)+— +  (|),^  =  0  . 

r  (4.3) 

For  a  continuous  distribution  of  sources  along  the  x-axis,  the  solution  for  equation  4.3  can  be 
written  as 


..  .  If' 

1.  ... 


(4,4) 

where  qi^)  is  the  source  strength  defined  along  the  axis  at  location  From  the  SBT  inner 
expansion,  assuming  dbldx  =  0(8),  the  source  strength  is 

dib') 

q{x)  =  n—— 


The  kinematic  boundary  condition, 

db 


is  formed  fi*om  the  no-flux  condition  on  the  body  and  cavity  surfaces.  The  cavity  pressure  is 
assumed  to  be  constant.  The  dynamic  boundary  condition  is  derived  from  Bernoulli’s  equation: 


(j  =  -Cp  =  2ux  +  W;/  - 


2{x-\) 


Here,  a  is  the  cavitation  number,  Cp,  is  the  pressure  coefficient,  and 


is  the  Froude  number  based  on  body  length.  Here  g  is  the  gravitational  acceleration. 

Let  =  bl  and  Substituting  expressions  for  the  radial  and  axial  velocity 

components  defined  at  the  body-cavity  surface,  in  the  dynamic  boundary  condition,  equation  4.7, 
results  in  a  non-linear  integro-differential  equation: 


1  ,  fdb.f  2(x-l) 


-I 

27r 


-  C  +  c 


,  1  ^  ^  ^ ) 


where  is  the  cavity  radius.  Integrating  by  parts  and  using  equation  4.5  for  the  source  strength 
yields  (Chou,  1974): 


-6  ,  “  S 

2-!  TTTFTc 


1  r  de  ^  dx'"  ,  2(x-l) 

2  „  +  c  -  if  +  c  +  c  '  '  K 


With  the  assumption  that  the  cavity  closes  as  a  cone,  the  above  equation  can  be  written  for  a 
conical  body  as: 

\  (da  1 


1  r  d^ 

2  ,  J(x  -  O"  +  C 


1  r  d^ 


2  .  Jix  -  O'  +  C  < 


2Cjc  -  1) 


(4.10) 
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In  this  equation,  the  right  hand  side  is  known  for  a  given  cavity  shape.  In  the  current  approach,  the 
cavity  shape  is  approximated  and  updated  iteratively.  With  an  assumed  initial  cavity  shape, 
equation  4.10  is  solved  for  a  new  cavity  shape.  For  that  procedure,  the  cavity  axial  length  is 
discretized  into  n  panels.  In  each  panel,  a  locally  quadratic  polynomial  is  used  to  approximate 
Varghese,  et  al,  (1997)  presents  the  details  of  building  and  solving  a  system  of  equeations  to  update 
the  discretized  cavity  geometry. 

Pressure  and  Drag  Coefficients  for  the  Case  of  an  Incompressible  Fluid 
Upon  convergence,  the  pressure  coefficient  along  the  body  is  computed  as  follows: 


C,(x) 


+  c,f 


+ 


0<x  <1. 


(4,11) 


The  pressure  coefficient  along  the  cavity  is  the  negative  of  the  cavitation  number.  The  base  drag 
coefficient,  based  on  the  maximum  body  cross-sectional  area,  is  found  by  integrating  the  pressure 
coefficients  over  the  body: 

^  [  C  (x)— a  . 

\J  ^  fix 

ax  ^4^2) 


urn 


In  Varghese,  et  al,  (1997),  viscous  drag  corrections  for  axisymmetric  bodies  were  developed 
based  on  three  different  methods:  (1)  Thwaites’  method  with  a  linear  velocity  profile;  (2)  Thwaites’ 
method  with  a  shear  function;  and,  (3)  the  method  of  Falkner  and  Skan,  Moderate  improvement  to 
the  comparison  of  the  predicted  total  cavitator  drag  to  experimental  data  was  obtained  for  certain 
cases. 

Subsonic  Compressible  Flow 

In  this  section  we  extend  the  previous  formulation  to  the  case  of  compressible  flows.  Results  may 
be  found  in  Varghese,  et  al,  (1997).  A  method  is  proposed  in  Kirschner,  et  al,  (1995)  for  extending 
the  axisymmetric  boundary-element  method  presented  above  to  compressible  subsonic  flows. 

The  outer  expansion  for  the  perturbation  potential  for  slender  bodies  in  a  compressible  fluid 
results  in  the  following  governing  equation  (Ashley  and  Landahl,  1965): 


where  the  hatted  variables  represent  the  physical  coordinate  for  the  subsonic  flows.  With  a 
transformation  to  x=x  and  r  =  fir  where  ^  =  ^1  —  ,  equation  4,13  reduces  to  Laplace’s 

equation.  Thus  the  solution  for  a  continuous  source  distribution  is 


c,r)  =  “—  [ 
Att  Jc 


+P 


2  2 


(4.14) 

Here  ^(x)  is  defined  by  equation  4.5,  The  radial  velocity  component  is  given  by  equation  4,6, 
However,  the  axial  velocity  component  depends  on  [3  as  follows: 


— lo 


(x-^)^i3Vl2 


(4.15) 
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With  the  constant.cavity  pressure  assumption,  the  dynamic  boundary  condition  is  derived  from 
the  compressible  Bernoulli  equation: 


yMi 


2  ^ 


y-i 


(4,16) 


As  for  the  case  of  incompressible  flow,  substitution  of  equations  4.6  and  4,15  respectively  for  the 
radial  and  the  axial  velocity  components  of  equation  4.16  yields  an  integro-differential  equation: 
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(4.17) 


Integrating  by  parts  and  substituting  equation  4.5  for  the  source  strength,  the  governing  equation 
becomes 


dHc 

J _ 
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dx 
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(4.18) 


For  a  conical  body  with  a  conical  cavity  closure,  this  equation  becomes 


d% 

de 
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(4.19) 


Pressure  and  Drag  Coefficients  for  the  Case  of  a  Compressible  Fluid 
The  pressure  coefficient  along  the  body  is  given  by 


■Cp  (x)  = 


/  \ 

(x-^)d^  /  \2 

lr<  d^^  ^  .  ifdbkX 

4“r  ,  1-  2{dx] 

[(x-^)^  +  /l2fb]2 

y 
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-1,  0<x<l, 


(4,20) 


Using  this  form  to  compute  the  pressure  coefficient,  the  base  drag  coefficient,  for  the 
compressible  case  can  be  calculated  using  equation  4,12, 


4.2  Selected  Results  -  Slender  Body  Theory 

The  SBT  model  was  used  to  predict  supercavitating  flows  of  both  compressible  and  incompressible 
fluids  at  various  cavitation  numbers.  All  the  results  shown  here  are  for  a  10^-cone  angle.  The 
cavity  shapes  (scaled  to  show  cavities  enlarged  in  the  radial  direction)  for  cavitation  numbers 
ranging  from  0.005  to  0.05  are  shown  in  Figure  17  for  the  incompressible  case.  The  cavity  length 
increases  as  the  cavitation  number  decreases,  as  expected.  The  predicted  surface  pressure 
distributions  are  plotted  in  Figure  18  for  different  cavitation  numbers.  This  quantity  decreases  as 
the  cavitation  number  increases.  Results  have  been  compared  with  curve  fits  of  empirical  data 
(May,  1975).  In  Figure  19,  the  maximum  cavity  radius  has  been  plotted,  made  dimensionless  with 
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respect  to  the  radius  at  cavity  detachment.  Figure  19  illustrates  an  excellent  match  with 
experimental  values,  particularly  at  low  cavitation  numbers  where  SBT  is  more  valid, 

4.3  Summary  -  SBT 

Formulations  have  been  presented  for  applying  Chou’s  SBT  model  to  both  incompressible  and 
compressible  flows.  Selected  results  have  been  presented  for  the  incompressible  case.  Some 
comparison  with  experimental  data  has  been  presented. 

In  Varghese,  et  al,  (1997),  additional  formulation,  results,  discussion,  and  comparison  are 
presented  for  the  effects  of  both  an  axisymmetric  gravity  field  and  viscous  drag, 

5  NUMEMCAL  FLIGHT  AND  CONTROL  SYSTEM  SIMULATION 

In  this  section,  which  is  based  on  Kirschner,  et  al,  (2001),  we  describe  numerical  flight  simulation 
for  supercavitating  vehicles.  We  first  discuss  the  nonlinear  forces  acting  on  the  cavitator,  the  fins 
(if  present),  and  any  portions  of  the  hull  that  penetrate  the  cavity  boundary  during  excursions  from 
the  fully-enveloped  condition.  Next,  we  describe  simulation  of  vehicle  flight,  including  system 
stability  and  system  performance  during  execution  of  a  banked  turn.  Without  control,  some  vehicle 
configurations  can  be  unstable,  whereas  a  feedforward-feedback  strategy  can  control  some 
configurations  over  a  range  of  turn  rates, 

5  1  Hydrodynamical  Model 

The  behavior  of  the  cavity  is  central  to  the  dynamics  of  a  supercavitating  vehicle.  The  nominally 
steady  cavity  behavior  forms  the  basis  of  the  quasi-time-dependent  model  implemented  for  the 
current  investigation.  This  model  affects  not  only  the  forces  acting  at  the  nose  of  the  vehicle,  but 
also  the  immersion  of  the  fins  and  any  planing  forces  due  to  contact  between  the  body  and  the 
cavity  boundary.  It  is  the  cavity  that  makes  this  dynamical  system  not  only  nonlinear,  but  also 
dependent  on  strong  memory  effects  that  link  the  history  of  motion  to  the  instantaneous  cavity 
shape. 

The  three  parameters  that  characterize  time-averaged  or  quasi-steady  ventilated  flows  are  the 
cavitation  number,  the  cavity  Froude  number,  and  the  ventilation  coefficient.  The  cavitation 
number  is  defined  in  equation  2.1 1,  and  has  been  discussed  extensively  in  the  formulations  above. 
The  cavity  Froude  number  (not  to  be  confused  with  the  related  Froude  number  based  on  body 
length  discussed  above)  and  the  ventilation  coefficient  are  defined  as 


-Jg^c 


(5,1) 

and 

r 

^  Vdl  ’  (5.2) 

respectively.  Again,  g  is  the  gravitational  acceleration.  The  cavitator  diameter  is  ,  p^o  and 
are  the  ambient  and  cavity  pressures,  respectively,  V  is  the  vehicle  velocity  and  Q  is  the 
volumetric  rate  at  which  ventilation  gas  is  supplied  to  the  cavity.  The  cavitation  number  expresses 
the  tendency  of  cavitation  to  occur  in  a  flow,  and  is  thus  a  principal  quantity  governing  cavity 
dimensions.  The  Froude  number  characterizes  the  importance  of  gravity  to  the  flow,  and  therefore 
governs  distortions  from  a  nominally  axisymmetrical  shape.  The  ventilation  coefficient  governs 
the  time-dependent  behavior  of  the  cavity  as  ventilation  gas  is  entrained  by  the  flow. 

For  the  horizontal  trajectories  considered  in  these  lecture  notes,  the  cavitation  number  is  very 
low  (on  the  order  of  0,015  to  0.030)  and  the  cavity  Froude  number  is  typically  rather  high  (on  the 
order  of  50  to  100),  The  cavity  is  slender,  and  its  maximum  diameter  is  at  least  5  times  greater 
than  the  cavitator  diameter.  Cavity  tail-up  under  the  influence  of  gravity  is  small,  but  not 
insignificant  to  the  vehicle  design. 
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The  nomenclature  used  for  basic  vehicle  dynamics  during  the  remainder  of  these  lecture  notes 
is  presented  in  Figure  20.  The  x-axis  is  directed  forward  along  the  nominal  vehicle  long  axis,  y  is 
to  starboard,  and  z  completes  an  orthogonal  system  obeying  the  right-hand  rule.  The  origin  of  this 
coordinate  system  is  located  at  the  cavitator  pivot  point.  Following  Kiceniuk  (1954),  the  following 
relationships  have  been  employed  to  estimate  the  hydrodynamic  forces  and  moment  acting  on  the 
circular  disk  cavitator  selected  for  investigation: 

Cd {o, ttc )  =  s  Cdq (1  +  o) cos^  ttc 

Cl  (g, «c )  =  ■  =  Coo  (1  +  g)  cos ag  sinac 

l/lpV^A^ 


Cm  (o'.«c)  = 


Mci<y,ac) 

l/lpV^d^A^ 


(5.3) 


where  and  are  the  drag  and  lift  forces  acting  on  the  cavitator,  is  the  hydrodynamic 
moment,  and  is  the  disk  area.  The  drag  coefficient  at  zero  angle  of  attack  and  cavitation 
number,  C/)o ,  is  taken  as  approximately  0.805  based  on  empirical  data  (May,  1975). 

Various  analjTical,  numerical,  and  semi-  and  fully-empirical  models  have  been  developed  that 
provide  estimates  of  the  maximum  cavity  diameter,  c/max  ?  and  the  cavity  length,  The 

analytical  formulae  of  Garabedian  (1956)  provide  useful  and  reasonably  accurate  approximations 
for  investigation  of  vehicle  dynamics: 

^max  _  j  GjT)  (cy,Qj 

\  a  (54) 


and, 

d,  i  a  a 


(5.5) 


For  purposes  of  time-domain  simulation  of  vehicle  dynamics,  it  is  desirable  to  use  simple 
models.  In  a  cylindrical-polar  system  with  coordinates  x ,  r ,  and  0 ,  the  nominal  axisymmetric 
shape  can  be  approximated  as: 


A. 


2dc 


^  x!  d^-t^  1 2d^ 
l^l2d^ 


^2,4 


(5.6) 


where  r^^ix^O)  is  the  cavity  offset  (Miinzer  and  Reichardt,  1950,  derived  from  a  low-order  potential 
flow  model). 

The  effects  of  gravity  and  turning  on  this  generalized  ellipsoidal  cavity  shape  can  be 
approximated  as  a  distortion  of  the  line  of  centers  described  by 


yc(x)  =  + 


1  a 


turn 
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(5.7a) 


and 


zc(x)  =  - 
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9-21 


where  atum  is  the  turn  acceleration  and  is  the  tail-up  acceleration  of  the  cavity,  here 

approximated  using  the  semi-empirical  formula  recommended  by  Waid  (1957),  A  binomial 
expansion  (retaining  the  second  term)  has  been  used  to  simplify  the  term  associated  with  turning, 
applying  the  principle  of  independent  development  of  cavity  sections  (Logvinovich,  1985)  and 
assuming  that  the  cavitator  traces  a  circular  path  in  a  horizontal  plane.  Although  the  distortion  of 
the  cavity  line  of  centers  due  to  turning  and  gravity  has  been  considered,  distortions  associated  with 
cavitator  lift  have  been  ignored.  Cavity  foreshortening  has  also  been  neglected,  and  distortions  of 
the  cavity  sections  from  their  nominal  circular  shapes  have  been  ignored  for  the  current 
investigation.  Under  these  assumptions,  the  cavity  locus  of  section  centers  is  coincident  with  the 
cavitator  trajectory. 

Equations  5.7  apply  to  a  steady  horizontal  turn  with  gravity  acting  in  the  vertical  direction. 
Although  generalization  to  more  complicated  trajectories  would  not  be  difficult,  the  current 
formula  provides  insight  concerning  the  behavior  and  limitations  of  a  supercavitating  vehicle  in  a 
turn.  The  consistent  formulation  shows  the  relative  influences  of  turning  and  gravity,  both  of 
which  become  increasingly  important  at  low  cavity  Froude  numbers.  To  the  order  of  terms 
retained  in  equations  5.7,  the  locus  of  cavity  section  centers  is  quadratic  in  the  axial  coordinate. 

The  importance  of  cavity  distortion  in  high  turn  rates  is  apparent  in  Figure  21,  which  presents 
results  for  an  extreme  turn  (in  this  case,  a  5-g  turn  that  is  probably  impractical,  but  is  illustrative  of 
the  cavity-body  interactions  important  to  the  problem).  The  nonlinear  behavior  is  clear  from  this 
figure.  Firstly,  as  the  cavity  distorts  from  a  nominally  axisymmetric  configuration,  the  immersion 
of  the  fins  into  the  ambient  liquid  outside  the  cavity  becomes  asymmetric.  Therefore,  the  couple 
associated  with  symmetric  or  anti-symmetric  fin  trim  will  result  in  nonlinear  system  response. 
Secondly,  a  system  designed  for  close  envelopment  of  the  vehicle  by  a  nominally  axisymmetric 
cavity  (or  even  one  designed  for  cavity  tail-up  in  straight  and  level  flight)  will  be  subject  to 
nonlinear  forces  associated  with  afterbody  planing. 

Only  the  most  essential  aspects  of  the  unsteady  hydrodynamics  have  been  modeled.  Self¬ 
pulsation  of  the  cavity  has  been  ignored,  but  changes  in  cavity  shape  due  to  cavitator  motion  have 
been  taken  into  account  via  a  convolution  scheme.  The  fin  forces  are  evaluated  at  each  time  step 
via  a  look-up  algorithm.  Thus,  the  three  basic  cavitating  fin  flow  regimes  (base-  and  partially 
cavitating  and  supercavitating)  contribute  to  the  unsteady  fin  forces,  but  various  higher-order 
hydrodynamic  effects  in  the  evolution  of  the  fin  cavity  are  not  modeled.  Most  importantly, 
hydrodynamic  added  mass  effects  have  been  ignored. 

Secondary  flows  -  notably,  those  due  to  the  fins  and  to  afterbody  planing  -  have  been  ignored 
in  the  current  effort,  although  the  theory  used  to  estimate  the  afterbody  planing  forces  accounts  for 
the  lowest-order  effect  of  the  spray  jet. 

In  the  nominal  condition  of  straight  and  level  flight,  the  supercavitating  vehicle  configurations 
of  interest  in  these  lecture  notes  are  supported  in  the  vertical  direction  by  a  lift  force  acting  on  the 
cavitator  and  by  a  combination  of  planing  and  lift  on  the  fins  near  the  after  end  of  the  vehicle.  The 
optimal  support  by  afterbody  planing  forces  has  not  yet  been  determined  with  certainty,  although 
the  results  presented  below  are  enlightening.  This  secondary  function  of  the  cavitator  as  a  lifting 
surface  is  essential  to  operation  of  a  supercavitating  vehicle.  Since  virtually  no  lift  is  provided  by 
the  gas-enveloped  hull,  the  vehicle  weight  must  be  supported  by  the  control  surfaces  both  forward 
and  aft  of  the  mass  center.  It  is  natural  to  provide  the  forward  lift  vector  by  orienting  the  cavitator 
at  an  appropriate  angle  of  attack.  Moreover,  accounting  for  changes  in  vehicle  mass  and  mass 
center  as  fuel  is  consumed,  and  maintaining  optimal  vehicle  orientation  with  respect  to  the  cavity 
during  a  maneuver,  require  that  this  trim  angle  be  variable  and  controlled. 

The  forces  acting  on  the  fins  were  predicted  using  a  fully  three-dimensional  boundary-element 
method  of  the  type  described  above,  supplemented  with  a  viscous  drag  correction. 

Afterbody  forces  in  the  case  where  planing  on  the  cavity  surface  occurs  were  computed  using 
an  extension  of  Wagner  planing  theory  developed  by  Logvinovich  (for  example,  1980),  The  cavity 
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in  way  of  the  planing  region  is  approximated  as  a  cylindrical  free  surface.  The  pressure  force 
normal  to  the  inclined  longitudinal  axis  of  the  cylindrical  hull  is  given  by 


Fi,=n  p  sin  «(,  cos 


(5,8) 


where:  rt,  is  the  hull  radius  (assumed  to  be  constant  over  the  planing  region);  Fc ,  ab ,  and  A  are 
(respectively)  the  cavity  radius,  the  angle  of  attack  between  the  longitudinal  axes  of  the  body  and 
the  cavity,  and  the  difference  between  the  cavity  and  hull  radii  (all  averaged  along  the  planing 
region);  and  is  the  immersion  depth  at  the  transom  measured  normal  to  the  cavity  centerline. 
Similarly,  the  moment  of  pressure  forces  about  the  transom  can  be  expressed  as 


Mq=71  p  cos^ 


-  ^  ^ 
U5 - 

f\y  +  2/?0  ^  +  A 


(5.9) 


A  viscous  drag  correction  was  applied  for  the  current  investigation.  Forces  on  the  blast  tube  were 
neglected,  since  the  fluid  outside  the  time-averaged  cavity  boundary  in  that  region  is  characterized 
by  a  significant  void  fraction,  so  that  the  overall  planing  forces  acting  on  the  reduced  sectional  area 
are  expected  to  be  rather  small. 


5.2  Candidate  Vehicle  Configuration 

Several  design  issues  must  be  addressed  to  completely  understand  the  dynamics  and  control  of 
supercavitating  vehicles.  One  concern  is  the  optimal  allocation  of  fin  lift  relative  to  planing  force 
to  support  the  vehicle  afterbody.  A  related  question  is  the  need  for  fin  support:  if  stable  flight  can 
be  maintained  with  the  afterbody  completely  supported  by  the  planing  force,  the  elevators  and  their 
attendant  drag  and  complexity  become  unnecessary. 

Simulation  was  conducted  on  a  vehicle  with  the  following  characteristics:  4.0  m  in  length, 
0,2  m  in  diameter,  and  with  a  cavitator  diameter  of  0.07  m.  The  fins  were  located  3,5  m  aft  of  the 
cavitator,  and  were  swept  back  15®.  Although  the  mass  properties  of  the  vehicle  will  change  as  the 
rocket  and  ventilation  fUels  are  consumed,  they  were  assumed  constant  for  purposes  of  the  current 
analysis.  A  cruciform  fin  arrangement  has  been  assumed:  A  pair  of  horizontal  elevators  provide 
some  component  of  steady  lift  to  support  the  afterbody  and  would  be  important  to  depth  changes, 
while  a  pair  of  vertical  rudders  stabilize  the  vehicle  in  roll,  but  are  otherwise  deflected  only  during 
maneuvers. 

As  is  discussed  in  Kirschner  (2001),  under  certain  conditions,  a  banked  maneuvering  strategy 
might  be  advantageous  for  a  self-propelled  supercavitating  vehicle.  This  strategy  was  adopted  for 
the  investigation  described  herein. 


5.3  Simulation  of  Underwater  Flight 

The  current  investigation  focused  on  the  simplified  system  of  Figure  22,  for  which  high  frequency 
hydrodynamic  noise  excitation  and  other  noise  sources  have  been  ignored.  Moreover,  it  is  assumed 
that  knowledge  of  the  system  state  is  accurate,  eliminating  the  requirement  for  a  state  estimator. 
However,  the  nonlinearity  of  the  vehicle-cavity  system  has  been  retained.  Nonlinearity  enters  the 
system  via  the  vehicle,  fin,  and  cavity  behavior,  due  both  to  the  nonlinear  force  coefficients  and  to 
memory  effects  associated  with  cavity  evolution.  Control  has  been  implemented  via  a  linear- 
quadratic  regulator  (LQR).  Cavity  memory  effects  and  the  discontinuities  in  the  force  coefficients 
require  incorporation  of  the  feedforward  model  (discussed  below)  to  maintain  acceptable  system 
performance. 

For  the  simplified  system,  the  input  to  the  regulator  is  the  error  vector,  x  =  x^-y ,  computed 
as  the  difference  between  the  commanded  state  vector,  x^,  and  the  corresponding  actual  state 
vector,  y ,  Both  the  actual  and  commanded  state  vectors  have  the  form 

I  X  y  z  (I)  0  y/ 

<  ^  displacements 

[surge  sway  heave  roll  pitch  yaw 


u  V  w  p  q  r 

rates  ^ 

surge  sway  heave  roll  pitch  yaw 
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However,  several  of  these  states  might  not  be  measured  on  a  vehicle.  Thus,  for  the  simulations 
discussed  below,  several  of  the  state  variables  were  eliminated  from  the  system.  Typically,  a  7- 
state  system  was  investigated,  assuming  that  both  rates  and  displacements  in  roll,  pitch,  and  yaw 
are  available  from  an  inertial  measurement  unit  and  that  some  measurement  of  vehicle  depth,  z , 
can  be  obtained. 

A  classical  regulator  would  provide  a  control  vector,  u ,  directly  to  the  hydrodynamic  control 
effectors  (in  this  case,  the  fins  and  the  cavitator): 

U\  U2  W3  U4  W5 

starboard  lower  port  upper  cavitator 

However,  the  control  vector  of  interest  involves  both  the  feedback  output  from  the  LQR,  u\y ,  and 
output  from  the  feedforward  model,  Uf  : 


(5,10) 


U  =  U\y  +Uf 

(5,11) 

Prior  to  flight  simulation  of  a  supercavitating  body,  the  thrust  and  nominal  speed  are  specified. 
Values  of  the  state  and  control  vectors  are  then  determined  for  four  basic  flow  conditions: 

•  Two  trim  conditions:  fin-supported  with  pitch  equal  to  zero,  and  planing-supported  with  fin 
deflection  (relative  to  the  vehicle  axis)  equal  to  zero;  and,  for  each  trim  condition, 

•  Two  maneuvering  conditions:  straight  and  level  flight,  and  level  turning  at  a  specified  constant 
turn  rate. 

Determination  of  these  equilibrium  conditions  involves  a  nonlinear  root  search.  In  consideration  of 
the  discontinuity  that  can  occur  at  the  angle  where  planing  first  occurs,  a  Nelder-Mead  scheme  has 
been  adopted. 

The  feedforward  model  investigated  in  this  effort  is  specialized  for  supercavitating  vehicle 
dynamics,  A  scheme  has  been  selected  for  which  the  system  is  regulated  about  one  of  four  distinct 
fixed  points.  The  point  selected  depends  on  the  user-specified  operating  condition.  The  first  two 
fixed  points  are  defined  by  the  nominal  condition  of  straight-line  flight  for  either  fin  or  planing 
support  of  the  afterbody.  The  other  two  are  similar,  except  that  they  are  selected  as  equilibrium 
conditions  for  steady  turning  in  the  horizontal  plane.  Thus  the  output  from  the  feedforward  model  is 

u  j  fin  supported,  zero  pitch,  straight  flight 
u  planing,  zero  fin  deflection,  straight  flight 

«f  e  < 

fin  supported,  banking  pitch,  turn  rate  atum  (5  12) 

planing,  zero  fin  deflection,  turn  rate  aturn 


and  feedback  control  is  optimized  to  regulate  motion  about  one  of  these  equilibrium  conditions  as 
the  vehicle  traverses  its  commanded  trajectory. 

The  nonlinear  equation  of  motion  involves  not  only  the  present  state,  but  also  the  history  of 
cavitator  motion,  c{t) : 

X  =  f{x,c{t-T\u) 

y  =  gix) 

where  r  represents  the  delay  between  motion  at  the  cavitator  and  action  along  the  afterbody.  For 
each  flow  condition,  5’ ,  the  state-space  model  for  the  simplified  system  is  defined  in  the  usual 
manner  as: 


X  =  A.X  +  B^U  r  T 

j;  =  C^a:  +  D5H 


(5.13) 


The  Jacobian  matrices  are  computed  numerically  prior  to  flight  simulation  as  (for  example) 


(5.14) 


where  the  indices  i  and  j  vary  from  1  through  12  for  the  complete  state  vector  and  from  1  through 
5  for  the  control  vector  in  each  flow  condition.  For  the  simplified  system,  the  Jacobian  matrices  in 
the  second  of  equations  5,13  are  simply 

C,  =1.-€{1,-,4} 


(5.15) 
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(the  identity  matrix),  and 

D,  =0  SG 

.  (5,16) 

Regulation  for  the  general  LQR  is  measured  by  the  quadratic  performance  criterion 

j{u)=  J  u:^Qa:  +  2jc^Nw|5 

/=0  ,  (5,17) 

where  the  user-specified  weighting  matrices,  Q ,  N ,  and  R ,  define  the  trade-off  between 
regulation  performance  and  control  effort.  For  the  current  investigation,  the  cross-weighting 
matrix  N  was  taken  as  zero,  as  were  all  off-diagonal  elements  of  the  state  and  control  weighting 
matrices,  Q  and  R.  A  MATLAB®  Control  System  Toolbox  routine  is  used  to  determine  the  gain 
matrices,  K^,  that  minimize  the  cost  function,  J(w),  for  use  in  the  state  feedforward- feedback 
control  law  (MATH  WORKS,  1998)  for  each  of  the  4  fixed  points  considered.  The  control  law  is 
then  expressed  as: 

w  =  -  K  o  jc  sG  a} 

(5,18) 

A  substantial  effort  was  devoted  to  testing  various  combinations  of  the  weighting  matrices  Q  and 
R  to  achieve  acceptable  performance,  although  a  more  systematic  and  rigorous  effort  is  warranted. 
The  weighting  and  gain  matrices  are  all  computed  prior  to  flight  simulation, 

A  4^^-order  Runge-Kutta  scheme  was  used  to  integrate  the  equations  of  motion  in  time.  At 
each  time  step  the  cavity  geometry  is  updated  to  account  for  the  motion  of  the  cavitator.  The  forces 
acting  on  the  cavitator,  fins,  and  afterbody  are  then  updated,  and  vehicle  accelerations  in  each  of 
the  6  degrees  of  freedom  are  computed.  The  state  and  error  vectors  are  updated.  The  control 
vector  is  then  updated  using  the  gain  matrix  appropriate  to  the  specified  desired  operational 
condition  and  the  control  equation  is  applied, 

5.4  Selected  Results  -  Simulations 

For  all  cases  discussed  below,  the  operating  speed  and  cavitation  number  were  75  m/s  and  0,03, 
respectively. 

Figure  23  shows  the  total  lift  margin  (the  difference  between  the  total  lift  and  the  vehicle 
weight)  as  a  function  of  vehicle  pitch  and  elevator  deflection  angle.  The  cavitator  angle  for  each 
curve  was  selected  to  provide  equilibrium  for  a  pitch  angle  of  zero.  Equilibrium  is  achieved  in  the 
fin-supported  case  at  elevator  deflection  angles  between  approximately  0,30^  and  0,55®;  below 
elevator  deflection  angles  or  approximately  0,30®  the  afterbody  is  primarily  supported  by  planing 
forces.  Note  the  discontinuity  in  lift  curve  slope  when  afterbody  planing  first  occurs  (at  a  pitch 
angle  of  approximately  0,23®);  this  represents  a  tremendous  increase  in  the  effective  system  stiffness 
and  the  characteristic  response  frequencies.  The  small  fin  deflections  required  to  produce  a 
substantial  change  in  the  forces  acting  on  the  body  might  present  an  additional  challenge  for  control. 

The  open-  and  closed-loop  eigenvalues  of  the  system,  linearized  about  the  fixed  points 
associated  with  the  fin  and  planing  supported  cases  for  straight-line  flight,  are  shown  in  Figure  24, 
For  both  types  of  afterbody  support,  the  uncontrolled  system  has  one  unstable  mode.  Preliminary 
analysis  suggests  that  this  is  a  corkscrew  motion  associated  with  cavity  tail-up  under  the  influence 
of  gravity:  roll  and  sway  are  unstably  coupled  due  to  asymmetry  in  the  fin  immersion  as  the  body 
rolls  about  its  long  axis,  which  is  eccentrically  located  with  respect  to  the  line  of  cavity  centers  in 
way  of  the  fins.  This  effect  can  be  eliminated  in  the  controlled  system,  provided  some 
measurement  of  depth  is  available;  if  not,  the  unstable  mode  is  present  even  for  the  controlled 
system.  As  expected,  the  most  important  remaining  difference  between  the  controlled  and 
uncontrolled  systems  is  a  significant  increase  in  the  damping  of  each  mode  in  the  controlled  case. 
Similarly,  the  primary  difference  between  the  fin  and  planing  supported  cases  is  a  significant 
increase  in  the  frequency  of  the  oscillatory  modes  in  the  planing  supported  case.  In  all  cases, 
several  lightly  damped  modes  are  present. 

The  vehicle  motion  predicted  by  time-domain  simulation  of  free  decay  in  pitch  for  the  fin- 
supported  case  in  straight  and  level  flight  is  presented  in  Figure  25,  Two  types  of  behavior  are 
presented:  essentially  linear  behavior  associated  with  a  small  initial  pitch  rate  perturbation  of  l®/s, 
and  the  clearly  nonlinear  behavior  due  to  a  large  perturbation  of  20®/s,  In  both  cases,  control  is 
required  to  recover  from  the  perturbation  and  return  to  the  original  depth.  More  interestingly,  the 
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linear  behavior  is  non-oscillatory  for  both  the  controlled  and  uncontrolled  cases,  whereas,  in  the 
nonlinear  case,  the  perturbation  initiates  a  rather  violent  pitch  oscillation  at  a  frequency  of 
approximately  9.5  Hz  that  is  modulated  by  a  second,  gentler,  higher-frequency  oscillation.  The 
shapes  of  the  peaks  and  troughs  indicate  that  the  vehicle  is  skipping  off  the  bottom  of  the  cavity  in 
the  nonlinear  case. 

Simulation  of  vehicle  motion  in  steady,  planing-supported,  straight  and  level  flight  predicts 
behavior  such  as  that  shown  in  Figure  26.  It  can  be  seen  that  pitch  increases  with  time,  but  that  a  7- 
state  controller  both  eliminates  the  tendency  of  the  vehicle  to  dive  and  reduces  the  violent  tail-slap 
behavior.  The  frequencies  characterizing  the  two  types  of  response  are  markedly  different:  the 
uncontrolled  case  is  dominated  by  a  relatively  long-period  skipping  mode,  whereas  control 
eliminates  this  mode,  leaving  the  higher  modulating  frequency.  The  planing  force  history  indicates 
that  skipping  occurs  in  both  cases  -  apparently  the  controlled  response  during  the  planing  portion 
of  the  cycle  is  sufficient  to  mitigate  the  unsteady  cavity  behavior  in  such  a  manner  that  the 
afterbody  excursions  are  not  so  extreme. 

5.5  Summary  -  Simulation 

This  section  presented  strategies  for  the  control  of  the  highly  coupled  nonlinear  system 
comprising  a  supercavitating  vehicle.  A  simple  hydrodynamic  model  was  implemented  for 
simulating  the  behavior  of  such  a  system.  In  consideration  of  the  nature  of  the  forces  acting  on  a 
gas-enveloped  body,  and  in  order  to  maintain  mechanical  simplicity  of  the  cavitator,  a  banked 
maneuvering  strategy  was  investigated.  Results  of  dynamical  simulation  for  a  specific  vehicle 
were  presented  both  for  uncontrolled  flight  and  with  LQR-based  feedforward- feedback  control. 

The  system  behavior  is  dominated  by  the  distinct  change  in  the  nature  of  the  forces  as  the 
afterbody  moves  between  a  planing  and  a  non-planing  condition.  The  system  eigenvalues  strongly 
depend  on  the  type  of  afterbody  support  specified  for  vehicle  operation,  but  that  (under  the 
assumptions  made  for  the  simplified  hydrodynamics  model)  a  7-state  controller  can  eliminate  the 
most  undesirable  behavior  in  either  case.  Additional  discussion,  including  description  of  the 
simulation  of  banked  maneuvers  in  steady  turns,  may  be  found  in  Kirschner,  et  al,  (2001). 
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Figure  L  Two  classes  of  supercavitating  high-speed  bodies:  (a)  Free-flying  projectiles;  (b)  Self-propelled 

vehicles 
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Figure  6.  Body-cavity  profiles  for  a  15^  cone  for  dimensionless  cavity  lengths  shown  (scaled  for  viewing). 
The  corresponding  predicted  cavitation  numbers  (decreasing  with  length)  are  0.501,  0.070,  0.038,  and 

0.017 
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Figure  7.  Predicted  drag  coefficients  versus  cavitation  number  for  a  15°  cone  at  dimensionless  cavity 
lengths  shown.  The  empirical  curve  fit  of  May  (1975)  is  based  on  results  of  experiments  by  various 

researchers. 
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Figure  8,  Predicted  cavity  diameter  versus  cavitation  number  for  a  15°  cone  at  dimensionless  cavity 
lengths  shown.  The  empirical  fit  of  May  (1975)  is  based  on  results  of  experiments  by  various  researchers. 
Solid  markers  are  based  on  the  computed  drag  coefficient;  open  markers  are  based  on  the  drag  coefficient 
given  by  the  empirical  curve  fit  of  May  (1975),  The  function  of  diameter  is  given  in  the  text  at 

equation  3,18, 
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Figure  10,  The  initial  boundary-value  problem  for  unsteady  boundary  element  simulations. 
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Figure  IL  Normal  velocity  at  start-up,  with  a  homogenous  initial  condition  for  the  cavity  potential  and 

an  assumed  initial  geometry. 


Figure  12,  The  three  regimes  of  cavitating  wedges,  fully-,  partially-  and  base  cavitating. 


Nonlinear  Solution 

Figure  13,  Sketch  demonstrating  the  difference  between  the  first  iteration  and  nonlinear  solutions, 

LScav  solves  for  the  first  iteration  solution. 
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x/R 


Figure  14,  Convergence  of  cavity  planform  a  fin  with  45^  sweepback  and  7,5^  wedge  angle  (note:  the  plot 

is  not  drawn  to  scale). 


Table  1,  Sample  LScav  results  showing  convergence  of  cavity  volume,  lift,  and  drag  coefficients  with 

number  of  panels 


#  Panels 

Volume 

Cl 

Cd 

800 

1.218 

.1032 

.0174 

1040 

1.129 

.1024 

.0174 

1300 

1.106 

.1031 

.0174 

1560 

1.104 

.1036 

.0175 

Figure  15,  Comparison  of  measured  and  computed  lift  and  drag  coefficients  (measured  data  provided  by 

D,  Stinebring,  ARL/PSU) 
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Figure  16,  Physical  problem  addressed  by  slender  body  theory. 


Axial  Distance 

Figure  1 7,  Cavity  shapes  for  different  cavitation  numbers  for  axisymmetric  supercavitating  flow  past  a 

10^  cone  in  an  incompressible  fluid. 
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Figure  18,  Predicted  Surface  Pressure  Distributions  for  Various  Cavitation  Numbers  for  Axisymmetric 
Supercavitating  Flow  Past  a  1  O'"  Cone  in  an  Incompressible  Fluid 


Cavitation  NuniDer 


Figure  19,  Cavity  Maximum  Radius  Versus  Cavitation  Number  for  Axisymmetric  Supercavitating  Flow 

Past  a  10°  Cone  in  an  Incompressible  Fluid 
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Z 


Figure  20,  Nomenclature 


Figure  21,  Cavity  behavior  in  an  extreme  turn 


ACTUAL 

TRAJECTORY, 


Figure  22,  Simplified  dynamical  systems  model  of  a  supercavitating  vehicle. 
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PITCH  (°) 


Figure  23,  Lift  margin  as  a  function  of  pitch  and  elevator  angles. 


Figure  24,  Open-  and  closed-loop  eigenvalues  for  two  modes  of  afterbody  support. 


Figure  26,  Planing-supported  straight  and  level  flight  with  an  initial  pitch  rate  perturbation  of  0,01Vs 

with  7-state  control. 
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Review  of  Theoretical  Approaches  to 
Nonlinear  Supercavitating  Flows 
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**  Department  of  Ship  Theory 
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Summary:  The  purpose  of  the  paper  is  to  present  a  brief  review  of  basic  theoretical  approaches  to  two- 
dimensional  (2D)  nonlinear  supercavitating  flows  in  the  framework  of  theory  of  jets  in  an  ideal  fluid.  In  this 
connection  discussed  are  Kirchhoff  and  Zhukovsky  methods,  Chaplygin  method  of  “singular  points”,  method 
of  integral  equation,  etc.  A  simple  model  problem  of  a  supercavitating  (SC)  flat  plate  at  zero  cavitation 
number  a  =  0  is  chosen  to  illustrate  the  core  of  the  methods  and  their  comparative  effectiveness.  Some 
mathematical  aspects  of  open  and  closed  cavity  closure  schemes  are  studied  as  well  with  use  of  Chaplygin 
method  applied  to  a  SC  plate  with  a  spoiler  at  nonzero  cavitation  number.  An  influence  is  demonstrated  of  free 
and  solid  boundaries  onto  the  cavity  volume  and  hydrodynamic  characteristics  of  the  plate.  Matheinatica  4.0 
software  is  used  as  a  main  tool  for  the  flow  pattern  visualization  of  the  problems  under  consideration.  An 
analytical  exact  solution  is  presented  to  the  2D  nonlinear  flow  problem  of  an  arbitrary  supercavitating  foil  and 
numerical  results  are  discussed. 

1.  Basic  assumptions  of  theory  of  jets  in  an  ideal  fluid 

Theory  of  jets  in  an  ideal  fluid  is  appeared  to  be  one  of  the  best- studied  flelds  of  theoretical  hydrodynamics 
dealing  with  flows  conflned  by  free  and  solid  boundaries,  the  pressure  constancy  condition  being  satisfled  on 
the  former.  H.  Helmholtz  [8]  and  G.  Kirchhoff  [12]  were  the  first  to  formulate  and  solve  some  relatively  simple 
problems  of  the  theory  of  jets.  Nowadays  one  can  find  brilliant  surveys  of  the  advances  and  development  in  the 
theory  in  books  by  Birkhoff  &  Zarantanello  [1] ,  Gilbarg  [5]  and  Gurevich  [7]  (see  also  English  translation  of  the 
book  [6]).  The  works  by  Tulin  [23],  Terentev  [21]  and  Maklakov  [16]  should  also  be  distinguished. 

As  it  follows  from  the  name  of  the  theory  itself,  we  suppose  a  fluid  to  be  an  ideal  one.  For  simplicity  we  neglect 
the  gravity  influence  and  specify  that  the  flow  be  2D,  steady  and  incompressible.  The  flow  has  a  velocity 
potential  (p  if 

V  =  grad  p  , 

where  v  =  Vx  +  iVy  is  the  total  velocity  vector  in  the  flow.  The  harmonic  function  p{x.  y)  is  the  real  part  of  an 
analytical  function  of  complex  potential  (or  characteristic  function)  w{z)  =  p  iV;,  where  z  ^  x  +  ly  and  (j;,  y) 
denote  axes  of  rectangular  Cartesian  coordinate  system.  The  imaginary  part  of  w  is  called  stream  function  ^i/;, 
the  velocity  vector  being  given  by 

dp  0^)  dp  d^) 

dx  dy  ’  dy  dx 

E unction  '4^  has  a  constant  value  on  each  separate  streamline  including  free  surfaces  while  p  increases  along  a 
streamline  in  downstream  direction.  A  so  called  conjugate  velocity  can  be  introduced  as  follows 

dw  . 

-—^y^Piy—yQ  ,  (^1) 

dz 

which  is  a  mirror  image  of  velocity  vector  v  with  respect  to  ^^-axis.  In  formula  (1)  v  denotes  absolute  value  of 
the  vector  v  and  0  is  an  angle  made  by  the  vector  to  j;-axis. 

As  a  result,  a  problem  in  question  is  considered  to  be  solved  when  the  complex  potential  function  w{z)  =  w{x4-iy) 
is  found.  As  is  customary,  on  all  the  solid  boundaries  of  a  given  topography  the  kinematic  (flow  tangency) 
condition  is  applied,  which  requires  the  fluid  flow  to  be  tangent  to  the  surface  of  the  boundary,  that  is  derivative 
of  p  with  respect  to  normal  vector  n  be  equal  to  zero.  On  the  other  hand  the  free  streamline  condition  of 
constant  speed  is  satisfled  on  all  the  free  surfaces.  The  main  difficulty  of  such  free  surface  flow  problems  is 
connected  to  nonlinearity  of  the  boundary  conditions  which  are,  moreover,  to  be  satisfled  on  the  surfaces  of 
unknown  geometry. 


Paper  presented  at  the  RTOAVT  Lecture  Series  on  ‘'Supercavitating  Flows  ”,  held  at  the  von  Kdrmdn 
Institute  (VKI)  in  Brussels,  Belgium,  12-16  February  2001,  and  published  in  RTO  EN-010. 
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2.  Model  problem  —  cavitating  plate  at  zero  cavitation  number 

Consider  a  2D  cavitating  flat  plate  in  a  uniform  flow  with  velocity  absolute  value  at  inflnity  Voo  and  angle  of 
attack  a,  see  flgure  1.  The  origin  of  the  Cartesian  coordinate  system  is  taken  at  the  plate’s  trailing  edge,  j;-axis 
being  directed  downstream  and  y  upwards.  There  is  an  incident  stream  with  speed  Coo  coming  from  the  left. 
The  region  occupied  by  the  fluid  is  bounded  by  the  plate  [AB]  and  by  two  semi-inflnite  free  surfaces  {AC)  and 


Figure  1:  Flow  pattern  for  the  cavitating  flat  plate  at  zero  cavitation  number. 
Assume  the  velocity  on  the  streamlines  f;o  to  be  equal  to  and  therefore  the  cavitation  number 

0, 


Vo 


■Po 


P’4/2 

where  Po^  and  po  denote  the  pressure  at  inflnity  and  within  the  cavity  correspondingly.  It  readily  follows  from 
the  Bernoulli  equation  for  an  upstream  reference  point  and  free  surface-boundary  point 


1 


1 


Po  +  =  Poo  +  . 

We  render  all  the  parameters  of  the  problem  nondirnensional  by  a  suitable  choice  of  scale  so  that  Cq 
plate  length  equals  to  unit  I  =  L 


1  and 


2.1.  Kirchhoff  method 

To  solve  the  problem  under  consideration,  it  is  convenient  to  determine  the  function 

dz 

((w)  = 


(2) 


rather  than  the  complex  potential  w(z)  =  p  +  vt/^  itself.  Indeed,  if  function  ((w)  is  found  then  z(w)  is  easily 
deflned  as 


-f 

Voo  J 


Vpodz 

dw 


dw 


j 


Cdw . 


(3) 


Note  that  it’s  often  no  sense  in  reversing  function  z{w)  to  And  w{z).  all  the  more  so  that  the  operation  is  rather 
cumbersome. 

So  the  erux  of  the  problem  is  to  determine  w  and  C  as  functions  of  the  same  single  variable  so  that  equation  (3) 
can  be  integrated.  Since  function  C('^)  deflnes  a  conformal  mapping  of  uz-plane  onto  the  ^-plane,  one  has  to 
determine  these  regions  and  map  one  to  another. 

If  one  choses  the  stream  function  to  have  the  value  zero  on  the  dividing  streamline  {CO AC)  and  {COBC)  and 
since  all  the  streamlines  are  by  deflnition  lines  of  constant  and  therefore  become  lines  parallel  to  the  p-axis, 
then  the  u;-plane  has  the  form  shown  in  flgure  2.  The  plate-cavity  combination  appears  as  a  semi-inflnite  slit 
in  this  plane.  The  velocity  potential  (p  at  the  edges  of  the  plate  (points  A  and  B)  has  the  values  (pA  and  (ps- 
It  is  easy  to  see  that 

c=— e'^ 

'V 
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O _ B _ c 

0  A  C  ^ 

F'igure  2:  The  complex  velocity  potential  w. 


On  [OA\  one  has  ^  —  o;  and  t)oQ/v  ratio  varies  from  infinity  at  point  O  to  unit  value  at  point  A.  On  the 

(-plane  interval  [OA\  corresponds  to  a  semi-infinite  line  inclined  at  angle  —a  to  the  positive  direction  of  j;-axis 
and  starting  from  the  point  A  symmetrical  line  inclined  at  angle  tt  —  a  and  starting  from  the  point 

Cb  =  corresponds  to  another  part  of  the  plate  [BO].  Angle  0  varies  from  —a  to  zero  and  ratio  Voo/v  =  1 

on  streamline  {AC).  Further  on,  on  streamline  {CA)  angle  9  increases  from  zero  to  tt  —  a  and  ^)oo/v  remains 
the  same.  Thus  free  surface  on  the  a^-plane  becomes  a  half-circle  of  unit  ra<iius  on  the  (-plane.  The  (-plane  is 
depicted  in  figure  3.  A  stagnation  point  C  on  the  a^-plane  corresponds  to  (c;  =  1. 


Figure  3:  The  (  plane. 


To  obtain  a  solution  to  the  problem  under  consideration  it  is  sufficient  to  transform  tc-plane  onto  (-plane,  both 
being  given  in  figures  2  and  3.  Such  a  problem  is  fairly  simple  and  much  easier  than  that  of  determining  harmonic 
function  ip  in  the  region  2:  with  unknown  free  boundaries.  The  substitution  of  the  complicated  boundary  value 
problem  by  a  simple  problem  of  conformal  mapping  is  the  core  of  the  Kirchhoff  method. 

The  appropriate  ty  ™  (  mapping  can  be  found  step  by  step. 

First,  one  transforms  (-plane  to  the  first  quadrant  of  the  auxiliary  r-plane,  see  figure  4,  by  conformal  mapping 


j  —  a 


c-g 
c  +  g 


(  -  e“^« 

a  - - ^  . 

(  -h  e-^« 


i  C 

AO  B 

0  a 

Figure  4:  The  r  plane. 

With  the  correspondence  between  (  and  r  planes  we  have  for  point  C 

1  —  e~^^  (X 

i  —  a - ^  ,  therefore  a  =  cot  —  . 

1+e-'"'  2 

Second,  a  new  variable  ri  =  varies  in  the  upper  semi- plane,  see  figure  5. 
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B 

-1  0 

Figure  5: 

The  Ti  plane. 

© 

C 

A 

0 

B 

C 

- 

0 

V  'fB 

i 

Figure  6:  The  t  plane. 


On  the  other  hand,  transformation  t  =  \/wl(pB  transforms  w-plane  onto  the  upper  semi-plane,  see  figure  6. 
Finally,  all  we  need  do  is  to  transform  t- plane  onto  ri -plane  by  using  formnla 

1 


which  results  in 


c-a- 


y/w  +  J  y/^  +  y/w 


(PB  -  y/w  -  J  y/(^  +  y/w 


where  radical  y/w  is  positive  on  the  interval  [OB]  and  negative  on  [OA\.  ~ 

Referring  to  figures  5  and  6,  it  is  obvious  that 


(4) 


and  a  =  cot  (a/ 2). 


2  4.2 
—  a  ^  cot 


a 
2  ’ 


while  parameter  (pA  remains  still  nnknown. 

To  determine  the  nnknown  parameter  we  have  a  condition  connected  with  plate  length,  see  figure  1: 


That  is  why  from  equation  (3)  we  find 


J  Voo  J 


Ca  f  -  \/S;  +  y  y/^  +  y/w 


«\/vW  -  Vw  -  \/vW  +  ^ 


dw . 


It  is  a  complicated  integration  bnt  it  is  seen  that 


<PB  CO 


where 


CW  =  Ca 


a  +  r 


a  —  r 

and  the  following  relation  holds: 


dw  ^ 

-^{T)  =  ^2  +  1  ;  dr/' '  “  (r2  +  1)2 


dt  ,  .  1  + 

-(r)  = 


dri 

dr 


(r)  =  2r 


=  -4Ca  — (1  +  /)  [ 
Voo  J 


2n  f  +  a) 


(r2  +  1)3 


-dr  . 
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As  a  result  one  obtains 


O  •  4  « 
2  Sin  — 


=  I  Vo 


^  .a  a  ' 
2  +  TT  Sin  —  cos  — 


(5) 


The  total  force  F  acting  on  the  cavitating  flat  plate  is  calculated  by  integration  of  pressure  distribution  coefficient 

Cp 


F  =  - 


ifnF^ 


j  Cpilz, 


(6) 


where 


is  given  by  Bernoulli  equation 


P~Poo 


P-Poc  =  ^ivl-v^) 


Taking  into  account  that  C^lw  =  Voodz  on  the  plate,  we  find 


1  - 


ICP 


F  -  - 


ipVoo 


<PA 


1 

1^ 


l-TTI?  iCdw. 


Using  the  same  technique  as  above,  we  arrive  at  the  following  expression  for  the  force  coefficient 


Cp  =  Cd  +  i  Cl  = 


F 


_  ^i(7r/2— a)  ^TT  sill  OL 

4  +  TT  sin  a 


(7) 


It  is  obvious  from  what  was  dealt  with  above  that  Kirchhoff  method  is  quite  complicated  even  for  such  a  simple 
problem  of  a  cavitating  flat  plate  at  zero  cavitation  number.  Nevertheless  it  was  the  first  to  enable  one  to  solve 
free  surfa^:e  flow  problems.  A  new  important  step  in  this  direction  was  made  by  N.  Zhukovsky  in  1890  [26].  He 
proposed  a  new  approa<4i  to  solution  of  theory  of  jets  in  an  ideal  fluid  problem,  which  was  significantly  improved 
as  compared  to  Kirchhoff  one. 


2.2.  Zhukovsky  method 

A  method  proposed  by  Zhukovsky  can  be  applied  to  the  2D  free  surface  flow  problems  with  1-connected  flow 
region  bounded  by  only  straight  solid  boundaries.  A  new  function  (so-called  Zhukovsky  function) 

dw  V 

w  =  logC=-log-—  =  -log—  +  i0  (8) 

is  introduced  instead!  of  Kirchhoff’ s  C  =  t)oodz/dw  function.  Another  improvement,  following  to  Zhukovsky 
method,  is  that  one  has  to  connect  functions  w  and  uj  through  variable  t  varying  in  the  upper  serni-plane  rather 
than  directly  determine  a  relationship  between  the  two  functions.  Being  aware  of  dependences  w{t)  and  a;(t), 
one  can  eliminate  variable  t  and  hence  get  a  Kirchhoff ’s  solution  to  the  problem.  However,  this  operation  is 
quite  aimless  because  of  the  following  relationships 


enabling  one  to  solve  the  problem. 

The  meaning  of  a  novel  approach  is  as  follows.  It  was  shown  in  the  previous  section  that  u^-plane  is  bounded 
by  horizontal  lines  =  const  which  are  images  of  streamlines  in  the  physical  z- plane.  On  the  other  hand, 
a;-plane  is  bounded  by  vertical  and  horizontal  lines  in  the  case  of  straight  solid  walls  in  z-plane.  Indeed,  such 
solid  boundaries  are  lines  of  constant  0.  that  is  imaginary  part  of  a;,  while  free  surfaces,  where  pressure  (speed) 
constancy  condition  is  satisfied,  are  lines  of  constant  real  part  of  a;.  Therefore  w  and  a;  planes  are  bounded  by 
polygonal  segments.  As  a  result,  both  tv  and  u)  domains  can  be  transformed  onto  the  upper  half  of  auxiliary 
Fplane  by  using  Schwarz-Christoffel  transformation. 
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Schwarz-Christoffel  formula  allows  one  to  transform  half-plane  t  into  inter iority  of  a  polygon  with  n  vertexes 
(n-gon)  on  the  a;-plane.  It  is  assumed  that  each  vertex  is  of  angle  <  27r,  i  =  1, . . .  ,  n  and 

n 

(Xi  =  7r(n  -  2) . 


It  this  case  the  formula  is  as  follows: 


uj^Ci 


(10) 


where  points  U  correspond  to  the  polygon  vertexes.  If  =  oc  then  term  {t  —  in  the  integrand  should 

be  excluded.  Right-hand  side  of  formula  (10)  includes  2n  +  3  unknowns,  namely,  n  real  parameters  ti, . . . 
n  ~~  1  of  n  real  parameters  i  =  1, . . . ,  n  and  four  real  parameters  in  two  complex  ones  Ci  and  C2.  An  n-gon  is 

totally  described  by  2n  coordinates  of  its  vertexes  on  a;-plane  what  generates  2n  conditions.  Therefore  one  can 
arbitrarily  chose  three  of  2n  +  3  unknown  parameters,  say  ^1,^2  and  This  fact  is  a  version  of  a  well-known 
postulate  that  any  conformal  mapping  is  determined  by  three  pre assigned  boundary  points. 

Consider  the  same  model  problem  of  cavitating  flat  plate  at  zero  cavitation  number  formulated  above. 

We  already  have  got  the  relationship  between  w  and  t  planes,  see  flgures  2  and  6: 

W  =  (pBt^-  (11) 


It  is  to  be  emphasized  that  in  a  neighborhood  of  point  t  =  0 

where  ()(t)  denotes  a  quantity  which  is  of  the  same  order  of  magnitude  as  t. 

On  streamline  {AC),  v  =  v^yo  wherefrom  log(ccx5/f^)  =  0  while  angle  0  increases  from  ~a  up  to  value  zero  and 
therefore  a;  ^  —  log(f;/coo)  +  varies  from  — ia  to  0.  On  streamline  {BC)  function  a;  varies  from  i(7r  —  a)  to 
zero.  On  the  interval  [OA]  of  the  cavitating  plate  imaginary  part  of  a;  is  a  constant:  lino;  ^  ~a  while  its  real 
part  decreases  from  inflnity  down  to  zero.  At  point  C  angle  0  varies  in  a  jurnp-like  manner  from  —a  up  to 
TT  ™  a,  see  figure  7. 


Figure  7:  The  a;  plane. 


Thus,  domain  on  a;-plane  corresponding  to  a  region  occupied  by  the  fluid  on  z-plane  is  a  triangle  OAB  with 
zero  angle  at  inflnite  point  O  and  right  angles  at  points  A  and  B.  Assume  that  to  =0,  ts  =  1  and  tc  =  oc, 
see  flgure  6,  (a  postulate  about  three  preassigned  boundary  points).  Then  Schwarz-Christoffel  formula  (10) 
reduces  to 

t 

u^{t)  =  Cl  I  — .  +  C2  ^ 

J  ts/{t-  l)(t +  0,2) 

where  a?  =  \J '4>aI'4>b  ■  At  point  B.  ix’(l)  =  i(7r  —  a),  that  is  why  C2  =  i(7r  —  a).  The  integral  above  yields 


Ljit)  =  Cl 


1  (1  -  a‘)t  +  20?  TT 

--  arcsni  — — — jw - ^  ^ 

a  [l  +  a/)t  2a 
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At  point  A,  oj{—aP)  =  —  ia,  that  is  why  Ci  =  —  ia  and,  finally, 


.  .  (1  —  a^)  t  +  2a^ 


(12) 


Using  a  relationship  between  the  arc  sine  function  and  natural  logarithm,  expression  (12)  can  be  re-written  as 

(l+a")t 


a;(t)  =  log -  , - 

ia2(i  -2)-it  +  2oV(i  -  l)(i  +  a^) 

The  system  of  two  nonlinear  conditions 


+  i(|-a)  . 


(13) 


a;(oc)  =  0;  and  zb  — 

allows  the  two  unknowns  cpA  and  cp b  to  be  derived.  The  former  gives 


while  the  latter  merit  some  additional  explanation.  Equations  (9),  (11)  and  (13)  can  be  combined  to  give 

1 


Zb 


1  f  Voodz  dw 
Voo  J  dw  dt 

-n.2 


wherefrom 


I  =  ^ 


\  •  -4 

1  H —  sm  a  sm  —  , 
\  4  /  2  ' 


what  coincides  with  expression  (5). 

The  total  force  F  acting  on  the  cavitating  fiat  plate  is  calculated  in  a  manner  of  the  previous  section 


where 


ZB 

j  Cp  dz  = 


Cp 


dz  dw  , 

- - —  dt 

dw  dt 


Cp  =  l- 


and 


dw 


J— 

v;oo 


and  give  the  same  result  just  as  above. 

Nowadays  some  modifications  of  Zhukovsky  method  (so-called  hodograph  method)  is  widely  used  and,  for 
instance,  was  applied  to  flow  domains  bounded  by  not  only  polygonal  segments  but  by  smooth  curves  as 
well  [11].  Note  that  the  first  adaptation  of  the  classical  Zhukovsky  (hodograph)  method  to  flow  past  a  body 
with  a  curved  topography  was  considered  by  Levi-Civita  [15]  and  Villat  [24]. 


2.3.  Mixed  boundary  value  problem  method 

This  method  seems  to  be  easy  to  understand  and  is  very  often  used.  The  solution  is  derived  in  two  steps. 
The  first  one  allows  us  to  find  complex  potential  w{C)  or  its  derivative  du;/dC  by  mapping  w-plane  onto  the 
preassigned  auxiliary  (^-dornain  (in  a  manner  of  Zhukovsky  method).  In  the  case  of  a  cavitating  plate,  using 
u;-plane  (depicted  in  figure  2)  and  auxiliary  ^  upper  half-plane,  see  figure  8,  we  get 


do; 


=  ivc, 


where  N  denotes  a  real  parameter  to  be  determined. 

The  second  step  is  formulation  of  a  mixed  boundary  value  problem  for  Levi-Civita  [15]  function 


(^LC  =  ilog 


do; 

^Cood^; 


^  i  iQg  -  _  ^  _j_  ^ 


(14) 


(15) 


It  is  obvious  that  Levi-Civita  function  is  a  product  of  the  imaginary  unit  —  i  and  Zhukovsky  function  (8). 
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Figure  8:  The  (  plane. 


With  the  correspondence  between  physical  2;  and  auxiliary  (  planes  the  mixed  boundary  value  problem,  see 
figure  8,  is: 

T  =  0  as  ^<—1  and  ^  >b 

{-a.  as  -  1  <  C  <  0 ; 

TT  —  a,  as  0<^<6. 

where  6  is  a  coordinate  (to  be  determined)  of  image  of  point  B  in  (^-plane. 

The  solution  to  the  mixed  boundary  value  problem  (Riemann-Hilbert  problem  [17])  is  obtained  via  formulae 
proposed  by  Keldysh  and  Sedov  [10].  The  formulae  are  extremely  useful  for  both  nonlinear  and  linearized 
cavitating  fiow  problem  and  used  also  in  many  other  fields  of  fiuid  mechanics  and  so  merit  some  additional 
explanation. 

Below  presented  are  Keldysh-Sedov  formulae  in  the  case  of  the  upper  semi-plane.  It  can  be  rea<iily  re-written 
for  another  (^-regions  like  circle,  etc. 

The  Riemann-Hilbert  problem  is  formulated  for  a  function  f{z)  =  ti{z)  +  w{z)  which  is  holomorphic  in  upper 
semi- plane  z  ^  x  +  iy,  its  real  part  ti{z)  being  given  on  a  set  of  segments  [ga:  ,  6fc],  k  =  1, . . .  ,iV  on  the  j;-ax:is 
and  its  imaginary  part  v{z)  being  given  on  the  other  portion  of  j;-axis.  Following  to  [10],  three  types  of  solution 
to  the  problem  exist: 

^  solution  unbounded  at  all  points  bk  (oc  —  oc  class): 


m 


1 

7riR{z) 


<C)R{C) 

C-z 


dC  +  i 


viQRiO 

C-z 


dC  +  Piv(x) 


(16) 


where  ai 


Uiv  +  F  Pn{^)  is  a  polynomial  of  degree  N  or  N  —  1  depending  on  behaviour  of  f{z)  at  infinity,  and 


Riz) 


N 


\|  II(«  -  ak){z  -  bk)  ; 

\  k=l 


'k  solution  bounded  at  all  points  ak  and  unbounded  at  all  bk  (0  ™  oc  class)  as  /(oc)  =  0: 

AT  AT  ®fc41 

TTi  Rh{^)  \^J  C-Z  RaiO 

where 


I  7>J  Ok  I 

=  V/^^dC  +  iV 

d' '  I  I- -z  Rjn  ^  I 


J 


B-a{z)  = 


N 


N 


\i  ’ 

\  k=l 


kr  solution  bounded  at  all  points  Uk^,  bk  (0  ™  0  class)  as  /(oc)  =  0: 

bk  Ar  Ofe  +  l 


/w=®  |:/fEi|5+-E/ 


k=l 


C  -  z  Riz) 


(17) 


(18) 


10-9 


The  latter  solution  exists  if  and  only  if  the  relationship  holds 


a/c+i 

f  viO 


jV 

^-1  bk 


(19) 


Corning  back  to  solution  of  the  model  problem,  one  has  to  use  the  latter  formula  (18)  along  with  additional 
condition  (19)  to  derive  a;Lc(C)  surfaces  detaches  smoothly  from  the  edges  of  the  plate  A  and  B  and 

therefore  velocity  absolute  value  is  finite  there.  Thus,  using  boundary  conditions,  one  arrives  at  the  expression 


u 

wlc(C)  =  -^v/(C  +  i)(C-6)  J 


9{t) 


dt 


t-c 


which  yields 


Condition  (19)  gives 


„v^-v^\/r+c 

1-6 


— a  H - h  arcsin  - 

2  1  +  6 


0, 


(20) 

(21) 


or  6  =  tan^(a/2). 

Expressions  (14)  and  (20)  give  analytical  solution  to  the  problem.  Conformal  mapping  is 


^(C)  =  /  ^  exp(ia;Lc(C))  dC  • 


Condition  zb  ^  z{b)  ^  enables  one  to  find  unknown  parameter  N  in  the  form 

8 1  Vo 


N  = 


4  « 

COS  — . 

4  +  TT  sm  a  2 


Taking  into  account  that  (ps  ^  w{b)  =  Nh^  f  2,  one  obtains  the  relationship  coinciding  with  (5). 

Note  that  the  method  of  mixed  boundary  value  problem  is  effectively  applicable  to  free  streamline  problems 
with  curved  topography  of  an  obstacle.  Actually  in  this  case  just  0{z)  is  given  and  function  0{C)  =  Rea;Lc  is 
unknown  on  ^-axis  because  it  is  not  a  constant  and  the  relationship  z{C)  is  yet  to  be  found.  A  special  integral 
equation  is  formulated  is  a  manner  presented  below  in  section  5. 


2.4.  Chaplygin  method  of  singular  points. 

Chaplygin  method  of  singular  points  based  on  the  idea  of  determining  of  a  holornorphic  function  in  ffow  domain 
and  therefore  in  auxiliary  complex  plane,  the  function’s  zeros  and  poles  being  known  and  Liuville’s  theorem 
applied.  The  theorem  guarantees  uniqueness  of  a  solution  obtained.  The  auxiliary  region,  being  the  image  of 
the  fiow  region,  is  chosen  to  be  bounded  by  straight  lines,  segments  and  circular  arcs  so  that  one  could  cover 
all  the  auxiliary  complex  plane  by  mirror  images  of  the  initial  domain  of  auxiliary  variable  range.  Quadrants, 
rectangles,  disk  sectors,  etc.  are  usually  used  as  such  ranges  depending  on  special  features  of  a  problem  under 
consideration. 

To  get  the  desired  solution  to  the  problem,  one  has  to  determine  two  analytical  functions,  namely  derivatives 
of  the  complex  potential  with  respect  of  physical  z  and  auxiliary  ti  variables  as  functions  of  ti: 

dw ,  .  1  /  \  du;  V 

—  («)  and  xiu)  =  ^  =  —e  . 

KXil  UoqKXAj  (/qo 

Conformal  mapping  which  transform  fiow  region  into  an  auxiliary  one,  then,  is 

dz  do; 


do;  da 


du . 
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Chaplygin  practically  introduced  some  basic  postulates  (though  he  had  never  published  them)  which  of  consid¬ 
erable  assistance  while  finding  a  derivative  of  u;.  If  w{ti)  transforms  u;-region  into  w-region  then: 

•  a  third-order  pole  of  function  dw/dti  corresponds  to  a  jet  of  infinite  width; 

•  a  second-order  pole  of  function  dw/du  corresponds  to  a  jet  of  semi-infinite  width  (that  is,  jet  bounded  by  a 
free  or  rigid  surface).  Such  a  semi- infinite  jet  is  called  “ocean”  in  [1]; 

•  a  first  order  pole  of  function  dw/du  corresponds  to  a  jet  of  a  finite  width; 

•  in  points  of  auxiliary  w-plane  corresponding  to  a  vertex  of  solid  wall  bounding  fiow  region,  function  x(w)  has 
an  exponential  zero  or  singularity  depending  on  angle  of  the  vertex; 

•  function  dw/dti  has  a  zero,  more  precisely  behaves  like  0{t  —  to),  in  point  to  corresponding  to  a  point  on 
physical  2:-plane  where  a  streamline  divides.  It  can  be  a  stagnation  point  or  leading  edge  of  stagnation  zone, 
etc/, 

•  conformality  condition  for  derivative  of  complex  potential  dtv/du  often  does  not  satisfied  at  points  where  free 
streamlines  spring  from  the  body  (jet  detachment  points).  To  avoid  this,  one  has  to  chose  a  form  of  auxiliary 
a-region  so  that  its  boundary  in  points  corresponding  to  jet  detachment  points  makes  right  angles. 

•  function  dw/du  has  a  zero  or  pole  (depending  on  specific  features  of  the  problem)  in  points  where  conformality 
condition  does  not  satisfied  for  w  —  ti  transformation. 

Now  apply  the  method  of  singular  point  to  the  model  problem  considered  above  with  Kirchhoff  and  Zhukovsky 
methods,  see  figure  1.  The  first  quadrant  of  auxiliary  w-plane  is  chosen  as  a  region  to  be  transformed  into  the 
fiow  domain,  see  figure  9.  As  is  customary,  the  coordinates  of  three  points  O,  B  and  C  on  the  boundary  of 
the  first  quadrant  of  a-plane  are  chosen  arbitrarily  and  location  of  point  A  is  to  be  found.  Actually  the  figure 
coincides  with  figure  4  for  r- plane  used  in  section  ‘Kirchhoff  method’. 


Figure  9:  The  auxiliary  a- plane. 

Following  to  the  main  postulate  of  Chaplygin  method,  find  both  derivatives  of  w  with  respect  of  z  and  u  as 
functions  of  ^  +  ir;. 

Function  x{'^)  =  Aw / {t)oo^\z)  is  a  bounded  function  in  the  flow  region.  It  becomes  zero  in  just  one  stagnation 
point  O,  where  u  =  a.  On  the  plate  [AOB]  corresponding  to  real  ^-axis  of  ti 

f  a  ,  as  0  <  u  <  a  ; 
argx(u)  =  -0(w)  =  < 

I  a  ™  TT ,  as  a  <  a  <  OG , 

while  on  free  streamlines  {AC)  and  {BC)  (imaginary  r;-axis  of  a),  |x('^')l  =  1-  fo  Aie  Schwarz  principle 
of  symmetry,  all  the  zeros  of  becomes  zeros  in  corresponding  mirror  points  with  respect  to  the  imaginary 
axis  and  poles  in  corresponding  mirror  points  with  respect  to  the  real  axis.  That  is  why,  being  continued  onto 
the  whole  w -plane,  function  x{'^^')  a  zero  at  point  ti  =  a  and  a  pole  in  ti  =  ^a.  Then  the  following  ratio 


is  a  bounded  and  holomorphic  function  everywhere  including  infinite  point  and  therefore  is  a  constant  due  to 
Liouville  theorem.  Thus 


—  =  Ni  - — ^  , 

Voo  u  +  a 


where  Ni  is  a  constant  defined  by  condition  x(0)  =  which  yields  Ni 


ei(a-7r)  finally 


x(«) 


do; 

Voodz 


'V  e 


~id 


gi(a-7r) 


u  —  a 
u  +  a 


(22) 
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Derivative  i\w/i\u  has  a  third- order  pole  at  infinite  point  C,  where  u  =  i,  and  zeros  at  stagnation  point  O 
{u  =  a)  and  at  point  A  {u  =  0)  where  conformality  condition  does  not  satisfied.  There  is  no  other  pole  or  zero 
in  the  first  quadrant  of  w -plane  for  i\w/i\u.  On  continuation  of  the  function  into  the  whole  w -plane  by  mirror 
mapping  of  the  first  quadrant  with  respect  to  real  and  imaginary  axes  of  u  (where  =  Im  w  =  const)  we  get 
additional  third-order  pole  at  point  u  =  —  i  and  zero  at  point  u  =  —  a.  Just  as  above,  the  ratio 

fui(u?  —  a?)  /  i\w\ 

\  ('if/2  -1-1)3  j  J 


is  a  bounded  and  holornorphic  function  everywhere  including  infinite  point  and  therefore  is  a  constant  due  to 
Liouville  theorem.  Therefore 


dw  ^  —  a^) 

&ii  -1-1)3 


(23) 


where  JV  is  a  real  constant. 

Two  expressions  (22)  and  (23)  allows  one  to  solve  the  problem  under  consideration  which  has  two  unknown  pa¬ 
rameters  a  and  N.  With  the  correspondence  between  a^-plane  and  u- plane,  the  conformal  mapping  transforming 
latter  into  former  is  as  follows 


,  .  f  dz  dw  ,  N  , 

zhi)  =  /  - - —  &a  =  — e 

J  dw  mi  Vt 


'll 

l(7r  — q;) 


u  (u  +  a)^ 

(U2  +  1)'^ 


da . 


Note  that  (23)  and  (24)  can  be  readily  integrated  to  give 

w{u)  = 


4(1 +a^)  \  +  1 


2  2x2 

u/  -  a. 


(24) 


(25) 


,  ^  N  ^  ,  u{u^+a{u^-  l)+aMu^  +  ‘i)) 

zhi)  =  - - eA  A  a  arctanu  H - 7- - - 

4Woo  V  (1+m2)2 


Two  conditions 


x(i)  =  1 ,  and  zb  =  2;(oc)  = 
generate  the  following  nonlinear  system  in  two  unknowns 


=  1; 


N  f  u  (u  +  a)^ 


i  +  a  ’  Voo  J  (u^  +  l) 


f 

J 


—  1 


da,  =  I  e 


which  can  be  rewritten  to  yield 


(X  .  2  16 

a  =  cot  —  :  Jy  ^  Vno  ^  sm - 

2’  ^  2  4  +  7rsina 


It  is  seen  from  (25)  that 


/  \  1  n  T  .  9  ^  1  nr  9  Ol  9  Ol 

(fB  =  w{oo)  =  I IV  Sim  -  ,  (fA^  w{0)  =  ^  IV  cos^  -  cot^  -  , 


what  coincides  with  expression  (5). 

Taking  into  account  that  on  the  plate  [AB] 


n  1  1  I  ^  m2  1  1  d^u;d^u; 

vt,  dz  dz 


the  total  force  F  can  be  derived  (6): 


F  =  - 


ipv^ 


ZB 

/ 


Cpdz 


(26) 


(27) 


(28) 


2 
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Figure  10:  Flow  pattern  for  the  cavitating  flat  plate  at  zero  cavitation  nnmber  and  a  =  50®. 


to  give  the  force  coefficient  in  the  form 

oo  _  /  oo  oo  _ 

iff  1  dw  dw  \  dz  dw  i  I  f  dz  If  dw  dw 

“  "M  /  Hi  ■  A  i  Hi  lb 


(29) 


I 


Zb-  ZA- 


oo 

I 


dw  dw  ^ 

didi'*" 


Using  expressions  (22)  and  (23)  one  easily  obtains  coefficient  Cp.  see  (7). 


Flow  pattern  z{u)  =  x  +  iy  can  be  calculated  in  a  parametric  form  from  expression  (24)  or  (26).  The  coordinates 
of  the  stagnation  point  O  are  as  follows 


zo  =  z{a)  = 


4  +  TT  sin  a 


(tt- 


q;  +  2  cot  —  +  sin  2q;  J 


Flow  pattern  for  the  cavitating  plate  at  a  =  50®  and  zero  cavitation  nnmber  is  depicted  in  figure  10.  Stagnation 
point  O  is  shown  as  well.  Figure  11  illustrates  behaviour  of  lift  and  drag  coefficients  Cp  and  Cd  versus  angle 
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of  attack.  It  is  obvious  that  the  lift  equals  to  zero  for  a  =  0  and  7r/2.  The  corresponding  curve  attains  its 
maximum  value  Cl  ^^0.514  at  a*  39.26*^.  Hydrodynamic  fineness 

^  Cz)  +  Cf 

where  Cf  denotes  friction  coefficient  is  shown  in  figure  12  for  Cf  =  0.003  and  0.008.  The  former  curve  attains 
its  maximum  (11.237)  at  amaxi  =  2.5®  while  the  latter  one  (6.798)  at  Q;niax2  ^  4.07®. 


Figure  12:  Hydrodynamic  fineness  versus  angle  of  atta^:k  a  for  friction  coefficient  Cf  =  0.003  and  0.008. 

It  is  to  be  underlined  that  Chaplygin  method  of  singular  point  appears  to  be  the  most  effective  while  solving  2D 
nonlinear  problems  of  theory  of  jets  in  an  ideal  fluid.  It  can  be  readily  applied  to  considerably  more  complicated 
problems  than  that  discussed  above  and  gives  quite  satisfactory  results. 


3.  A  variety  of  cavity  closure  schemes 


Consider  a  flat  plate  with  attached  cavity,  the  pressure  within  the  cavity  being  p  =  po-  In  flow  region  the 
following  dynamic  condition  is  satisfied  p  >  po ,  or  using  Bernoulli  integral 

V  ^  Vo  on  the  cavity  boundary ;  v  <  vq  in  the  ambient  fluid . 


Then  the  cavitation  number  a  can  be  rewritten  as 


Poo  ^  Po 


where  vq  is  an  absolute  velocity  value  on  the  cavity  boundary.  As  a  result,  the  cavity  length  becomes  finite 
because  of  the  cavity  pressure  is  less  than  ambient,  including  that  at  infinity.  The  smaller  the  cavitation  number, 
the  larger  the  cavity  extent  and  in  a  limiting  case,  as  a  0,  the  cavitation  flow  coincides  with  a  streamline  one 
considered  above. 

The  Brillouin  paradox  [2]  is  well-known:  cavity  of  finite  length  with  closed  continuous  boundary  is  mathemati¬ 
cally  impossible.  Indeed,  if  the  upper  and  lower  parts  of  the  cavity  make  a  closed  contour  then  a  stagnation  point 
should  appear.  That  is  impossible  due  to  the  requirement  of  a  constant  absolute  velocity  value  on  the  cavity 
boundary.  That  is  why  a  set  of  cavity  closure  models  has  been  developed,  for  the  definitions  and  properties  of 
which  reference  may  be  made  to  [1,  5,  7,  23].  Each  scheme  has  its  own  advantages  and  disadvantages  from  the 
mathematical  and  physical  viewpoint  and  should  be  chosen  depending  on  specific  features  of  the  problem  at 
hand. 

The  section  contains  a  set  of  analytical  solutions  to  the  nonlinear  problem  of  a  supercavitating  flow  past 
a  flat  plate  of  chord  L  with  angle  of  attack  a  and  cavitation  number  <j  >  0,  the  cavity  closure  scheme  being 
varied.  The  schemes  considered  are  as  follows:  Tulin-Terentev  (single  spiral  vortex  termination),  Efros-Kreisel- 
Gilbarg  (re-entrant  jet  termination),  Riabouchinsky  (symmetrical  plate  termination),  Tulin  (double  spiral  vortex 
termination),  Zhukovsky-Roshko  (horizontal  plates  termination).  All  the  analytical  solution  were  derived  via 
Chaplygin  method  of  singular  points.  Numerical  results  were  obtained  in  Matheinatica  for  Windows  computer 
mathematical  environment . 
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3.1.  Tuiin^Terentev  scheme:  single  spiral  vortex  termination 

Consider  a  cavitatiiig  plate,  see  figure  13.  A  cavity  closure  scheme  involving  single  spiral  vortex  is  accepted  as  a 
model  of  cavity  termination.  Tulin  [23]  was  the  first  to  propose  the  scheme  which  was  later  thoroughly  analysed 
by  Terentev  [7].  In  the  point  of  cavity  ‘collapse’  the  model  requires 

/  X  ^ 

ooiw)  ^ - =  , 

V  u; 

where  A  >  0. 


Figure  13:  Flow  pattern  (2:-plane)  and  auxiliary  a- plane  for  the  cavitatiiig  fiat  plate,  Tulin-Terentev  scheme. 


On  the  dividing  (‘zero’)  streamline,  where  =  0,  the  following  relationship  holds  in  a  neighborhood  of  point  C 

lim  =  ±co, 

what  corresponds  to  two  spiral  streamlines  with  centers  at  points  and  .  Sketch  of  the  flow  in  the  region 
of  the  cavity  termination  is  shown  in  figure  14. 


Figure  14:  Schematics  of  the  fiow  in  the  vicinity  of  the  cavity  termination,  from  [7]. 


Following  to  the  main  postulates  of  Chaplygin  method,  with  the  correspondence  between  physical  z-plane  and 
first  quaiirant  of  auxiliary  w-plane,  see  figure  13,  and  applying  Schwarz  principle  of  symmetry  to  cover  all  the 
w-plane,  one  obtains  derivatives  of  complex  potential  w  in  the  form 


do; 

dz 


i(cK  — tt) 


ti  “  a 


u  +  a 


exp 


/  2ta  \ 

+ 1 ) 


dw  +  l)(w^  —  0,^) 

^  (w2  -  ?/4)2(w2  -  71^2)2  ’ 


(30) 


wherefrom 
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z(v) 


^  i(7r-a)  f  +  1)(m  +  «) 

Vq  '  J  (?/2  -  M^)2(,/2  _ 


(31) 


It  is  easy  to  see  that  stagnation  point  O  generates  zeros  at  point  ti  =  a  for  both  the  derivatives,  point  at 
infinity  D  corresponding  to  u  =  Uififty  =  c  +  id  generates  second-order  pole  of  dw/dti  and  at  point  u  =  i  (image 
of  points  C,  and  C“),  du;/da  =  0{u  —  i)  and  u)  =  0(a  —  i)“^. 

Three  conditions 


dw  _ 

(''Woo)  —  Vcx^  , 


ZB 


=  0(oo)  =  ;  i 


lld.,  =  0 

da 


(32) 


give  a  nonlinear  system  of  five  equations  in  five  unknown  parameters  of  the  problem  a,  6,  c,  d  and  N  to  be 
derived.  The  latter  condition  implies  an  existence  of  a  contour  completely  surrounding  the  plate  and  the  cavity 
on  the  first  Riernaim  sheet  and  actually  is  a  cavity  closure  condition.  Terentev  was  the  first  to  propose  such 
a  relationship  [20]  which  can  be  used  to  tell  so-called  closed  cavity  closure  schemes  from  ‘open’  ones.  All  the 
calculations  are  effectively  accomplished  with  use  of  Mathematica  for  Windows  software. 


Figure  15:  Flow  pattern  for  the  cavitating  fiat  plate  at  <7  =  1  and  a  =  30®. 


Force  coefficient  Cf  is  derived  in  a  similar  manner  of  formula  (29): 


Cp 


.  1  +  <7 


CO 

/ 


dw  dw  ^ 

SldJ'*" 


(33) 


Figure  15  illustrates  the  flow  patter  for  a  =  30®  and  a  =  1.  It  is  to  be  emphasized  that  single  spirals  at  point  C 
shrink  very  rapidly  and  so  the  region  of  double-sheeted  flow  is  quite  small.  The  flow  region  in  the  vicinity  of 
point  is  shown  in  figure  16.  Note  that  vertical  distance  6  between  and  is  directly  connected  with 
drag  coefficient  Cd* 

Co={l+a)j. 


3.2.  Efros—Kreisel— Giibarg  model;  re-entrant  jet  termination 

The  flow  pattern  is  depicted  in  figure  17.  The  model  proposed  almost  simultaneously  by  Efros,  Kreisel  and 
Gilbarg  [1]  involves  a  re-entrant  jet  of  unknown  width  6  and  direction  /i  at  infinity  point  C  which  lies  on 
the  second  Riemann  sheet.  Gurevich  [7]  was  the  first  to  successfully  apply  the  scheme  to  the  problem  of  a 
super  cavitating  plate  which  is  perpendicular  to  an  inflow.  An  additional  stagnation  point  E  is  appeared  in  the 
vicinity  of  the  cavity  trailing  edge. 
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Figure  16:  Flow  region  in  the  vicinity  of  lower  single  spiral  vortex. 


Figure  17:  Flow  pattern  (2:“plane)  and  auxiliary  n- plane  for  the  cavitating  flat  plate,  Efros-Gilbarg  scheme. 


Adopting  first  quadrant  of  auxiliary  n-plane  as  an  image  of  the  flow  region,  with  the  correspondence  between 
physical  2;  and  auxiliary  u  planes  (see  figure  17)  solution  to  the  problem  is  as  follows: 


—  =  w  (m-mo)(m-mo)  , 

Az  '  u  +  a  {u  +  mo)(m  +  Mo)  ’ 

Aw  _  m(m^  -  o,^)(m^  -  m§)(m^  -  V) 

(Im  (^y2  ^  _  Uoo^)^ 

where  uo  =  5  +  ic  and  Uoo  ^  d  +  if.  These  two  expressions  can  be  combined  to  give 


(34) 


z(m) 


iV  J  m(m  +  af  ^  (m  +  mo)^(m  +  mq)^ 

■^0  J  (m^  +  1) 


(35) 


The  same  conditions  (32)  yield  a  nonlinear  system  of  five  equations  in  six  nnknowns  a,  6,  c,  d,  /  and  N.  It  is 
easy  to  see  that  the  solntion  is  not  nniqne  for  the  nnmber  of  nnknowns  is  greater  than  the  nnrnber  of  conditions. 
Nevertheless,  one  can  nse  an  axiditional  condition  connected  with  the  direction  of  the  re-entrant  jet  at  the  point 
of  infinity  C,  see  figure  18.  Both  the  asymptotic  analysis  and  nnmerical  results  for  the  cavitating  flat  plate  have 
shown  angle  /i  not  to  significantly  affect  the  hydrodynamic  coefficients  and  even  most  of  the  flow  pattern.  That 
is  why  it  seems  reasonable  to  consider  the  parameter  as  a  given  one.  Tims,  an  axiditional  condition  is  as  follows 


do; 

dz 


Using  residue  theory,  one  arrives  at  the  following  relationships  (which  are  correct  for  an  arbitrary  cavitating 
hydrofoil) : 


Cd 


Vo 


-  cos  /i 


Cl 


Vool  W 


-  Sin  /i 


(36) 


10-17 


where  q  denotes  the  flow  rate  in  the  re-entrant  jet  C  and  F  is  circulation  along  a  large  contour  completely 
surrounding  the  cavitating  foil  and  the  cavity  and  enclosing  most  of  the  flow.  Note  that 


res  = 


i\F 


dC  =  r  -h  iq 


and.  moreover. 

((1  +  62-c2)2+46V) 

q  =  jcN - ^ 

2  ((1  +  a!2 -/2)2  + 40(2/2)2 


Figure  18:  Flow  pattern  for  the  cavitating  flat  plate  at  (j  =  1,  a  =  30^  and  /i  =  180®. 

Another  form  of  the  force  coefficient  is 

(jp,  —  -  (res)  +  ir^)  .  (37) 

Vcyol  ^  ^ 

Flow  pattern  for  the  cavitating  flat  plate  at  a  =  1  and  a  =  30®  is  shown  in  flgure  18  along  with  hydrodynamic 
coefficients  and  position  of  stagnation  points  O  and  E.  The  direction  of  re-entrant  jet  is  chosen  to  be  /i  =  180®. 

3.3.  Riabouchinsky  model:  symmetrical  plate  termination 

The  model  introduced  by  D.  Riabouchinsky  [19]  assumes  the  flow  region  to  be  symmetric  and  so  the  cavity 
terminates  on  the  symmetrical  plate.  Another  version  of  the  scheme  was  proposed  [21]  with  central  symmetry, 
see  flgure  19,  which  is  more  convenient  from  the  viewpoint  of  mathematical  analysis.  Adopting  this  scheme, 
transform  flow  region  into  the  rectangular  7r/2  x  7r|r|/2,  where  r  is  purely  imaginary,  on  the  auxiliary  u-plane, 
see  flgure  19. 


Figure  19:  Flow  pattern  (^^-plane)  and  auxiliary  w-plane  for  the  cavitating  flat  plate,  Riabouchinsky  scheme. 
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Conjugate  velocity  i\w/i\z  has  constant  absolute  value  'Vq  of  both  vertical  sides  of  the  rectangular,  while  on 
the  horizontal  sides  its  argument  is  a  step  function  with  a  jump-like  behaviour  in  stagnation  points  O  and  O' 
(argument  varies  by  tt).  That  is  why  i\w/i\z  has  zeros  at  points  u  =  a  and  u  =  7^  —  a  +  {2.  Using  Schwarz 

principle  of  symmetry,  one  arrives  at  the  conclusion  that  i\w/i\z  is  a  doubly  periodic  elliptic  function  with 
periods  tt  and  ttt.  Basing  on  the  Liouville  theorem  and  accepting  notation  of  Whittaker  &  Watson  [25]  one  can 
write  down  such  a  functions  as  a  ratio  of  elliptic  theta-function  dj,  i  =  1, ...  ,4  which  norrie  0  <  q  <  1  is  real. 
Function  dw/dti  is  real  on  horizontal  sides  of  the  rectangular  and  must  be  purely  imaginary  on  vertical  sides. 
That  is  why  this  derivative  is  also  a  doubly  periodic  elliptic  function  with  periods  tt  and  ttt.  The  point  D 
at  infinity  becomes  the  rectangular  center  u  =  7r/4  +  7rr/4  where  dw/du  has  a  second  order  pole.  Stagnation 
points  generates  simple  zeros  and  so  do  points  where  conformality  condition  does  not  satisfied,  that  is  all  the 
rectangle  vertexes. 


Figure  20:  Flow  pattern  for  the  cavitating  fiat  plate  at  a  =  1,  a  =  30^. 

The  solution  to  the  problem  is  as  follows 

^  ,  i(a-7r)  ^l(u  -  a)^3(u  +  a) 

dz  ^  +  0,)'i?3(M  —  a) 

(38) 

^  X  ’&i{u  -  a)'&i{u  +  a)'&3{u  -  a)'&3{u  +  a) . 

(to  viizu) 


wherefrom 

b 

An  advantage  of  the  model  proposed  is  that  it  always  involves  less  number  of  unknown  parameters  then  the  other 
schemes.  Indeed,  one  has  to  determine  just  three  unknowns  a,  r  and  N  in  the  problem  under  consideration 
instead  of  5  —  6  in  other  cases.  Two  former  out  of  three  conditions  (32)  give  the  nonlinear  system  of  three 
equations  in  three  unknowns,  where  Uoo  =  7r/4  +  Trrfd,  the  latter  condition  (32)  being  satisfied  due  to  the 
central  symmetry  of  the  fiow  region. 

Force  coefficient  and  ffow  pattern  are  calculated  using  expressions  (33)  and  (39)  correspondingly.  Figure  20 
illustrates  some  numerical  results  obtained  in  Mathematica  package  for  the  same  set  of  the  ffow  parameters 
which  was  considered  in  the  previous  sections. 

3.4.  Tulin  model:  double  spiral  vortex  termination 

The  scheme  was  proposed  by  M.  Tulin  [23]  and  involves  two  double  spiral-like  streamlines  at  the  trailing  edge 
of  the  cavity.  Such  a  double  spiral  vortex  ffow  is  known  to  be  a  unique  opportunity  to  conjugate  smoothly  two 
streamlines  with  different  absolute  velocity  values  [1],  see  ffgure  21.  The  scheme  is  appeared  to  be  especially 
efficient  for  conffned  streamline  problems  with  one /two  free  surfaces  which  bounded  the  ffow  region  [14,  22]. 
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Figure  21:  Flow  pattern  in  the  vicinity  of  a  double  spiral  streamline,  from  [1]. 


In  the  case  of  the  cavitating  flat  plate,  first  quadrant  of  auxiliary  w -plane  is  chosen  as  image  of  the  region 
occupied  by  the  fluid  in  2:-plane,  see  figure  22.  The  wake  behind  the  cavity  begins  at  points  C  and  E  and  thins 
continnonsly  in  the  downstream  direction. 

Using  Chaplygin  method  of  singular  points  one  obtains  that  fnnction  dw/dii  is  real  on  ^-axis  and  purely 
imaginary  on  r/“axis.  It  has  zeros  at  stagnation  point  O  (a  =  o)  and  at  point  A  where  conformality  condition 
does  not  satisfied  and  three-order  pole  at  point  at  infinity  D  =  i). 


Figure  22:  Flow  pattern  (^^-plane)  and  auxiliary  n-plane  for  the  cavitating  flat  plate,  Tnlin  scheme. 


Another  derivative  dw/dz  has  a  zero  at  stagnation  point  O  and  behaves  in  a  special  manner  at  points  C  and  E. 
Consider  a  fnnction 


dz  J 


which  is  a  step  fnnction  on  ^-axis.  Tracing  small  semi-circles  described  about  points  C  (u  =  ic  and  E  {xi  =  id)  in 
the  counter- clockwise  direction,  one  arrives  at  the  conclnsion  that  the  argnrnent  of  the  fnnction  has  an  increment 
( 1  / TT ) (log ( ''Co /t)oo)  and  ( 1  / tt ) (log (''Coo / vq )  correspondingly.  That  is  why 


dw  Urv-Tri  f  u  -  ic  u  +  id\ "" 

dz  u  -hay  u  +  ic  u  —  id  J 

dw  — 

—  =  jSf  — - A 

du  (u2  +  1)3  ’ 


(40) 


where 


1  1 

^  _  iQg  - 

TT  Vo 


u 


Z 


0 


dz  do; 
d  o;  d  a 


da 


i(.-a)  f  uju  +  a?  ( M  +  iCM-yy 

vq  '  J  (u2_|_i)3  \u-icu  +  id) 

0 


and 
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The  problem  involves  four  unknown  parameters  a,  c,  d  and  N,  On  the  other  hand,  just  two  ‘direct’  conditions 
can  be  imposed: 

^^{uoo)^Voo  and  zb  ^  z{oo)  ^  (41) 

Cavity  closure  condition  applied  in  the  previous  sections 


^d„  =  0 

da 


does  not  satisfied. 

Thus  this  scheme  is  appeared  to  be  the  most  indeterminate  cavity  closure  model.  Nevertheless,  two  additional 
conditions  should  be  formulated: 

=  0  (42) 

rj=l 

to  close  the  problem.  The  former  implies  the  velocity  potential  to  be  the  same  at  the  end  of  the  cavity  at 
upper  and  lower  boundaries.  The  latter  specifies  the  angle  0  (direction  of  the  velocity  vector)  along  the  wake 
boundaries  be  minimal  at  point  D.  Note  that  both  conditions  are  arbitrarily  chosen  and  can  be  substituted  by 
a  pair  of  others,  for  instance  yc  ^  Ve  and  d^w/dif"  =  0  as  r/  =  1. 

Numerical  results  obtained  with  use  of  conditions  (41)  and  (42)  are  shown  in  figure  23. 

0.8 
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,  d^ 

(pQ  ^  and 

dr/ 


Figure  23:  Flow  pattern  for  the  cavitating  flat  plate  at  a  =  1,  a  =  30®. 


3.5.  Zhukovsky ^Eppler—Roshko  model:  horizontal  plates  termination 


The  model  is  often  called  ‘open’  one  and  assumes  that  free  streamlines  conjugate  smoothly  with  two  solid  semi¬ 
infinite  plates  which  are  parallel  to  the  inflow.  The  absolute  velocity  value  rnonotonically  decreases  from  vq 
down  to  Voo  along  this  plate.  This  cavity  closure  model  is  very  effective  for  streamline  problems  either  under 
gravity  or  with  one/ two  solid  boundaries  [7].  Zhukovsky  [26]  was  the  first  to  introduce  the  model. 

Following  to  Chaplygin  method,  transform  flow  region  into  the  rectangular  7r/2  x  7r|r|/2,  where  r  is  purely 
imaginary,  on  the  auxiliary  w-plane,  see  figure  24.  Determining  zeros  and  poles,  one  arrives  at  the  following 
solution  to  the  problem 


dz  °  Mu  +  ay 

dw  _  '(?i  (2m)  '&i  (m  -  a)  '&i  (m  +  a) 

~  '&l{u  -  b)  '&l{u  +  b) 


(43) 


wherefrom 


z(m) 


U 

N 
—  e 
Vq 

0 


-ih{2u)dl{ti  +  a) 


(44) 
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Figure  24:  Flow  pattern  (^^-plaiie)  and  auxiliary  n-plane  for  the  cavitating  flat  plate,  Zlinkovsky-Rosliko-Eppler 
scheme. 
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Figure  25:  Flow  pattern  for  the  cavitating  flat  plate  at  a  =  1,  a  =  30®. 


First  two  out  of  three  conditions  (32)  where  tioo  =  b  +  Trrf  2.  along  with  two  a<iditional  conditions 


dw 

d^ 


and 


allow  four  uriknowris  a,  5,  r  and  N  to  be  derived.  The  former  of  the  additional  conditions  implies  that  the 
semi-iriflriite  plates  are  horizontal  and  the  latter  specify  the  velocity  absolute  value  be  a  monotone  decreasing 
function  having  its  minimum  at  point  D  (a  =  Woo)- 

The  corresponding  flow  pattern  and  hydrodynamic  coefficients  are  shown  in  flgure  25.  Note  that  this  open  cavity 
closure  scheme  give  signiflcantly  smaller  cavity  length  than  so  called  closed  models,  such  as  Riabouchinsky, 
Tulin-Terentev,  Efros-Kreisel-Gilbarg.  As  a  result,  the  hydrodynamic  coefficients  become  somewhat  larger. 


4.  Free  and  solid  boundaries 

All  the  previous  section  has  demonstrated  an  effectiveness  of  Chaplygin  method  of  singular  points  applied  to 
nonlinear  cavitating  problems  of  theory  of  jets  in  an  ideal  fluid.  This  section  contains  another  documentation 
of  the  fact  dealing  with  two  somewhat  more  complicated  problems:  first  one  being  that  of  the  flow  past  a 
cavitating  fiat  plate  in  the  channel  and  second  one  -  cavitating  plate  in  the  uniform  jet  of  finite  width.  It  was 
shown  by  Terentev  [21]  that  Zhukovsky-Roshko  and  Tulin  (double  spiral  vortex)  schemes  are  to  be  used  for  the 
problems.  We  shall  not  dwell  on  the  solution  procedure  and  just  describe  the  final  results  and  some  limiting 


cases. 
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4.1.  Cavitating  plate  in  a  channel 

The  flow  pattern  z  ^  x  +  iy  and  the  auxiliary  w-plane  are  depicted  in  flgure  26.  Given  are  the  following 
parameters:  angle  of  attack  a,  plate  length  L  channel  width  H,  cavitation  number  a  and  a  distance  between 
the  lower  wall  of  the  channel  and  point  A  (trailing  edge  of  the  plate).  It  is  also  assumed  that  velocity  Vi  at 
points  Di  and  is  the  same  (though  it  is  an  unknown  value). 


Figure  26:  Flow  pattern  (^^-plane)  and  auxiliary  a-plane  for  the  cavitating  flat  plate  in  the  channel. 


c) 


Figure  27:  Some  special  cases  of  the  problem  for  the  cavitating  plate  in  the  channel. 


The  analytical  solution  to  the  problem  is  readily  given  by  Chaplygin  method  [22] : 

dw 
dz 


°  i?i{w  +  a)’ 


dw  'di  {2u)  'di  {u  —  a)  'di  {u  +  a) 
tl -  di) 'di{u  +  bi) 

i=l 


(45) 


wherefrom 


N 


z{%i)  =  —  e^ 


u 

I 


??i(2m)  dliu  +  a) 


-  dw . 


(46) 


b  n  -di)'d4 (w  +  bi ) 

i=l 

Unknown  parameters  of  the  problem  a,  6i,  62,  63,  JV,  q,  velocity  vi,  widths  hi  and  hs  are  derived  from  a  quite 
complicated  system  of  transcendental  equations  obtained  on  the  base  of  the  following  conditions 


dw  .  dw .  .  dw  .  /  \  7 

—{ui)^vi;  —{u2)^vi;  Hv^  ^  vi{hi  +  hs) ;  zb  ^  z{oo)  ^  leA'  G 

1  f  dw  ,  .  If  dw  .  .  ,  do;  /tt  tttx  „  ...  .. 

=  -j,—du  =  W,h,;  —i^-  +  -j=v,;  hn  Ze  =  lih,  -  h)  , 


(47) 
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where  Uoo  =  U2  —  d2  +  I2,  Ui  ^  di  +  12,  i  ^  1,3. 

After  some  algebra  the  number  of  unknowns  (and  equations)  can  be  reduced  from  nine  down  to  six  and  even 
to  four,  but  the  system  remains  complicated. 

The  general  problem  has  lots  of  interesting  special  cases  as  hi  or  hs  tends  to  infinity  (one  solid  wall),  di  =  0 
and  da  =  7r/2  (Kirchhoff  scheme  in  the  channel,  when  point  C  coincides  with  £>3  and  E  with  Di),  etc,,  see 
figure  27. 


4,1,  Cavitating  plate  in  a  jet  of  finite  width 

The  fiow  region  and  the  corresponding  auxiliary  w-plane  are  shown  in  figure  28.  Tulin  cavity  closure  model  with 
double  spiral  vortex  is  adopted  for  it  seems  to  be  the  most  efficient  from  the  mathematical  viewpoint.  The  jet 
width  is  assumed  to  be  H  and  submergence  of  the  plate  is  h.  Actually  submergence  is  a  distance  between  a 
dividing  streamline  and  the  upper  jet  boundary  far  upstream.  The  velocity  on  the  jet  boundary  is  ^)oQ• 


Figure  28:  Flow  pattern  (z-plane)  and  auxiliary  a-plane  for  the  cavitating  flat  plate  in  the  jet  of  finite  width. 


If  one  choses  a  first  quadrant  of  the  auxiliary  a-plane  as  an  image  of  the  flow  region,  then  solution  to  the  problem 
is  found  through  Chaplygin  method  in  the  form: 


where,  as  beforehand 


and 


dw  u  —  a  f  a  —  ic  u  +  id\ 

- ; 

dz  u  +  a  \  u  +  1C  u  —  id  J 


-  0.2) 


^  =  Ar  — 

do  (o^  +  l)(o^  +  e2)(o^  +  /^) 


1  , 

^  -  log  — 

TT  Vo 


u  u 

,  .  f  dz  ^  f  dz  dw  , 
zhi)  =  /  do  =  /  do  . 

/  d  o  /  d  o;  d  o 


Conditions 


dw  /  X  7  i(7r-a)  dw  dw 

^(Woo)  =  Woo  ;  ZB  =  z{oo]  =  le^  ;  arg  — (i)  =  arg  — (le) ; 
dz  dz  dz 


(48) 


w{id)  =  w(ic) ;  ^  ^  ^  du  =  iHvoo;  ^  ^  ^  du  =  ihva 


allow  the  unknowns  a,  c,  d,  e,  f  and  N/Voo  to  be  derived.  Again,  the  third  and  fourth  conditions  (which  specify 
the  velocity  vector  be  of  the  same  direction  at  points  E  and  G  at  infinity  downstream  and  complex  potential  be 
of  the  same  value  at  the  ends  of  the  cavity  C  and  D  correspondingly)  are  quite  artificial  and  can  be  substituted 
by  other  reasonable  relationships. 
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Figure  29:  Flow  pattern  for  the  cavitating  flat  plate  in  the  jet. 


Note  that  solution  (48)  produces  a  solution  by  Larock  and  Street  [14]  for  the  cavitating  plate  beneath  the  free 
surface  as  its  special  case  a.s  H  ^  oo  and  /  ^  1^.  Solution  for  the  cavitating  plate  in  nribonrided  inflow  (40) 
is  also  a  special  case  if  ,  h  ^  oc  and  d.e  ^  as  well. 

Figure  29  illustrates  nnnierical  results  (flow  pattern  in  the  vicinity  of  the  plate  and  hydrodynamic  coefficients) 
obtained  with  use  of  Matheinatica  for  the  cavitating  plate  with  a  following  set  of  given  parameters:  H  ^  2. 
h  =  0.75,  a  =  30^,  a  =  0.3. 

5.  Separated  free  streamline  flow  around  a  body  with  a  curved  boundary 

5.1.  LevFCivita  approach 

Levi-Civita  [15]  was  the  first  to  propose  an  approach  to  solution  of  the  plane  free  surface  flow  problems  for 
obstacles  of  a  curved  topography.  Such  problems  are  significantly  more  complicated  than  those  with  flow 
regions  bounded  by  polygonal  segments.  For  the  latter  the  imaginary  part  0{ti)  of  the  Zhukovsky  function  co{u) 
is  given  on  the  portion  of  the  auxiliary  n-domain  boundary  corresponding  to  the  straight  solid  walls  and  its  real 
part  (velocity  absolute  value)  is  given  on  the  other  portion  of  the  boundary.  In  the  case  of  a  curved  obstacle 
all  information  one  possesses  is  just  the  function  0{z)  on  the  wetted  portion  on  the  body  (which  is  sometimes 
also  unknown)  and  velocity  absolute  value  on  free  surfaces.  The  main  difficulty  of  the  problem  is  that  it  is 
impossible  to  set  0{u)  without  conformal  mapping  if  0{z)  is  not  a  step  function. 

Following  to  Levi-Civita  approach,  flow  region  2;  is  transformed  into  the  semi-circle  in  auxiliary  u-plane  (one 
can  also  chose  another  domain  as  well)  and  Levi-Civita  function  (15)  is  written  down  in  the  form 

UJi^Q  =  O^o  "h  0  , 

where  ojq  denotes  Levi-Civita  function  for  a  polygonal  body.  Additional  term  is 

00 

0('if/)  =  ^  AkU^  , 
k=—n 

where  Ak  are  real  coefficients  to  be  found  from  the  imposed  conditions  including  Brillouin  one  (smooth  detach¬ 
ment  condition) . 

Brodetsky  [3]  calculated  a  flow  around  a  circular  and  elliptic  cylinder  for  (j  =  0,  three  coefficients  Ak  being 
taken  into  account.  In  the  case  of  circular  cylinder  the  relationship  holds 

d^ 

d^ 

where  s  denotes  an  arc  coordinate  of  the  body  boundary  and  k  is  its  curvature.  Collocation  method  can  be 
used  to  derive  the  coefficients  Ak.  Significantly  more  detailed  numerical  analysis  of  the  problem  was  done  in  [7] 
by  Terentev  and  Dmitrieva  for  an  arbitrary  cavitation  number  <j,  more  than  30  terms  being  taken  into  account. 
Two  points  were  determined  satisfying  the  Brillouin  condition.  The  points  correspond  to  two  maxima  on  curves 
Cx  versus  detachment  angle  7  for  a  given  <j,  see  figure  30. 
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Figure  30:  Drag  coefficient  of  a  circular  cylinder  versus  detachment  angle  7,  from  [7]. 


5.2.  Method  of  integral  equation 

This  method  is  an  adaptation  of  mixed  boundary  value  problem  method  (see  section  2.3)  to  flow  around  an 
obstacle  of  a  curved  topography.  By  a  conformal  mapping  of  the  flow  region  into  the  semi-plane  (or  semi-circle, 
etc,),  the  solution  to  the  problem  is  reduced  to  an  integral  (or  integro-differential)  equation  of  Villat  type  [24] 
for  a  function  A(a)  characterizing  the  angle  made  by  the  fluid  velocity  vector.  Using  another  form  of  such  an 
integral  equation,  Nekrasov  [18]  was  the  first  to  prove  both  existence  and  unkiueness  of  flows  around  a  small 
circular  arc. 

Consider  the  method  applied  to  a  free  streamline  problem  for  an  arched  contour,  see  figure  31,  and  transform 
the  region  in  2:  plane  occupied  by  the  fiuid  into  the  upper  semi-plane  see  figure  8. 


Figure  31:  Flow  pattern  for  the  cavitating  arc  contour  at  zero  cavitation  number. 


Then,  again. 


(49) 


where  N  is  a  real  parameter  to  be  determined  and  the  mixed  boundary  value  problem  for  Levi- Ci vita  func- 
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tioii  (15)  arising  in  C“plane: 


0(0  = 


r  =  0  as  ^  <  — 1  and  ^>b 
-a(C),  as  -1  <C<0; 
TT  —  q;(^)  ,  as  0  <  ^  <  6. 


where  6  is  a  coordinate  (to  be  determined)  of  image  of  point  B  in  (^-plane  and  q;(^)  is  the  body  angle  at 
point  C  =  ^5  relationship  q;(6’)  being  given,  where  s  is  an  arc  coordinate  of  the  contour,  s  =  0  at  point  A  and 
s  =  5'  at  point  B, 

The  Keldysh-Sedov  formula  gives  the  solution  to  this  problem  in  the  0  —  0  class 


a;Lc(C)  =  --y/{C  +  1)(C  -  b)  X  <( - 

TT  ' 

which  exists  if  and  only  if 


i-i 


a(t) 


dt 


/ 


dt 


V(l+t)(6-t)  t^C  J  ^(l+t)(6-t)  t-C 


1 


/ 


o;(t)dt 


ttJ 


TT  _  X  —  6 

+  2-™r^ 


0. 


It  is  seen  that 


““‘“'(sTs) 


This  equation  can  be  used  in  conjunction  with  the  equality 


dz 

—  =  exp(ia) 


to  give 


2 

f  N  f  . 

sB)  =  /  exp(— io;)dz=  —  /  exp{— ia(t)}  exp  {ia;Lc(t)}  t  dt . 

J  Voo  J 


0  -1 
Substituting  the  solution  for  a;LC  hito  this  equation  finally  gives 


s(6  =  —  [  G{t,  b)  dt , 

Woo  J 


(*) 


(50) 


where 


—  t)  f  a{t)  dt  1 

This  integral  equation  along  with  relation  (:*r)  and  an  obvious  condition 

s{b)  =  S 

allows  unknown  i^arameters  6,  N  and  function  q;(^)  to  be  determined. 

5.3.  Arbitrary  2D  supercavitating  hydrofoil:  analytical  solution 

Both  the  Levi- Ci vita  and  integral  equation  methods  are  known  to  connect  with  significant  difficulties  while 
considering  a  ffow  i^ast  an  obstacle  with  a  boundary  of  large  curvature  k.  At  the  same  time,  hydrofoils  have 
such  a  region  in  the  vicinity  of  the  leading  edge.  One  can  ffnd  some  theoretical  analysis  of  the  nonlinear  i^roblems 
of  an  arbitrary  sui^ercavitating  hydrofoil  and  numerical  results  as  well  in  [9,  4]. 

That  is  why  an  approach  i)roposed  by  Maklakov  [16]  for  arbitrary  cavitating  hydrofoil,  see  ffgure  32,  is  of  interest 
as  an  imi)rovement  of  Levi-Civita  method. 


G{t,  b)  =  +  ^ 


70+70 
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Figure  32:  Flow  region  around  a  cavitating  hydrofoil  (Tulin-Terentev  cavity  closure  scheme). 


Figure  33:  Auxiliary  (^-jdaiie  for  cavitating  hydrofoil. 


Consider  a  cavitating  hydrofoil  which  boundary  is  given  by  relation  a  =  F(s).  where  s  -  arc  coordinate  (s  =  0 
at  point  A)  and  a  is  the  tangential  angle  to  the  foil.  Tulin-Terentev  cavity  closure  scheme  with  a  single  spiral 
vortex  model  of  cavity  termination  is  adopted  (subsection  3.1).  Following  to  Maklakov,  transform  flow  region  z 
into  the  upper  semi-circle  |t|  <  1,  Im  >  0  on  auxiliary  plane  t  =  +  ir;,  see  flgure  33.  Stagnation  point  O 
corresponds  to  to  =  point  C  -  to  the  origin  of  the  coordinate  system  in  t-plane  and  point  at  inflnity  D 

has  the  image  at  too  ^  Too  exp(i(5c»)- 
Chaplygin  method  of  singular  points  gives  the  derivative 


dw 

d^ 


=  kvof{t) 


kvp 

Too 


—  l){t^  —  2tcos(5o  +  1) 

(t  -  ~  -  llt^f 


(51) 


where  k  is  a  real  parameter  to  be  determined. 

Levi- Ci vita  function  is 

=  wo(*)  +  M  — - - h  0(t) , 

where  M  denotes  a  real  constant,  uJo{t)  is  Levi-Civita  function  for  a  flat  plate  at  zero  cavitation  ninnber 


(52) 


LJo{t)  =  ao  -  TT  +  i  log 


t-exp(i^o) 

1  —  t  exi)(i5o)  ’ 


and  0(t)  is  analytic  and  continuous  function  in  npi)er  serni-circle.  That  is  why  conformal  rnapijing  can  be 
written  as 

t  t 

^  ^exp  |iwo(^) +iM  ^ +  if^(^)|  f{t)dt. 

1  1 

Levi-Civita  method  requires  the  expansion 


k=l 
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where  Ak  are  real  coefficients  to  be  found.  Maklakov  [16]  proposed  another  representation  of  Q.  If 

Q{e'^)  =  XiS)+iiiiS) 

then  Schwarz  formula  for  a  circle  gives  a  relation  between  Q  and  its  real  part  A  given  on  the  semi-circle  boundary 


TT 

1  -  f 

m  =  ^  J 


\iS)dS 


1  -  2t  cos  S  +  t^ 


Imaginary  part  of  Q{t)  is 


TT 


Figure  34:  Zhukovsky  hydrofoil  (a)  and  relation  a  =  F{s). 

Using  expression  d.s/d(5  =  |dz/dt|  and  conformal  mapping  z{t)  write  down  the  relation  between  arc  coordinate  s 
and  polar  angle  S: 


,(5)  =  k  j  ^(7)  exp(”CA  ™  2M  sin  7)  d7  , 


where 


^(7)  =  4sin7  (1  -  cos(7  +  So))  x 


(1  +  “  2roo  cos(7  -  Soo))^  (1  +  -  2roo  cos(7  +  S^o))^ 


It  is  easy  to  see  that  A  =  a  ™  (Xq  and  therefore,  finally,  one  arrives  at  the  following  integral  equation 

/  s  \ 


^((5)  =  ^ao  +  F  k  J  g{'y)  exp(“CA  ^  2M  sin7)d7| 


(53) 


Five  unknown  parameters  k,  M .  (5o,  Too  5  <^00  are  derived  from  the  conditions 

i\z  ,  ^  du;  .  ,  /  .  ^  ^ 

—  dt  =  0,  — (too)  =  ,  .§(“!)  =  6', 

dt  az 
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1  L2  1.4  S 

Figure  35:  Drag  coefficient  Cd  versus  wetted  length  S. 


1  1.1  1.2  1.3  1.4  S 


Figure  36:  Lift  coefficient  Cl  versus  wetted  length  S. 


where  S  denotes  the  whole  (given)  wetted  length  of  the  hydrofoil.  The  latter  condition  can  be  substituted  by 
Brillouin  condition  at  point  B  which  specify  the  curvature  of  the  cavity  and  hydrofoil  be  the  same  at  detachment 
point  B  (t  =  “1).  It  was  demonstrated  [1]  that  this  condition  is  equivalent  to  fy(™l)  =0  which  yields  [16] 


TT 

S  f 

:  tan  -^  +  /  A' (7)  tan  ^d7  =  27rM  . 
2  J  2 


Naturally,  in  this  case  the  wetted  length  S  is  unknown  because  z- coordinates  of  point  B  are  unknown  as  well. 
Some  numerical  results  for  a  supercavitating  Zhukovsky  hydrofoil  are  shown  in  figures  34-36.  Zhukovsky 
hydrofoil  of  unit  chord  length  is  chosen  to  have  maximum  thickness  11.82%,  perimeter  P  =  2.053  and  curvature 
raxiius  at  the  leading  edge  p  =  0.016,  see  figure  34,  where  the  foil  geometry  and  relation  a  =  F{s)  for  the 
tangential  angle  to  the  foil  versus  arc  coordinate  s  are  shown.  Figures  35  and  36  demonstrate  drag  and  lift 
coefficient  versus  wetted  length  S  (Brilllouin  condition  is  not  imposed)  in  the  case  of  angle  of  attack  a  =  5*^  for 
a  set  of  cavitation  number  a  =  0,  0.1,  0.15,  0.3  and  0.5  (curves  ‘F  corresponds  to  <j  =  0).  It  was  found  that 
drag  (lift)  coefficient  attains  its  maximum  (minimum)  value  at  points  where  Brilllouin  condition  was  satisfied. 
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Conclusion 

A  brief  review  of  the  main  theoretical  approaches  to  problems  of  the  theory  of  jets  in  an  ideal  fluid  was  conveyed, 
including  hodograph  (Kirchhoff  and  Zhukovsky)  methods,  Chaplygin  method  of  singular  points,  mixed  boundary 
value  problem  method,  some  modiflcations  of  Levi-Civita  approach  and  method  of  integral  equations.  Every 
analytical  solution  is  illustrated  by  numerical  results,  including  flow  patterns. 
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Summary 


This  lecture  is  devoted  to  the  basic  physical  properties  and  the  calculation  methods  of  the  artificial 
cavitation  (ventilation)  flows.  Main  attention  is  paid  to  the  three-dimensional  ventilated  supercavities  past 
the  disk  and  blunted  cavitators. 

Derivation  of  approximate  equations  of  the  axially  symmetric  supercavities  with  using  the  theorem  of 
momentum  and  also  the  asymptotic  theory  of  slender  body  is  presented. 

The  G.V.Logvinovich  independence  principle  of  the  cavity  expansion  is  stated  and  grounded.  It 
gives  a  simple  and  general  method  of  investigating  the  unsteady  problems. 

Calculation  of  the  ventilated  cavities  has  some  peculiarities  caused  by  gravity  effect,  presence  of  the 
cavitator  angle  of  attack  and  taking  account  of  balance  between  the  gas-supply  into  the  cavity  and  the 
gas-leakage  from  the  cavity.  They  are  discussed  here  as  well. 


Introduction 


The  basic  similarity  parameter  of  cavitation  flows  is  the  cavitation  number  [1-4]: 

pVl 


(1) 


where  is  the  pressure  at  infinity;  is  the  cavity  pressure;  p  is  the  water  density;  is  the 
mainstream  velocity.  When  a  body  moves  horizontally  on  the  immersion  depth  //,  we  have  p^  =  pgH  , 
where  g  is  the  gravity  acceleration.  The  supercavitation  flow  regime  corresponds  to  small  magnitudes 
(7  <  0.1 .  When  the  magnitude  of  <7  decreases,  the  supercavity  dimensions  increase. 

When  p  =  const,  there  are  three  possibilities  of  the  (7  reduction: 


1)  Increasing  the  mainstream  velocity  .  With  decreasing  the  mainstream  velocity  the  rarefaction 
past  bodies  increases,  and  cavities  are  created  by  natural  way  when  the  pressure  decreases  to  a  value 
close  to  the  saturated  water  vapor  pressure  p^=  2350  Pascal  (at  the  temperature  20  °C).  Such 
supercavities  are  called  the  natural  or  vapor  supercavities.  The  parameter 


pvl 


(2) 


is  called  the  natural  or  vapor  cavitation  number.  The  natural  supercavities  are  filled  by  water  vapor  under 
pressure  p^  =  p^.  The  natural  cavitation  regime,  when  <7^  <  0.1,  is  attained  when  the  mainstream 
velocity  is  very  high:  V^>  50  m/sec. 
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2)  Decreasing  the  difference  =  p^-  owing  to  decreasing  the  ambient  pressure  p^ ,  for 
example,  in  closed  cavitation  hydro-tunnels  [4,  5].  The  super-cavitation  flows  in  the  stream  with 
artificially  reduced  pressure  are  sometimes  called  the  artificial  ones,  although  they  do  not  distinguish  on 
natural  vapor  supercavities  by  their  physical  properties. 

3)  Decreasing  the  difference  iSp  =  p^-  p^  owing  to  increasing  the  cavity  pressure  p^ .  This  is  easy 
attained  by  blowing  the  air  or  another  gas  into  the  rarefaction  zone  past  a  non-streamlined  body.  Such 
supercavitation  regime  is  called  the  artificial  cavitation  or  ventilation.  The  method  of  obtaining  the 
ventilated  cavities  was  proposed  independently  by  L.A.Epshtein  and  H.Reichardt  in  1944  ™  1945. 

The  ventilated  cavitation  regime  a  <0.1  is  easy  obtained  at  the  significantly  lower  mainstream 
velocities  ^10  m/sec.  That  is  why,  it  is  widely  applied  in  bench  investigations  of  the  supercavitation 
flows.  The  Fig.  1  presents  a  typical  scheme  of  an  experimental  apparatus  to  investigate  the  ventilated 
cavities. 


Fig.  1.  Scheme  of  apparatus  to  create  a  ventilated  supercavity 


1  Main  problems  of  artificial  cavitation 


It  follows  from  the  similarity  theory  of  hydrodynamic  flows  [3]  that  the  shape  and  dimensions  of  both  the 
natural  vapor  supercavity  and  the  artificial  ventilated  cavity  must  be  the  same  when  the  cavity  number  is 
equal.  However,  in  reality  the  full  similarity  does  not  fulfil  due  to  a  number  of  causes. 

The  main  peculiarity  of  the  artificial  cavitation  flows  is  a  consequence  of  comparatively  small  values 
of  the  velocity  F=  10  ^  100  m/sec.  In  this  case  the  Froude  number 


Fr  = 


(3) 


where  is  the  cavitator  diameter,  has  moderate  magnitude. 

This  means  that  the  gravity  effect  is  considerably  more  for  the  artificial  cavity  when  the  cavitation 
number  is  the  same.  It  causes  to  the  more  essential  deformation  of  the  artificial  cavity  shape.  The 
floating-up  the  ventilated  cavity  tail  may  be  essential  so  that  it  completely  determines  the  cavity 
closure  character  and  type  of  the  gas  leakage  from  the  cavity. 

Thus,  the  Froude  number  (3)  together  with  the  cavitation  number  (1)  is  the  basic  similarity  parameter 
for  the  artificial  supercavitation  flows. 
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1.1  Methods  of  creation  of  the  ventilated  super-cavities 


We  know  the  following  methods  of  creating  the  artificial  ventilated  cavities  (Fig.  2): 

1)  Method  of  a  gas  source  [6]  consists  in  creating  a  gas  envelope  around  a  body  by  the  air  jet  ejection 
from  the  body  nose  opposite  to  the  stream  (Fig.  2,  a).  It  is  obvious  that  in  this  case  the  gas  pressure  must 
exceed  the  pressure  of  the  water  in  the  nose  stagnation  point.  From  the  Bernoulli  equation  [7],  we  obtain 
estimation  of  the  necessary  velocity  of  the  air  : 


+  «28.6|^H-|jF^,  (4) 

where  is  the  air  density.  One  can  see  that  the  gas  jet  velocity  and,  hence,  the  gas  rate  must  be  very 
high. 

Owing  to  the  high  velocity  of  the  gas  flow  in  the  cavity,  the  cavity  walls  are  strongly  perturbed  (the 
cavity  is  nontransparent).  The  flow  represents  a  strongly  turbulized  two-phase  zone  at  the  tail  cavity  part 
and  in  the  wake. 

This  way  of  the  artifitial  supercavity  creation  is  not  applied  in  practice  due  to  its  lacks. 

2)  L.LSedov  scheme  [7]  consists  in  ejecting  the  slender  water  jet  from  the  body  nose  opposite  to 
the  stream  with  simultaneous  air-supply  into  the  stagnation  zone  (so  called  "jet  cavitator".  Fig.  2,  b).  This 
flow  scheme  represents  the  inverted  cavitation  flow  by  Efros-Gilbarg  with  the  reentrant  jet  [7].  The  nose 
stagnation  point  is  displaced  into  the  stream,  and  in  the  ideal  case  of  complete  recovery  of  the  pressure  in 
the  tail  part,  the  body  must  suffer  thrust 

T  =  pS//^,  (5) 

where  S-  is  the  jet  section  area;  V.  is  the  average  velocity  in  the  jet. 

In  real  flows,  it  is  impossible  to  attain  smooth  closure  of  the  cavity  on  the  body  tail  and  complete 
recovery  of  the  pressure.  Therefore,  the  arising  thrust  will  be  smaller.  Nevertheless,  this  scheme  is  very 
perspective.  When  cr^O,  we  obtain  the  infinite  Kirchhoffs  cavity.  In  this  case  the  body  with  the  jet 
cavitator  suffers  half  drag  in  comparison  with  the  body  with  the  solid  cavitator. 


Fig.  2.  Ways  of  creation  of  ventilated  cavities:  a  ™  gas  source;  b  ™  L.I.Sedov's  scheme; 

c  ™  blowing  past  a  sharp  edge 
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3)  Gas-supply  past  a  sharp  edge.  The  most  stable  and  smooth  surface  of  the  cavity  is  observed,  if  the 
cavity  separation  occurs  on  the  sharp  cavitator  edge  with  simultaneous  gas-supply  to  the  separation  place 
(Fig.  2,  c).  It  is  possible  to  supply  gas  in  any  point  of  the  body  after  the  fully  development  of  the 
supercavity  (so  called  ’’distributed  gas-supply”).  Experiments  showed  that  location  of  the  place  of  the 
gas-supply  into  the  steady  cavity  has  no  essential  significance. 

The  way  of  creation  of  ventilated  cavities  past  cavitators  with  the  sharp  edge  (for  example  a  disk)  is 
the  most  frequently  used. 


1.2  Coefficient  of  gas-supply  rate  into  the  cavity 


The  main  problem  for  the  ventilated  cavitation  flows  is  a  problem  on  the  gas  quantity  necessary  for 
supply  into  the  cavity  to  maintain  the  supercavity  of  given  dimension  (i.e.  to  attain  the  given  a ).  In  the 
case  of  axisymmetric  cavitator,  the  dimensionless  coefficient  of  the  rate  is  introduced  [2,  3]: 


(6) 


where  Q  is  the  volumetric  gas  rate  at  the  pressure  ,  its  dimensionality  is  m^  /  sec. 


Obviously,  the  gas-supply  rate  must  be  equal  to  the  gas-leakage  rate  when  motion  is  steady. 
For  unsteady  ventilated  cavities,  the  gas  leakage  from  the  cavity  is  the  unknown  time  function  depending 
on  the  variable  pressure  in  the  cavity  (^)  and  on  the  gas-leakage  type.  Determination  of  the  function 

{t)  for  concrete  conditions  represents  a  basic  problem  of  the  artificial  cavitation  theory. 

A  unified  theory  of  the  gas  leakage  from  the  ventilated  cavity,  that  allows  to  calculate  the  function 
Q{(y)  for  any  values  of  the  flow  parameters,  does  not  exist.  The  mechanism  of  the  gas-leakage  may  be 
considerably  distinguished  in  dependence  on  the  parameters  Fr,  (7,(7^.  The  gas-leakage  rate  is  also 
different  in  the  cases  of  free  cavity  closure  and  the  cavity  closure  on  a  body.  Approximate  estimations 
were  obtained  for  some  types  of  the  gas-leakage. 


1.3  Hydrodynamic  schemes  of  gas  leakage  from  the  cavity 


Observations  show  that  two  principally  different  mechanisms  of  the  gas  leakage  from  the  stable  artificial 
cavities  exist  when  the  cavity  closure  is  free  [2,  3]. 


X 


Fig.  3.  Scheme  of  the  portion  gas-leakage 

When  magnitudes  of  the  numbers  Fr  and  (7  are  high,  i.e.  the  gravity  effect  is  not  considerable  and 
the  cavity  shape  is  close  to  the  axisymmetric  one,  the  cavity  tail  is  frlled  by  a  foam  which  is 
periodically  rejected  by  portions  in  the  form  of  toroidal  vortices  (so  called  the  portion  leakage  or  the 
first  type  of  gas  leakage  from  the  cavity.  Fig.  3). 

When  Fr  is  fixed  and  <7  is  small,  i.e.  the  gravity  influence  is  considerable,  the  flow  in  the  cavity 
end  becomes  well-ordered.  The  cavity  ends  by  two  hollow  vortex  tubes  carrying  over  the  gas  from  the 
cavity  (so  called  leakage  by  vortex  tubes  or  the  second  type  of  the  gas  leakage  from  the  cavity.  Fig.  4). 
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Besides  the  first  and  second  types  of  the  gas  leakage  from  stable  cavities,  the  third  type  of  the  gas 
leakage  exists  owing  to  pulsation  of  the  unsteady  ventilated  cavities  [8,  9]. 


h 


Fig.  4.  Scheme  of  the  gas-leakage  by  vortex  tubes:  a  -  view  from  side,  b  -  view  from  above 
1.3.1  The  first  type  (portion  gas-leakage) 


The  first  type  of  the  gas  leakage  from  the  artificial  cavities  is  not  well  studied.  This  is  explained  by  that  in 
this  case  the  processes  at  the  cavity  end  are  considerably  non-stationary  and  multi-parametric  ones.  It 
was  shown  [3,  10]  that  they  are  determined  by  not  only  the  similarity  parameters  (7,  Fr  but  depend  on 
both  the  Reynolds  number  Re  and  the  Weber  number  We: 


Re 


DV 


We 


a 

2p^’ 


(7) 


where  v  is  the  kinematic  coefficient  of  viscosity;  a  is  the  coefficient  of  water  surface  tension.  They  also 
depend  on  degree  of  the  free  stream  turbulence  and  other  external  perturbations: 

Q=F{(y,(y^,Fr,KQ,We,..).  (8) 


It  was  shown  experimentally  that  decrease  of  numbers  Re  and  We,  i.e.  increase  of  viscosity  and  surface 
tension  of  liquid,  causes  to  decrease  of  the  gas  leakage  rate  from  the  cavity.  Some  data  and 
hypothesises  about  the  first  type  of  the  gas  leakage  are  presented  in  the  papers  by  L.A.  Epshtein  [10, 
11]. 

Qualitatively,  in  this  case  processes  may  be  described  in  the  following  way.  Fluid  particles  flowing 
around  the  axisymmetric  cavitator  in  the  radial  planes  collide  in  the  cavity  closure  zone  and  create  a 
non-stationary  unstable  reentrant  jet.  When  the  reentrant  jet  is  distorted,  the  two-phase  medium  (foam) 
is  formed.  It  partially  fills  the  cavity  and  moves  within  the  cavity  in  the  form  of  a  toroidal  vortex.  The 
outer  part  of  this  vortex  moves  along  the  flow  direction  under  action  of  viscous  shears  on  the  cavity 
boundary.  Its  central  part  moves  opposite  to  the  stream  under  action  of  the  pressure  gradient.  The 
vortex  continuously  grows  owing  to  new  foam  portions.  The  foam  rejection  occurs  in  the  form  of  a 
ring  toroidal  vortex  or  its  part,  or  separate  foam  portions  (see  Fig.  3),  when  the  friction  forces  become 
equal  to  the  reentrant  motion  momentum.  Also,  the  continuous  foam  leakage  from  the  zone  past  the  rear 
stagnation  point  exists  simultaneously  with  the  portion  leakage. 

In  the  work  [10]  was  shown  using  the  methods  of  the  similarity  theory  that  the  expression  for  a 
dimensionless  period  of  the  foam  portions  rejection  should  be  in  the  form: 


T  = 


(9) 


where  is  the  cavitation  drag  coefficient,  g  is  the  friction  coefficient,  ,  B2  are  the  function  of  Re, 
We. 
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It  follows  from  the  experimental  data  [12]  that  an  evaluation  of  Strouhal  number  Sh  for  this  process 
is : 

5’/,  =  Zil^«0.315, 

where  is  the  average  cavity  length.  The  real  process  frequency  /  has  values  10  ^100  Hz  for  various 
tests.  It  is  possible  to  observe  the  portion  gas-leakage  with  a  stroboscope  or  using  photography  with  the 
short  exposure  time  10  -  10  sec. 

In  the  case  of  the  flow  close  to  the  natural  vapor  cavitation  when  the  gravity  effect  is 
insignificant,  G.V.Logvinovich  established  the  semi-empirical  law  of  the  gas-leakage  [2]: 

Q=rv^si^-\^,  (10) 

where  7=0.01^0.02  is  the  empirical  constant,  is  the  area  of  the  cavity  mid-section. 


0.02  0.06  a 


Fig.  5.  Influence  of  the  Froude  number  on  Q{(y) :  Fig.  6.  Experimental  dependence  Q{(y) 
1-Fr=19.3;  2-16.5;  3-14.6;  4-12.7;  5-11.0  Fr=13.3 


The  portion  type  of  the  gas-leakage  with  the  periodically  arising  and  distorting  reentrant  jet  is 
characteristic  also  in  the  case  of  supercavitation  flow  around  hydrofoils  with  great  aspect  ratio  [6]. 


1.3.2  The  second  type  (gas-leakage  by  vortex  tubes) 


When  the  second  type  of  the  gas  leakage  from  the  artificial  cavity,  the  process  is  stationary  and 
completely  determined  by  the  gravity  effect  on  the  cavity.  The  second  leakage  type  is  the  most  studied 
both  theoretically  and  experimentally.  As  is  shown  in  [3,  4],  in  this  case  the  viscosity  and  capillarity 
forces  are  not  considerable.  Therefore,  from  point  of  view  of  the  similarity  theory  the  dimensionless 
coefficient  of  the  gas-supply  rate  into  the  cavity  Q  must  be  determined  by  the  dependence: 

Q=F{a,Fr). 


(11) 
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The  calculation  method  of  Q  for  the  second  type  of  the  gas-leakage  was  proposed  for  the  first  time  by 
R.N.COX  and  W.A.Clayden  [13]. 

Now  the  semi-empirical  formula  by  L.  A.Epshtein  [3]  is  supposed  the  most  reliable: 


Here,  is  the  coefficient  of  the  cavitator  drag  when  <7=0: 


pvX 


where  F^is  the  cavitation  drag;  =nDl  I A  is  the  cavitator  area.  For  the  disk  cavitator  =0.82. 
Also,  the  more  exact  semi-empirical  formulae  were  obtained  taking  into  account  the  cavitator 
immersion  depth  H 

and  density  of  the  gas  supplied  into  the  cavity  ,  for  example  [6]: 


(Fr-1.35  -23Sc^oF  ’ 


(14) 


where  H  =  H  /  .  Computations  by  the  formula  (14)  give  satisfactory  coincidence  with  experimental 

data  when  Fr  =  4.8  ^20  . 

The  experimental  dependencies  Q{(y,Fr)  showing  the  influence  of  Froude  number  on  the  gas 
leakage  by  vortex  tubes  are  presented  in  Fig.5  [3]. 

The  gas-leakage  type  by  vortex  tubes  is  characteristic  also  for  the  case  of  supercavitation  flow  around 
hydrofoils  with  small  aspect  ratio. 

A  criterion  of  transition  from  the  first  type  of  the  gas  leakage  to  second  type  is  given  by  the 
empirical  Campbell-Hilbome's  criterion  [14]: 

crFr-l;  Fr  =  5-25.  (15) 


Values  of  (jFr>  l  correspond  to  the  first  (portion)  type  of  the  gas-leakage,  values  (jFr<  l 
correspond  to  the  second  type  of  the  leakage  (by  vortex  tubes).  As  the  experiments  show,  both  the 
mechanisms  of  the  gas  leakage  from  the  cavity  can  act  at  range  of  intermediate  values  of  a  Fr  -1. 
Such  transient  regimes  of  the  gas  leakage  are  very  unstable. 

A  typical  experimental  dependence  of  the  gas  rate  coefficient  Q  on  the  cavitation  number  a  obtained 
at  testing  a  series  of  cones  with  angles  from  30°  to  180°  (disk)  is  shown  in  Fig.  6  [3].  In  this  case  the 
value  of  the  Froude  number  was  Fr  =  13.3.  In  the  expressions  for  Fr  and  Q  ,  so  called  "universal  linear 
dimension"  =  D^yjc^Q  was  used  instead  to  analyze  the  experimental  data.  As  a  result,  the 
relation  (11)  does  not  depend  on  c^q,  and  all  the  experimental  points  for  various  cones  lie  on  the  only 
curve. 


The  right  part  of  the  graph  1  corresponds  to  the  first  portion  type  of  the  gas  leakage,  the  left  part  of 
the  graph  2  corresponds  to  the  second  type  of  the  leakage  by  vortex  tubes,  the  middle  part  of  the 
graph  3  corresponds  to  the  transient  regime.  The  value  a  =  0.081  corresponds  to  a  boundary  between  the 
types  (15)  in  this  graph. 
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1 .3.3  The  third  type  (gas-leakage  from  pulsating  supercavities) 


Denominator  in  the  formula  (13)  must  not  be  equal  to  zero.  It  follows  from  here  that  it  is  impossible  to 
obtain  the  cavitation  number  lower  than  some  minimal  value  at  any  increase  of  the  gas-supply  rate  into 
the  cavity: 


^1.34 


(16) 


In  practice,  when  the  gas  rates  are  very  great,  the  cavity  stability  is  lost  and  cardinal  change  of  the 
mechanism  of  the  gas  leakage  from  the  cavity  occurs  [8,  9]. 


Theory  of  linear  stability  of  the  gas-filled  axially  symmetric  cavities  was  developed  by  E.  V.Paryshev 
[15].  Analysis  showed  that  the  dynamic  properties  of  gas-filled  supercavities  are  mainly  determined  by 
the  dimensionless  parameter 


The  cavity  has  a  series  of  fundamental  reduced  frequencies 


k  = 


6)4 

4. 


=  Inn 


/2  =  1,2,..., 


(17) 


(18) 


where  (o  is  the  circular  oscillation  frequency;  4  cavity  length.  The  following  value  of  the 

parameter  /3  corresponds  to  each  fundamental  frequency 


{nnf' 

6 


(19) 


Supercavities  are  stable  when  1  <  /3  <  /3,  =  2.645  and  unstable  when  /3  >  2.645. 

Thus,  the  similarity  parameter  /3  >  1,  that  is  equal  to  ratio  of  vapor  cavition  number  at  given  velocity 
and  its  real  value,  is  the  basic  similarity  parameter  for  cavitation  flows  together  with  the  cavitation 
number  (1)  and  the  Froude  number  (3).  The  value  p  =  \  corresponds  to  the  natural  vapor  supercavitation. 
When  the  parameter  /3  increases,  significance  of  elasticity  of  the  gas  filling  the  artificial  cavity  increases 
as  well. 


The  separated  self-induced  oscillations  of  the  cavity  are  established  as  a  result  of  the  stability  loss 
when  the  supply  is  permanent.  In  this  case  the  gas-supply  occurs  owing  to  periodic  separation  of  great 
portions  of  the  cavity  (air  pockets)  (see  Fig.  7). 

The  instability  phenomenon  and  arising  the  self-induced  oscillations  take  place  both  for  3-D  (in 
particular,  axially  symmetric)  and  for  2-D  ventilated  cavities.  In  the  work  [16],  a  simple  ’’kinematic” 
theory  of  gas-leakage  from  pulsating  cavities  was  proposed.  It  gives  satisfactory  correspondence  to  the 
experiment. 
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1.3.4  Gas-leakage  when  the  cavity  closes  on  a  body 


The  mechanism  of  gas  leakage  from  the  cavity  when  the  cavity  closes  on  a  body  is  very  complicate  and 
depends  on  number  of  factors  such  as: 

a)  cavity  perturbations:  its  floating-up,  wave  deformations,  natural  distortion  of  the  free  boundary; 

b)  body  parameters:  shape  in  the  closure  place,  surface  roughness,  vibrations; 

c)  closure  conditions:  angle  of  free  boundary  inflow,  presence  of  the  liquid  and  gas  jets,  radial  velocity  at 
the  closure  place. 

According  to  the  known  theoretical  schemes  of  the  supercavity  closure  [17]  the  cavity  may  close  on  a 
solid  body  in  the  following  ways  (see  Fig.  8): 

a)  Riabouchinsky  scheme.  The  cavity  smoothly  closes  on  a  solid  surface-closurer  located  in  the  cavity 

end.  In  the  closure  place,  the  body  diameter  is  . 

b)  Joukowski-Roshko  scheme.  The  cavity  closes  on  a  cylinder  with  diameter  equal  to  the  diameter  of  the 
biggest  cavity  section  . 


c)  Gilbarg-Efros  scheme.  The  cavity  closes  on  a  cylinder  with  diameter  with  forming  the  ring 

reentrant  jet. 

The  experience  of  work  with  the  artificial  cavity  shows  that  the  gas  leakage  may  be  compared  with 
the  rate  of  fluid  supplied  into  the  cavity  with  the  reentrant  jet.  Physically,  this  may  be  explained  that  the 
fluid  inflowing  into  the  cavity  aerates,  mixes  with  the  gas  and  rejects  from  the  cavity  as  a  mixture  of 
gas  and  water. 

Using  the  momentum  conservation  equation,  the  cross  section  area  of  the  reentrant  jet  when  the 
cavity  closure  is  free  is  equal  [7]: 


.  _..gx 

)  4  4 


(20) 


In  the  case  of  the  cavity  closure  on  the  body,  the  section  area  of  the  ring  reentrant  jet  remains  the  same. 
It  was  established  experimentally  that  when  the  cavity  closes  on  a  circular  cylinder  with  diameter  , 
the  gas  leakage  is  proportional  to  a  ratio  of  section  areas  of  the  middle  cavity  part  kDI  /  4  and  one  of  the 
cylinder  nOl  /  4  : 


Q 


RL 


C  J 


(21) 


where  k2  is  some  empirical  coefficient.  When  =  0  ,  we  have  free  closure  of  the  cavity  by  the  first 
type  of  the  gas-leakage.  When  ,  we  obtain  the  cavity  closure  by  the  Joukowski-Roshko 

scheme  with  the  zero  gas  leakage  (see  Fig.  8,  b). 

Theoretically,  we  can  also  obtain  the  zero  gas  leakage  when  the  cavity  closes  on  the  body  by  the 
Riabouchinsky  scheme  (see  Fig.  8,  a)  when  if  the  cavity  and  body  curvatures  are  coordinated 

at  the  closure  point  (Fig.  9). 

Practically,  it  is  impossible  to  obtain  the  zero  gas  leakage  at  high  magnitudes  of  We  and  Re  numbers. 
However,  it  may  be  reduced  to  the  minimal  value  caused  by  presence  of  unremovable  small-scale 
perturbations.  Blowing  or  suction  of  fluid  is  applied  at  the  closure  place  to  realize  the  stable  cavity 
closure  [18].  For  example,  the  works  [18,  19]  propose  a  scheme  of  stable  closure  of  the  cavity  on  the 
liquid  jet  outflowing  from  the  slot  in  the  closurer  of  the  elliptic  shape. 
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Fig.  8.  Schemes  of  the  supercavity  closure  on  a  body:  a  -  Riabouchinsky;  b  -  Joukowski-Roshko;  c 

Efros-Gilbarg 


We  have  discovered  experimentally  the  interesting  phenomenon  of  hysteresis  at  the  control  of  the 
ventilated  cavity  closing  on  the  body  by  regulating  the  gas-supply.  This  effect  increases  with  increasing 
the  body  surface  curvature. 

The  control  of  ventilated  cavity  is  possible,  if  single-valued  dependence  of  the  cavity  length  on  the  gas 
supply  rate  exists:  =  L^XQ)  •  If  we  consider  neighborhood  of  the  point  of  the  cavity  closure  on 

rectilinear  generatrix  of  the  body  y  =  (Fig.  10),  we  can  note  that  the  closure  angle  a  will  be  increased 
with  increasing  the  cavity  dimensions: 

a(L| )  < a{L2)  < aiL^),  L,  <  L2  <  T3 

due  to  increasing  both  the  ratio  and  the  relative  cavity  dimensions.  In  this  case  the  velocity  on  the 

cavity  boundary  changes  insignificantly  due  to  the  cavitation  number  varies  weakly.  Thus,  the  gas- 
leakage  value  Q  depends  mainly  on  the  local  angle  of  the  cavity  closure  on  the  body: 


Dc 


Fig.  9.  Scheme  of  the  fluent  cavity  closure  on  a  body 


Dependence  of  the  gas-leakage  on  the  cavity  length  gj  )  is  schematically  shown  by  dotted  line  in  Fig. 
10  when  the  cavity  closes  on  the  rectilinear  generatrix  of  the  body  y  =  y/, . 

Qualitatively,  appearance  of  hysteresis  behaviour  may  be  explained  by  locating  an  additional  triangle¬ 
shaped  body  on  the  rectilinear  generatrix  (it  is  dashed  in  Fig.  10).  The  cavity  length  increases  with 
increasing  the  gas-supply  from  the  value  gj .  When  the  cavity  closes  on  the  frontal  surface  of  the  triangle 
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Xi^X2,  the  cavity  forms  bigger  angles  of  closure  than  at  closure  on  the  rectilinear  generatrix.  For 
example,  (X{x2)  is  bigger  than  ones  when  the  cavity  closes  between  the  points  Xj  and  X4.  We  have 
a(x2)  =  a(x4)  only  in  the  point  X4 .  Therefore,  the  gas  rate  Q2  for  maintenance  of  the  cavity  closing  in 
the  point  X2will  exceed  rates  when  the  cavity  closes  in  the  points  X2^X4  and  equal  to  the  rate  for 
maintenance  of  the  cavity  closing  in  the  point  X4  .  Asa  result,  the  cavity  length  will  very  rapidly  increase 
from  =  L2  to  L^=L^. 

With  decreasing  the  supply  from  the  value  Q2 ,  when  the  cavity  closure  point  is  on  the  back  side  of  the 
triangle  X2  ^X3,  the  closure  angle  will  be  smaller  than  one  when  the  cavity  closes  on  the  rectilinear 
generatrix.  When  the  cavity  closes  in  the  point  X2 ,  the  rate  Q  will  be  smaller  than  one  when  it  closes 
between  the  points  Xj  and  X2 .  As  a  result,  the  cavity  length  will  decrease  very  rapidly  from  the  value 
=  L2  to  the  value  . 


Fig.  10.  Scheme  of  a  hysteresis  when  the  cavity  closes  on  a  body 


Thus,  a  hysteresis  loop  appears  in  the  graph  Q{L^)  that  is  formed  when  the  gas  supply  into  the  cavity 
increases  or  decreases. 

The  hysteresis  property  of  the  function  of  the  gas  supply  into  the  ventilated  cavity  may  by  practically 
used  to  stabilize  the  cavity  closure  on  the  body  by  respective  designing  the  body  shape. 


2  Approximate  calculation  of  the  steady  axisymmetric  supercavity 


As  it  is  known,  main  properties  of  supercavitation  flows  are  well  described  by  the  potential  theory  of 
ideal  incompresssible  fluid.  The  respective  mathematical  problems  are  related  to  the  class  of  mixed 
boundary  value  problems  for  harmonic  functions.  The  flow  area  is  bounded  by  the  solid  and  free 
boundaries.  The  velocity  distribution  is  given  on  the  solid  boundaries  (cavitator  or  hydrofoil),  the 
constant  pressure  is  given  on  the  unknown  free  boundaries.  For  stationary  problems,  the  velocity 
constancy  along  the  free  boundaries  follows  from  the  pressure  constancy: 

Vc  =  F^Vl  +  O"  =  const .  (22) 

In  this  case  the  free  boundaries  are  lines  of  flow. 
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Potential  models  of  developed  cavitation  flows  do  not  describe  a  real  flow  in  the  cavity  closure  zone 
where  capillarity  and  viscosity  are  considerable.  According  to  the  known  Brilluene  paradox,  existence  of 
a  closed  cavity  in  the  imponderable  flow  is  impossible  [1].  This  resulted  in  creation  of  a  number  of 
schemes  of  ’’mathematical”  closure  of  the  supercavity:  by  Riabouchinsky,  Joukowski-Roshko,  Efros- 
Gilbargetal[17]. 


2.1  Formulation  of  problem 


We  consider  steady  axially  symmetric  flow  around  a  supercavitating  disk  in  unbounded  imponderable 
fluid  with  the  velocity  at  infinity  .  We  introduce  the  cylindrical  coordinate  system  Oxr  connected  with 
the  cavitator  (Fig.  1 1).  Let  r  =  i?(x)  is  the  equation  of  the  cavity  generatrix. 


2 


Fig.  11.  Scheme  of  an  axisymmetrical  supercavity 


The  Laplace  equation  for  the  perturbed  velocity  potential  (p{x,r)  is  valid  for  all  the  flow  area: 


dx  dr  r  dr 


(23) 


On  the  cavity  surface,  the  potential  (p  must  satisfy  both  the  boundary  condition  of  zero  normal  velocity 
(the  kinematic  boundary  condition) 


I  ^9  yR 

dr  (  “  dx  jdx’ 


r  =  R(x) 


(24) 


and  the  cavity  pressure  to  be  constant  p  =  (the  dynamic  boundary  condition).  Applying  the  Bernoulli 
equation  on  the  liquid  contour,  we  can  write  the  dynamic  boundary  condition  in  the  form: 


d(p\  jd(p 


dr 


dx 


^  ^  +2F  ^  = 


dip  _  2Ap 


dx 


r  =  R{x) , 


(25) 


where  Ap  =  p^  -  p^ .  The  third  condition  is  the  condition  of  the  perturbations  to  be  vanished  at  infinity 


^  ^0,  +r^  -^oo 


(26) 


Owing  to  great  mathematical  difficulties  an  exact  solution  of  the  boundary  value  problem  (23)-(26)  has 
been  not  obtained.  In  contrast  to  two-dimensional  problems  on  supercavitation  flows,  it  is  impossible  to 
apply  the  power  mathematical  theory  of  analytical  functions  and  conformal  mapping  in  this  case.  Some 
progress  of  applying  the  theory  of  generalized  analytical  functions  to  axisymmetric  problems  was 
outlined  last  years  [20]. 

All  known  results  of  the  theory  of  axisymmetric  cavities  have  been  obtained  by  numerical  methods  or 
by  approximate  asymptotic  and  semi-empirical  methods  and  perturbation  method  as  well. 
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P.Garabedian's  works  [21]  are  very  important  and  imperishable  for  the  theory  of  axisymmetric  super¬ 
cavitation  flows.  He  sought  a  solution  of  the  axisymmetric  problem  for  stream- function  xi/{x,r)md 
consider  it  as  the  plane  flow  perturbation.  As  a  result,  he  obtained  the  asymptotic  solution  for  main 
dimensions  of  the  supercavity  past  a  disk  when  cr  ^  0 : 

=  =  A=  ll^,  c,(cy)=cMl  +  (y\  C,(0)=0.827,  (27) 

V  (7  <7  V  <7 

where  is  the  disk  diameter;  is  the  biggest  cavity  section  diameter;  is  the  cavity  length. 

A  comparison  of  the  asymptotic  formulae  (27)  with  both  the  experimental  data  and  the  ’’exact" 
numerical  calculations  showed  their  high  precision  and  physical  accuracy. 


2.2  Approximation  relations 


A  combined  approach  using  reliable  physical  representations,  general  conservation  laws  (such  as  the 
momentum  and  energy  theorems)  and  generalized  experimental  data  proved  to  be  the  historically  first 
and  most  productive  in  practical  calculations.  G.V.  Logvi-novich  was  a  founder  of  this  direction  of  the 
super-cavitation  flow  investigation. 

We  present  firstly  some  useful  relations  for  the  axisymmetric  supercavities  obtained  by  approximating 
both  the  experimental  data  and  the  "exact"  numerical  calculations 


For  main  dimensions  of  the  axisymmetric  cavity  (the  mid-section  diameter  and  the  cavity  length  ) 
in  the  case  of  the  cavitation  number  is  small  and  the  gravity  influence  is  negligible,  it  was  obtained  semi- 
empirical  relations  of  the  same  structure  as  in  (27)  [2,  3]: 


A 


(28) 


where  A:  =  0.9  ^  1.0,  A  are  empirical  constants.  When  o  is  not  very  small,  it  is  usually  accepted  A -2. 

Formulae  (28)  are  valid  not  only  for  the  disk  but  for  any  blunted  cavitators.  For  a  non-disk  cavitator 
is  a  diameter  of  the  cavity  separation  line.  For  the  drag  coefficient  of  the  blunted  cavitators  when  a 
is  sufficient  small,  the  approximate  Reichardt  formula  is  valid  [1-4]: 

c^((7)  =  c^o(l  +  (7),  0<(7<1.2,  (29) 


where  is  the  cavitator  drag  coefficient  when  (7=0.  Value  0.82  was  established  experimentally 

for  the  disk  cavitator.  For  cavitators  in  the  form  of  a  blunted  cone  with  cone  angle  120  °<  /3  <  180  °,  it  is 
possible  to  use  the  formula: 

C^o  =0.13  +  Vo.0036/3-0.1719,  (30) 

that  was  obtained  by  approximating  the  experimental  data  for  the  disk  and  cones  [3]. 

Analysis  of  photographs  of  supercavities  past  the  blunted  cavitators  when  a  is  small  permits  to 
distinguish  three  characteristic  parts  of  the  cavity  (Fig.  11).  The  frontal  part  I  adjoining  to  the  cavitator 
has  length  of  order  of  Z)„ .  It  is  characterized  by  strong  curvature  of  the  free  boundary.  The  next  main 

part  II  occupies  approximately  %  of  the  cavity  length  .  Finally,  the  tail  part  III  has  unstable  unsteady 
boundaries  at  the  moderate  magnitudes  of  <7 .  It  is  impossible  to  determine  them  using  the  potential 
theory. 
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The  frontal  part  boundaries  have  great  curvature  and  are  determined  by  the  cavitator  shape.  They  do 
not  depend  on  the  cavitation  number.  For  the  disk  cavitator,  the  empirical  ”1/3  law”  is  usually  used  [2]: 


-<34-5, 

R. 


where  i?(x)  is  the  current  cavity  radius,  =D^I2  is  the  disk  radius. 


(31) 


The  IHM  of  Ukrainian  NAS  accumulated  great  experimental  material  on  the  free  motion  of  super- 
cavitating  models  with  the  disk  cavitators  in  wide  range  of  velocities  V=  50  ^1400  m/sec.  The 
corresponding  cavitation  numbers  are  a  =  1.4  •  lO'^^-  10^ .  Natural  vapor  cavities  are  formed  for  all  the 
pointed  velocity  range.  They  are  axially  symmetric  along  the  whole  their  length,  i.e.  are  not  deformed 
under  the  gravity  effect. 

For  the  main  supercavity  part  past  the  disk,  we  obtained  the  semi-empirical  formula  [22]: 

F=  3.659 +  0.847(jc- 2.0) -0.236(7(jc-2.0)^  jc>2.0  (32) 


where  R=R/ R^,  x=x/ R^.  In  this  case,  the  experimental  data  was  used  which  were  obtained  for 
natural  vapor  supercavities  in  range  of  the  cavitation  number  a  =  0.012  ^  0.057.  Results  of  measuring  the 
profile  of  the  steady  vapor  cavities  corresponding  to  various  values  of  <7  are  presented  in  Fig.  12.  Fig. 
13  presents  a  photograph  of  the  vapor  supercavity  closing  on  the  jet  out- flowing  from  the  model  nozzle. 
The  frontal  cavity  part  at  x  <  2.0  is  described  by  formula  (31). 


Fig.  12.  Universal  contour  of  the  axisymmetrical  supercavity 


Fig.  13.  View  of  the  natural  vapor  supercavity  past  the  disk:  =15  mm,  V=  105  m/sec,  a  =  0.0204. 


From  the  formula  (32)  one  has  the  following  expressions  for  both  the  cavity  mid-section  radius  and  the 
cavity  length: 


R^ 


=  -^  =  -  3.659  + 

K  V 


0.761 


(T 


(33) 


4  =  4  =4.0+1^ 

R.  o- 


(34) 


The  functions  ^^^(<7)  and  L^icf)  which  are  calculated  by  formulae  (33),  (34)  in  range  of  cavitation 
number  (j=  0.01  4-  0.06  are  shown  by  solid  lines  in  Fig.  14.  The  experimental  data  of  Fig.  12  also  are 
plotted  there.  For  comparison,  the  same  functions  given  by  asymptotic  formulae  by  P.Garabedian  (27)  are 
plotted  by  dotted  lines. 
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a  h 

Fig.  14.  Approximate  dependencies  (a)  and  L^{(y)  (b)  calculated  by  formulae  (33)  and  (34) 


An  advantage  of  approximation  formula  (32)  is  that  it  gives  explicit  dependence  of  the  cavity  shape 
on  the  cavitation  number. 


We  also  present  other  approximation  formulae  for  the  main  dimensions  of  stationary  axisymmetric 
super-cavities  past  cones  and  the  cavitation  drag  coefficient  of  cones.  They  were  obtained  based  on  the 
numerical  calculations  in  ’’exact  formulation”  [23,  24]: 


D  1  +  50(7 

—  I  ^  — _ 

Vk-ct’  1  +  56.2(7’ 

where  is  the  cone  base  diameter. 

+  (0.524  +  0.672a)(7, 


IJ 

(7 


4(1 -2a)  ,  1 

— f  -  c^ln— , 
l  +  144a^JV  O’ 


0<(t<0.25,  —<a<-, 

12  2 


(35) 


(36) 


c^o  =  0.5  + 1 .8  l(a  -  0.25)  -  2(a  -  0.25)^,  +  <  a  <  ^ , 


^xO 


:a(0.915  +  9.5a). 


0<a<— , 
2 


where  aii  is  the  cone  half-angle.  When  <7^0,  the  formulae  (35),  (36)  transform  into  the  asymptotic 
relations  by  P.Garabedian  (27). 


2.3  Energy  APPROACH 


According  to  G.V.Logvinovich  work  [2]  we  use  the  theorem  of  momentum  to  obtain  the  approximate 
equation  for  the  main  supercavity  part.  We  display  the  check  volume  of  liquid  (Fig.  15).  It  has  such 
boundaries: 

Sj  is  a  plane  perpendicular  to  the  symmetry  axis  and  located  far  up-stream  ; 

S2  is  a  plane  perpendicular  to  the  symmetry  axis  and  passed  through  an  arbitrary  point  of  the  cavity 
axis  before  the  biggest  cavity  section; 

is  a  cylindrical  surface  with  the  axis  coinciding  with  the  cavity  symmetry  axis  and  with  radius 
R^^oo,  Let  i?(x)  is  the  radius  of  the  cavity  section  by  the  plane  S2 ,  so  that  S  =  kR^  is  the  cross- 
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section  area.  We  write  the  theorem  of  momentum  for  the  displayed  fluid  volume  in  projection  on  the  x- 
axis: 

J  p{V^+v^fds-\pvlds=\pids-  \pds-Sp^-F^,  (37) 

S2~S  tSj  tSj  S2~S 

where  is  the  cavitation  drag.  Integrals  with  respect  to  the  cylindrical  surface  ^3  vanish,  since  the 
perturbed  velocity  reduces  as  1/r^  when  00  (like  a  flow  of  a  dipole). 


S3 


Fig.  15.  Scheme  of  application  of  the  theorem  of  momentum 


From  the  Bernoulli  equation,  we  obtain  the  pressure: 

P  =  P^-pV^v^-^pvl  (38) 

and  use  condition  of  conservation  of  the  mass  of  fluid  flowing  through  the  sections  and  5*2  -  S: 

jpV^ds=  jp(V„+vJ^ds. 

It  follows  from  this  that 


jvJs  =  V„S.  (39) 

S2-S 

Substituting  (38)  and  (39)  in  the  Eq.  (37),  we  obtain  the  relation  for  cavitation  drag: 

2  2 

F^=ApS-  J  ^dx+  J  ^ds,  (40) 

s,-s  ^  s^-s  ^ 


where  Ap  =  p^-p^. 

If,  in  particular,  we  draw  the  plane  5*2  through  the  cavity  mid-section,  then  5*  =  5*^  and  =  0.  Hence, 
the  second  integral  in  the  Eq.  (40)  is  strictly  equal  to  zero.  It  is  possible  to  show  that  the  first  integral  in 
the  Eq.  (40)  is  small  compared  to  the  first  term  when  a  ^  0  [2].  That  is  why,  we  also  cast  it  out 
introducing  a  correcting  multiplier  k.  After  that,  the  law  of  the  supercavitation  drag  may  be  written  in  the 
form: 


F,  =  kApS,=kaS, 


2 


(41) 
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Introducing  the  cavitation  drag  coefficient  of  the  cavitator  (13)  in  the  Eq.  (41),  we  obtain  the  formula 
(28)  for  the  supercavity  mid-section  radius: 


Experimental  check  and  comparison  with  numerical  calculations  showed  that  the  correcting  multiplier  k 
weakly  depends  on  a  and  has  magnitude  in  range  0.9  ^  1.0.  It  is  usually  accepted  k  =  \  for  practical 
calculations. 

Then,  we  transform  the  Eq.  (40)  to  the  differential  equation  of  the  supercavity  section  expansion. 
Neglecting  the  first  integral  in  the  Eq.  (40),  we  may  consider  the  flow  in  the  plane  S2  as  pure  radial  one. 
We  have  the  boundary  condition  for  the  mean  part  of  the  slender  supercavity  surface 

v^^V^R\x).  (42) 

The  radial  velocity  of  fluid  at  the  arbitrary  radius  r  is  determined  from  the  condition  of  the  mass 
conservation: 


2nR  {R)  =  2n  rv^  (r), 

then  we  obtain  taking  into  account  the  Eq.  (42): 

^  1  r/ 

Vr{r)  =  v^ - . 


(43) 


The  integral  in  the  Eq.  (40)  represents  the  kinetic  energy  of  the  flow  in  the  fluid  layer  .  It  is  equal  to 


=  f  ^ds  =  npV„{RR'f\nr\ 

J  9  1/ 


(44) 


One  can  see  that  this  integral  value  is  equal  to  infinity,  i.e.  infinite  energy  is  necessary  for  the  radial 
expansion  of  the  cavity  in  the  two-dimensional  problem.  That  is  why  we  accept  two  non-strict  but 
plausible  assumptions: 

1)  Let,  according  to  [1],  the  outer  radius  of  the  flow  area  R2  has  high  but  finite  magnitude.  In  other 
words,  we  suppose  that  all  perturbations  of  the  fluid  motion  are  concentrated  in  a  ring  with  the  inner 
radius  R  and  the  outer  radius  R2 .  This  supposition  is  plausible,  because  the  velocity  perturbation  decay 

very  rapidly  (as  1  /  r  ^ )  in  the  three-dimensional  problem. 

2)  Let  the  logarithm  magnitude 


^  =  ln 


R(x) 


(45) 


does  not  depend  on  the  coordinate  x.  This  assumption  is  plausible  for  the  mean  part  of  the  slender  cavity 
when  (7^0. 


Then  the  relation  (40)  may  be  rewritten  in  the  form 


F,=ApS  +  j!-pV^(Sy. 
471 


(46) 


Differentiating  the  Eq.  (46)  with  respect  to  S,  we  obtain  another  form  of  the  equation  of  the  supercavity 
section  expansion  that  does  not  contain  the  cavitation  drag: 


d^S  _  IJC^P 


dx 


pv: 


(47) 
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Passing  to  the  fixed  coordinate  system  in  the  Eq.  (47)  with  the  independent  variable  substitution  x  =  , 

we  rewrite  it  in  the  form 

(48) 

dr  p 

The  Eq.  (48)  assumes  the  obvious  mechanical  explanation: 

The  cavitator  passes  the  fixed  ’’observation  plane”  at  the  time  t  =  T  and  makes  an  orifice  with 
diameter  in  that  plane.  Considerable  radial  velocities  arise  on  that  orifice  boundaries.  Then,  that 
orifice  expands  on  inertia  overcoming  the  pressure  difference  Ap  up  to  its  maximal  diameter  at  the 
time  ?  =  T  +  C  •  After  that,  the  orifice  decreases  and  closes  again  at  the  time  t  =  x  +  2t^. 

The  time  interval  C  =  K 1 is  called  ’’the  time  of  the  complete  cavity  expansion”.  After  the  cavity 
collapse,  the  wake  remains  past  it  where  the  mechanical  energy  transmitted  by  the  cavitator  to  the  fluid 
disperses  into  heat. 

The  Eq.  (48)  allows  to  calculate  an  expansion  of  each  cavity  section  separately,  i.e.  it  is  an  expression 
of  the  independence  principle  for  expansion  of  the  slender  axisymmetric  cavity  sections  by 
G.V.Logvinovich  [2]. 

A  full  cavity  profile  at  fixed  t  may  be  calculated  when  t-2t^<r<t .  In  this  case  x-coordinates  of  the 
cavity  sections  are  x(t)  =  V^t ,  and  the  cavity  length  is  equal  to  =  2t^V^ . 

The  more  strict  analysis  of  the  Eq.  (40)  [2]  permits  to  transform  it  to  the  following  form  (in  the  fixed 
coordinate  system): 

r  dS! 

-(t-O^  +  (Sc-S)  =  0,  (49) 

2  at 

where  k  is  some  correcting  coefficient.  The  integral  of  the  Eq.  (49)  is 

Determining  the  arbitrary  constant  C  from  the  initial  condition  *S’(0)  =  ,  we  finally  obtain  the  law  of  the 

cavity  section  expansion: 


S(t)^ 


t  n  ^ 

/  \ 

2/\ 

,  r 

1- 

1 — ^ 

1  — 

V  y 

(50) 


Passing  in  the  Eq.  (50)  to  the  coordinate  system  related  with  the  cavitator  x  =  Vj ,  we  obtain: 


Rix)  =  R 


1 


U 

-Al 

2/r- 

v 

A-  y 

(51) 


For  non-disk  cavitators,  the  coordinate  x  =  0  corresponds  to  the  plane  of  the  cavity  separation. 

A  comparison  with  experiments  showed  that  value  of  the  correcting  coefficient  is  x  -0.85.  However, 
the  exact  enough  results  are  obtained  when  jc=  1. 

It  is  easy  to  see  that  the  shape  of  the  main  part  of  the  axisymmetric  supercavity  represents  an  ellipsoid 
of  revolution  when  K  =  1,  and  one  is  very  close  to  it  when  ic  =  0.85. 
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Experience  of  calculation  shows  that  the  expressions  (31),  (51)  must  be  ’’matched”  on  the  boundary 
between  the  frontal  and  the  main  cavity  parts  when  x  =  Xj  «  .  As  a  result,  we  obtain  so  called  formula 

of  the  G.  V.Logvinovich's  composed  cavity: 


R{x)^R,, 


3x 


R 


x<x,. 


Rix)==R, 


n  J 


K 


x2/a' 


™  9_ 


X  -  X| 

L-lZ 


(52) 


where  R^  =R{x^)  is  the  ’’agreement  section”  radius.  When  Xj  =/)„,  we  just  obtain  from  the  Eq.  (31) 
that  R^=  1.913. 

The  ’’universal  contour”  of  the  ellipsoidal  cavity  is  plotted  by  solid  line  in  the  Fig.  12.  It  was 
calculated  by  the  formula  (52)  when  k=  1.  A  comparison  with  the  experimental  data  shows  good 
coincidence  along  the  whole  cavity  length  right  up  to  the  point  of  the  cavity  closure  on  the  body. 


2.4  Asymptotic  APPROACH 


Great  aspect  ratio  of  supercavities  when  a  is  small  gives  background  to  apply  the  theory  of  flow  around 
slender  bodies  [25,  26]  to  calculate  them.  Basing  on  this  theory,  the  asymptotic  theory  of  a  slender 
axisymmetric  cavity  was  developed  [27-30].  The  basic  mathematical  tool  of  this  theory  is  asymptotic 
method  of  singular  perturbations  [26].  A  solution  of  the  axisymmetric  boundary  value  problem  is  sought 
in  the  form  of  decomposition  by  the  small  parameter  e .  Its  value  is  inverse  to  the  cavity  aspect  ratio. 

It  is  well  known  from  the  theory  of  slender  bodies  that  the  potential  decomposition  near  the  x-axis  is 
[26]: 


2  dx 

To  evaluate  the  order  of  smallness  of  terms  in  the  Eqs.  (23)-(25),  we  substitute  there  orders  of 
smallness  for  all  the  variables: 


R-£,  x^l,  (p-£^\n£,  Ap-£. 

As  a  result,  neglecting  the  terms  of  high  order  of  smallness,  we  come  to  the  ’’internal”  problem  of  the 
first  approximation: 


a  (p  ^id(p 

r  dr 

(53) 

when 

dr  dx 

r  =  R(x), 

(54) 

=  when 

dx  p 

r  =  R(x). 

(55) 

We  note  that  the  condition  (26)  proves  to  be  lost  in  the  internal  problem. 

We  verify  by  direct  substitution  that  the  general  solution  of  the  Eq.  (53)  satisfying  to  the  kinematic 
condition  (54)  is: 

cp{x)  =  ^^lnr  +  C{x),  (56) 

2  dx 


where  C(x)  is  some  arbitrary  function  that  may  be  determined  by  matching  with  the  ’’external”  solution 
satisfying  to  the  condition  (26)  [26]. 
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Substituting  the  solution  (56)  to  the  dynamic  boundary  condition  (55),  we  obtain  the  equation: 


__  2Ap 


dx^  pFi  ■ 

We  introduce  a  new  arbitrary  function  'P(x)  instead  C(x)  using  the  equality: 

V  /?^ 

C'(x)  =  -i^^ln'F(x). 

2  dx 

Then  the  Eq.  (57)  becomes  the  same  form  as  the  Eq.  (47): 

R{x)  _  2Ap 


(57) 


dx 


'V{x)  pFj 


(58) 


if  we  consider  that 


1 

In - =  u  =  const. 

Rix) 


Thus,  both  the  energy  theory  and  the  asymptotic  theory  of  slender  axisymmetric  cavities  yield  the  same 
equation  in  the  first  approximation. 

The  more  strict  analysis  of  the  boundary  value  problem  (53)-(55)  permits  to  obtain  the  differential 
equation 


R  (dR^  2Ap 

- ^In — +  —  = — 

dx^  '¥  \  dx )  pFi 


(59) 


having  the  higher  precision  Ine  than  the  Eq.  (58). 

In  the  work  [30],  its  solution  was  constructed  by  the  method  of  matched  asymptotic  decomposition. 

However,  the  equation  of  the  first  approximation  (48)  is  the  more  convenient  for  practical 
calculations.  It  must  be  integrated  when  t>T  with  the  starting  conditions: 


5(t,t)  = 


dS{X,X)  _ 
dt 


(60) 


where  Sq  is  the  starting  velocity  of  the  cavity  section  expansion.  It  is  determined  by  the  cavitator  shape, 
i.e.  by  and  ,  and  also  by  the  model  velocity  Fand  does  not  depend  on  the  cavitation  number. 


The  Eq.  (48)  reminds  the  Newton  equation  of  motion.  The  constant  jd  may  have  certain  physical 
sense  of  the  additional  mass  coefficient  of  the  expanding  cavity  section  (so  called  the  ring  model  of  the 
slender  axisymmetric  cavity  [1,  30]).  This  assumption  allows  to  determine  the  starting  velocity  of  the 
cavity  section  expansion  [29]: 


dt  y  kTTfip  ’ 


t  =  X. 


(61) 


However,  for  practical  calculations  it  is  rational  to  determine  both  the  constant  /i  and  the  initial  velocity 


of  the  section  expansion  Sq  in  such  way  that  the  semi-empirical  relations  (28)  are  fulfilled.  Integrating 
twice  the  Eq.  (48),  we  obtain: 


dS 


k^Ap 

P 


{t-t). 


(62) 


S  =  S{x,x)  +  S^{t-x)-^{t-x)\ 

2p 


(63) 
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where  k^=27r/  jn  .  Substituting  the  expressions  (62)  and  (63)  into  obvious  relations: 


S(T,r  +  tJ  = 


dS{t,t  +  tJ  ^ 
dt 


and  taking  the  Eq.  (28)  into  account,  we  finally  obtain: 


*^0 


^1 


4;r 

1^' 


(64) 


The  Eq.  (48)  is  an  equation  of  the  ellipsoid  of  revolution,  i.e.  it  correctly  describes  the  shape  of  the 
main  cavity  part.  To  take  into  account  the  frontal  part  (31),  it  is  necessary  to  use  the  condition 
S{r,T)  =  7rDf  /4  (here,  D^  is  the  "agreement  section"  diameter)  instead  the  first  of  starting  conditions 
(60). 

Fig.  16  gives  a  comparison  of  the  cavity  shape  calculated  by  formulae  (52),  (63)  and  (32)  when 

(7  =  0.02. 


If  (7  <  0.01,  all  three  curves  coincide.  The  cavity  contour  approaches  to  the  ellipsoidal  cavity  shape  (52) 
when  (7  decreases  and  practically  coincides  with  the  latter  when  a  <  0.01. 


Fig.  16.  Supercavity  shape  calculated  by  formulae:  1-  (32);  2  -  (52);  3  -  (63) 


3  Calculation  of  unsteady  supercavities 

3.1  Independence  principle  of  cavity  expansion  by  G.V.  Log  vino  vice 


In  50s  G.V.Logvinovich  proposed  and  grounded  so  named  principle  of  independence  of  the  slender 
axisymmetric  cavity  section  expansion.  It  may  be  treated  as  a  partial  case  of  the  general  mechanical 
principle  of  plane  sections.  That  principle  consists  in  that  the  law  of  the  cavity  section  expansion  almost 
does  not  depend  on  the  previous  and  the  next  motion  of  the  cavitator.  That  law  is  determined  by  the 
instantaneous  velocity  of  the  cavitator  at  passing  through  this  section  plane  and  by  the  pressure  difference 
Ap  =  p^-  p^  as  well.  The  independence  principle  of  the  cavity  expansion  is  of  very  importance  to 
research  the  unsteady  supercavitation  flows. 


3.2  Equation  of  an  unsteady  supercavity 

In  the  case  of  unsteady  axisymmetric  cavities  the  independence  principle  consists  in  that  the  law  of 
arbitrary  section  expansion  about  the  trajectory  of  the  cavitator  center  is  determined  by  the  cavitator 
instantaneous  velocity  at  passing  this  section  V{t),  and  also  the  pressure  difference  Ap  =  p^  -  p^  that  can 
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depend  on  time  at  fluctuating  the  external  pressure  (0  or  the  cavity  pressure  {t)  as  well.  The 
mathematical  expression  of  the  independence  principle  is  the  equation  of  expansion  of  the  unsteady 
cavity  section  [29]: 


dt^ 


kiAp{pj) 

P 


x{t)-  L^{t)<^  <  x{t). 


(65) 


where  A/?(t,0  =  Poo  (0  +  7^1  (0“  Pc  (0  •  Here,  T  <  ?  is  the  time  of  the  section^  formation;  x(0  is  the 
current  absolute  coordinate  of  the  cavitator  (see  Fig.  17);  Pi(0  is  the  perturbation  of  the  ambient 
pressure.  The  hydrostatic  pressure  p^  can  change  from  a  section  to  section  in  case  of  the  vertical  cavity 
in  ponderable  fluid. 


X  -  Lc{t) 


According  to  the  independence  principle,  the  equations  of  expansion  of  the  steady  cavity  (48)  and  the 
nonsteady  cavity  (65)  are  identical.  The  constant  P,  =271/  p  and  the  initial  velocity  of  the  section 

expansion  S{t,t)  =  SQ  have  the  same  magnitudes  (64).  In  this  case  V  =  V{t)  is  the  instantaneous 
cavitator  velocity  at  the  time  of  the  section  ^  formation. 


We  introduce  the  dimensionless  variables  by  formulae 

x  =  D^x\ 


S  =  DiS\  t  =  p  =  pFi/. 


The  Eq.  (65)  for  the  dimensionless  variables  is  (the  primes  are  omitted): 


dt^ 


=  -kxAp{t,t)= 


kxO  {t,t) 
2 


t-L,{t)<T<L 


(66) 


The  Eq.  (66)  must  be  integrated  with  dimensionless  initial  conditions: 


dS  kiA  /  \  f - 

— t-- 


■T. 


(67) 


The  cavitation  number  is  a  time  function,  if  the  external  pressure  p^{t)  and/or  the  cavity  pressure  p^{t) 
fluctuate.  The  cavitator  velocity  V  also  is  a  time  function  in  the  general  case.  For  example,  in  case  of  the 
vertical  motion  of  the  supercaviating  model  under  action  of  only  cavitation  drag  the  cavitator  velocity 
and  the  cavitator  position  are  determined  by  the  equations: 

1 

H{t)  = 

0 

where  m  is  the  body  mass;  p^^^  is  the  atmospheric  pressure;  H  is  the  cavitator  immersion  depth. 


m- 


dv  pv: 


dt 


^  ,  Pam  +  pgH  it)- p^{t) 
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Twice  integrating  the  Eq.  (66)  with  taking  into  account  the  initial  conditions  (67),  we  obtain  the 
formula: 


S(t,  t)  =  —  +  — {t-r)-  2V  {T)l{t-u)(j{u)du 
4  4  ^ 

The  cavity  length  L^{t)  is  determined  for  each  moment  by  the  equation: 


(68) 


Sit-LMt)=^-  (69) 

An  application  of  formula  (68)  has,  naturally,  restricted  limits  of  applicability.  However,  the 
experimental  tests  justify  its  adequacy  for  a  wide  range  of  parameters. 


3.3  Experimental  confirmation  of  the  independence  principle 


The  experimental  test  of  the  independence  principle  was  carried  out  repeatedly  and  always  gave  good 
results.  So,  it  was  shown  in  the  specially  performed  experiments  [2]  that  in  case  of  the  model  impact 
acceleration  or  stoppage,  the  cavity  sections  remote  from  the  cavitator  expanded  some  time  in  the  same 
way  as  if  the  uniform  motion  continued. 

Examples  of  calculation  of  the  cavity  shape  at  the  variable  cavitator  velocity  and  also  along  the 
curvilinear  trajectory  are  given  there  as  well.  The  work  [30]  presents  results  of  experimental  testing  the 
calculation  of  the  unsteady  cavity  past  the  disk  with  periodically  varying  angle  of  slope.  A  comparison  of 
the  experimental  and  calculated  cavity  shape  at  the  vertical  water  entry  of  bodies  is  given  there  as  well. 

A  number  of  methodical  experiments  on  testing  the  independence  principle  was  carried  out  at  the 
IHM  UNAS  including  experiments  at  very  high  velocity  of  the  models  [31]. 

Fig.  18  shows  a  sequence  of  motion-picture  frames  of  the  deformation  of  the  cavity  caused  by  rapid 
reducing  the  cavitator  drag  without  changing  the  cavitator  diameter.  The  experiment  was  performed  in 
the  hydro-tunnel  at  the  free-stream  velocity  8.9  m/sec,  the  diameter  of  the  cavitator  with 
variable  drag  [22]  was  equal  to  20  mm.  In  the  frames,  a  well  expressed  ’’stepped"  boundary  separating 
the  initial  and  new-formed  cavity  parts  is  observed.  This  boundary  moved  with  velocity  in  full 
accordance  with  the  independence  principle. 

We  confirmed  the  independence  principle  validity  at  the  very  high  velocity  of  motion  in  the  special 
experiments  on  passage  of  the  supercavitating  model  through  a  solid  steel  sheet  with  thickness  1.5  mm 
and  through  a  hollow  obstacle  filled  by  air  as  well. 

Fig.  19  shows  a  sequence  of  motion-picture  frames  of  the  process  of  the  model  passage  through  the 
thin  steel  sheet.  The  motion  velocity  is  V  =  1000  m/sec,  the  cavitator  diameter  is  =13  ^nm.  One  can 
see  in  the  frames  that  the  presence  of  the  obstacle  preventing  the  water  motion  in  longitudinal  direction 
did  not  influence  on  the  cavity  development  past  the  obstacle.  This  testifies  that: 

1)  the  fluid  motion  near  the  slender  supercavity  occurs  predominantly  in  radial  direction; 

2)  the  adjoining  supercavity  sections  separating  by  the  steel  sheet  develop  in  such  way  as  in  the  case 
of  a  flow  without  the  sheet; 

3)  the  longitudinal  gas  motion  together  with  the  supercavity  is  absent.  If  not,  it  would  cease  at 
passing  of  the  model  through  the  steel  sheet.  It  could  influence  on  the  supercavity  development  just  past 
the  obstacle. 

The  flow  directed  to  the  model  motion  direction  was  observed  only  after  the  cavity  closure. 
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Fig.  18.  Supercavity  shape  at  rapid  reducing  the  drag:  Fig.  19.  Passing  of  supercavitating  model 

through  the  obstacle: 

=  20  mm,  =  8.9  m/sec  =  1.3  mm,  V=  1000  m/sec 

The  experiment  on  passing  of  the  supercavitating  model  through  the  hollow  air  space  is  especially 
demonstrative  one.  The  obstacle  represented  a  box  with  the  frontal  and  back  walls  made  of  steel  sheets 
having  thickness  1  mm  and  the  side  walls  made  of  glass  having  e  thickness  10  mm  (Fig.  20).  In  the 
experiment,  we  used  the  model  with  the  length  280  mm  and  the  cavitator  diameter  D^  =  33  mm. 

A  sequence  of  frames  of  shooting  the  experiments  is  given  in  Fig.  21.  Passing  through  the  complex 
obstacle  containing  the  air  space  between  the  solid  walls  excluded  the  transition  of  both  the  pressure 
pulse  and  the  velocity  pulse  in  longitudinal  direction.  However,  the  cavity  developed  some  time  before 
and  after  the  hollow  box  as  if  it  was  absent. 

The  presented  sequences  of  frames  visually  demonstrate  validity  of  the  principle  of  independence  of 
the  cavity  section  expansion  and,  hence,  adequacy  of  the  approximate  calculation  method  based  on  that 
principle. 


4  Peculiarities  of  calculation  of  ventilated  cavities 

4.1  Similarity  parameters  in  the  artieicial  supercavitation 


It  follows  from  the  above  that  the  basic  similarity  parameters  in  artificial  supercavitation  are  the 
cavitation  number  (1),  the  Froude  number  (3)  and  the  dynamic  parameter  /3  (17).  The  cavitation  number 

magnitudes  in  range  10  -2<(T  <0.1  correspond  to  this  type  of  flow. 

The  Froude  number  Fr  characterizes  the  distorting  effect  of  the  gravity  on  the  cavity  shape. 
Estimations  show  that  it  is  considerable  when  o  Fr<  2  [2], 
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Fig.  20.  Sketch  of  the  hollow  obstacle  Fig.  21.  Passing  of  supercavitating  model 

through  the  air  space:  =  3.3  mm,  550  m/sec 


The  parameter  /3  >  1  characterizes  the  significance  of  elasticity  of  the  gas  filling  the  ventilated 
cavity.  It  is  the  basic  similarity  parameter  at  investigation  of  stability  and  unsteady  behavior  of  gas-filled 
cavities  [15].  When  the  parameter  /3  increases,  the  gas  elasticity  significance  increases  as  well.  The 

ventilated  cavities  are  stable  when  1<  /3  <  2.645  and  unstable  when  /3  >  2.645. 

In  practice,  it  is  impossible  to  attain  simultaneous  equality  of  all  the  numbers  a ,  Fr,  /3  for  the  full- 
scale  model  and  the  bench  testing  one.  That  is  why,  investigation  of  scale  effects  (i.e.  influences  of 
different  deviations  from  the  similarity)  is  of  importance  in  modeling  the  supercavitation  processes. 

We  enumerate  some  possible  causes  of  the  scale  effect  at  the  physical  modeling  of  the  artificial 
cavitation  flows. 

1)  Influence  of  the  flow  boundaries.  The  bench  testing  of  the  supercavitation  flows  usually  are 
carried  out  in  hydro-tunnels  and  hydro-channels  in  condition  of  the  bounded  flow.  It  is  necessary  to  take 
into  account  the  influence  of  the  flow  boundaries  when  the  experimental  data  are  recalculated  to  the 
motion  in  unbounded  fluid. 

The  influence  of  the  flow  boundaries  on  the  supercavity  shape  and  dimensions  has  been  well  studied. 
The  solid  boundary  closeness  results  in  increasing  the  cavity  dimension,  and  the  free  boundary  closeness 
results  in  decreasing  them  at  the  same  value  of  the  cavitation  number. 

The  influence  of  the  flow  boundaries  on  the  gas  rate  coefficient  is  of  importance  in  the  case  of 
ventilated  cavities.  It  was  shown  experimentally  that  the  approach  to  the  free  boundary  results  in 
decreasing  the  gas-leakage  rate  at  the  same  values  of  a  and  Fr  [3,  10].  The  influence  of  the  cavity 
immersion  depth  on  the  gas-leakage  coefficient  at  the  second  type  of  the  gas-leakage  was  taken  into 
account  in  the  empirical  formula  (14). 

2)  Influence  of  the  gas  flow  in  the  cavity.  The  experience  shows  that  in  the  most  of  cases  the 
influence  of  gas  flow  within  the  artificial  cavity  may  be  neglected.  For  steady  cavities,  it  becomes 
considerable  only  in  that  cases  when  the  gas  flows  in  a  narrow  clearance  between  the  body  and  the  cavity 
wall.  According  to  the  Bernoulli  equation  the  pressure  in  the  clearance  reduces,  and  the  cavity 
boundaries  may  be  deformed  negatively.  In  this  case  local  deformation  of  the  cavity  wall  may  be 
approximately  calculated  by  the  perturbation  method  [32]. 
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3)  Supercavities  in  a  bubble  flow.  A  peculiar  scale  effect  may  arise  in  the  case  of  the  gas-liquid 
bubble  flow  around  the  supercavitating  bodies.  We  showed  experimentally  and  theoretically  that  the 
supercavities  can  absorb  gas  from  the  two-phase  bubble  flow  [33]. 

When  the  gas  concentration  is  sufficient,  this  process  causes  to  the  considerable  gas  supply  into  the 
cavity  and,  as  a  result,  to  increasing  the  cavity  dimension. 


4.2  Taking  into  account  of  gravity  effect 


As  was  said  above,  the  gravity  effect  on  the  horizontal  supercavity  consists  in: 

1)  the  cavity  axis  deformation  upwards  (floating-up  of  the  cavity  tail); 

2)  the  cavity  section  shape  deformation. 

The  cavity  axis  deformation  in  ponderable  fluid  is  the  main  and  greatest  perturbation  of  the  cavity. 


b 


Fig.  22.  View  of  the  ventilated  supercavities:  =  8.9  m/sec,  Fr  =  24.5;  a  -  a  =  0.0334,  b  -  a  = 

0.0644 


Fig.  22  demonstrates  photographs  of  ventilated  cavities  at  the  same  Froude  number  and  the  different 
cavitation  numbers.  The  first  form  of  the  gas  leakage  from  the  cavity  was  observed  in  both  cases. 

In  the  works  [31,  33]  these  deformations  have  been  investigated  in  detail  by  the  perturbation  method. 


Fig.  23.  Scheme  of  a  supercavity  in  ponderable  fluid 
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However,  for  practical  calculations  it  is  usually  enough  to  evaluate  the  axis  deformation  in  the  first 
approximation  by  the  theorem  of  momentum  [2].  The  calculation  scheme  is  presented  in  Fig.  23. 

We  consider  the  balance  of  the  cavity  length  element  with  the  radius  i^(x).  Its  momentum 
pTiR^V^hg  must  be  equal  to  the  buoyancy  force  pgQ .  Thus,  we  have: 


hAx)  =  - 


gQ{x) 


kV^R\x)' 

Integrating  this  equation  along  the  x-axis,  we  obtain 


g 


Q{s) 


ds . 


(70) 


nV^{R^{s) 

Here,  Q{x)  is  the  cavity  part  volume  from  0  to  x,  R{x)  is  the  current  cavity  radius. 

In  the  work  [33],  the  simple  approximate  formula  was  obtained  for  the  axis  deformation  caused 
to  the  gravity  effect: 


3Fr; 


(71) 


Here,  is  the  Froude  number  with  respect  to  the  cavity  length.  Formula  (71)  may  be  used  in  ranges 
0.05  <  (7  <0.1,  2.0  <Fr;  <3.5.  Fig.  24  gives  a  comparison  of  calculation  by  formulae  (70)  (curve  1) 

and  (71)  (curve  2)  with  the  experimental  data  [30].  Different  marks  correspond  to  different  experimental 
conditions. 


Fig.  24.  A  supercavity  axis  deformation  in  ponderable  fluid 


Deformation  of  the  cavity  section  shape  in  the  cross  gravity  field  was  investigated  by  the  perturbation 
method  in  the  works  [30,  32].  The  calculations  showed  and  the  experiments  confirmed  that  a  liquid  crest 
with  top  directed  up  into  the  cavity  is  formed  at  the  bottom  cavity  wall  in  this  case.  The  crest  height 
increases  from  the  cavitator  to  the  tail.  Sometimes,  this  crest  is  small  even  at  the  cavity  end.  In  other 
cases  the  crest  top  may  attain  the  upper  cavity  wall  and  divide  cavity  on  two  tubes  just  past  the  mid¬ 
section  (see  Fig.  25) 

A  criterion  of  the  gravity  effect  on  the  supercavity  was  obtained  by  theoretical  way  in  the  work  [32]: 

V  =  a^JaFr^  >1.5  .  (72) 

When  this  condition  is  fulfilled,  the  cavity  is  not  destroyed,  and  the  water  crest  does  not  close  up  with  its 
upper  wall  even  at  the  cavity  end.  With  approaching  the  parameter  v  to  the  limiting  magnitude  v  =  1.5, 
two  vortex  tubes  become  the  more  expressed  at  the  cavity  end. 
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A  comparison  with  the  experiment  showed  that  the  criterion  (72)  is  the  more  exact  than  the  Campbell- 
Hilbome  criterion  (15).  Indeed,  we  have  a Fr  =0.82  <  1;  v  =  3.73  >  1.5  for  the  experiment  in  Fig.  22,  a. 
For  the  experiment  in  Fig.  22,  b,  we  have  crFr  =  1.58  >  1;  V  =  9.82  >  1.5.  Thus,  in  the  first  case  the 
Campbell-Hilbome  criterion  does  not  allow  confidently  to  determine  the  gas-leakage  type. 
Simultaneously,  the  criterion  (72)  determines  the  portion  gas-leakage. 

It  is  possible  to  determine  the  following  intervals  of  changing  the  parameter  v  that  correspond  to 
different  levels  of  perturbation  caused  by  gravity: 

1)  interval  v  =1^2  is  characterized  by  high  level  of  perturbation,  when  the  cavity  past  the  mid¬ 
section  transforms  into  the  vortex  tubes; 

2)  interval  v  =  2  ^  4  corresponds  to  the  moderate  or  considerable  level  of  perturbation.  In  this  case 
the  water  crest  height  is  lower  than  the  unperturbed  cavity  radius,  although  may  be  close  to  it. 

3)  interval  v  =  4  ^  10  is  characterized  by  weak  level  of  perturbation.  The  gravity  effect  may  be 
neglected  at  all  when  v  >  10. 


Fig.  25.  Deformation  of  a  ventilated  supercavity  axis  in  ponderable  fluid 

Fig.  26  represents  the  calculation  by  the  perturbation  method  of  the  cross  cavity  section  shapes  when  a  = 
0.06,  Fr  =  10.0  [33].  In  this  case  V  =  1.47.  The  dimensionless  coordinate  x  =  2x/ was  used  at  the 
calculation.  In  the  sections  x=  0.25  and  x  =  0.50  the  gravity  effect  does  not  yet  become  apparent,  in  the 
section  x  =  0.75  the  small  compression  from  the  bottom  is  appreciable.  In  the  cavity  mid-section  J=1.00 
the  section  shape  differs  from  the  circular  one.  When  x=  1.25,  the  deformation  is  considerable.  On  the 
bottom  it  is  close  to  the  half  of  the  cavity  radius.  The  crest  directed  to  up  is  well  visible.  The  cavity  is 
destroyed  in  the  next  sections. 


Fig.  26.  Gravity  effect  on  the  cross  cavity  section  shape:  a  =  0.06,  Fr  =  10.0 
1  -  X  =  0.25,  2  -  X  =  0.50,  3  -  X  =  0.75,  4  -  x  =  1.00,  5-  x  =  1.25 
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4.3  Taking  into  account  of  angle  of  attack 


The  transverse  force  F^,  arising  on  the  cavitator  non-symmetric  about  the  free-stream  results  in  the 

cavity  axis  deformation  (Fig.  27).  According  to  the  theorem  of  momentum,  the  impulse  of  the  transverse 
force  on  the  cavitator  must  correspond  to  change  of  the  momentum  in  the  wake  that  is  the  same  by 
magnitude  and  opposite  by  direction.  This  means  that  if  the  force  on  the  cavitator  is  directed  to  up,  then 
the  cavity  axis  must  be  deflected  to  down  (see  Fig.  27)  and  vise  versa. 

Applying  the  theorem  of  momentum  allows  to  estimate  easily  this  bend  [1].  The  impulse  t  must  be 
equal  to  momentum  of  the  cavity  length  unit  -  pnR^Vjh^ .  Hence,  we  have: 


hf{x)  = 


Fy 

pnVlR\x)' 


X 


Fig.  27.  Scheme  of  a  supercavity  past  an  inclined  cavitator 


Integrating  this  equation  along  the  x-axis,  we  obtain 


hAx)  =  - 


K 


X 

]■ 


ds 


(73) 


Components  of  the  force  acting  on  the  cavitator-disk  inclined  to  the  stream  with  the  angle  a  can  be 
approximately  calculated  by  formulae  [1]: 


F  =  F  Q  cos^  a,  F  =  F  ^  sin  a  cos  a. 


(74) 


where  is  the  disk  drag  when  a  =  0 .  The  formulae  (74)  well  coordinates  with  experiment  when 
a  <  50°.  They  may  be  applied  not  only  for  a  disk  but  also  for  blunted  cavitators  of  other  shapes. 


Fig.  28.  A  superavity  axis  deformation  past  the  inclined  cavitator:  <7  =  0.08,  a  =  33.5  ° 


An  analysis  of  the  cavitator  orientation  effect  on  the  cavity  shape  using  the  perturbation  method  was 
given  in  the  work  [34].  As  a  result,  the  simple  approximate  formula  was  obtained  to  determine  the 
cavity  axis  deformation  under  action  of  the  lift  on  the  cavitator: 


h^(x)=  -Cy  (0.46  - <7  +  X ), 


pv^Ttoy 


c 


(75) 
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where  x  =  2x/L^,.  Fig.  28  gives  a  comparison  of  the  calculation  by  the  formula  (75)  with  the 
experimental  data  [31]. 

Comparing  the  formulae  (74)  and  (78),  we  can  see  that  the  cavity  axis  bend  caused  by  the  gravity 
increases  according  to  the  quadratic  law,  and  one  caused  by  the  lift  on  the  cavitator  increases  according 
to  the  linear  law.  Therefore,  it  is  impossible  to  neutralize  the  gravity  effect  using  the  inclined  cavitator 
along  the  whole  cavity  length. 

In  skewed  stream,  the  cross  cavity  sections  also  are  deformed.  Since  a  projection  of  the  inclined  disk 
on  the  vertical  plane  is  an  ellipse,  then  the  cross  cavity  sections  before  the  mid-section  will  be  elliptic 
with  ratio  of  the  half-axes 


—  =  cosa. 


(76) 


In  this  case,  the  average  radii  in  the  middle  cavity  part  before  the  mid-section  are  approximately  equal  to: 


i?(x)=  i?o(x)cosa , 


(77) 


where  is  the  radius  of  axisymmetric  unperturbed  cavity  [2]. 

The  simple  formulae  (71),  (75)  may  be  used  for  approximate  calculation  of  both  the  stationary 
and  non-stationary  supercavities  (using  the  independence  principle).  They  are  very  convenient  for  using 
in  codes  for  computer  simulation  of  the  cavitation  flows. 


4.4  Equation  of  the  mass  of  gas  in  the  cavity  balance 

The  mathematical  model  of  the  unsteady  ventilated  cavity  must  include  the  equation  of  the  mass  of  gas  in 
the  cavity  balance  [15]: 

dm 

— —  =  (78) 

dt 

where  =  p^{t)Q{t)  is  the  mass  of  gas  in  the  cavity;  Q{t)  is  the  cavity  volume;  is  the  density  of 
gas  in  the  cavity;  and  are  the  mass  rates  of  the  gas  blowing  into  the  cavity  and  carrying  away 
from  the  cavity,  respectively.  Owing  to  the  water  thermal  capacity,  the  process  of  the  gas  expansion  in 
the  cavity  usually  may  be  considered  as  isothermal  one: 

p^{t)^Cp^{t),  (79) 

where  C  is  the  constant.  Taking  the  relation  (79)  into  account,  we  rewrite  the  equation  of  the  mass  of  gas 
in  the  cavity  balance  in  the  form: 

^iPc  (t)Qm = it)\  (80) 

dt 

where  is  the  volumetric  air-supply  rate  referred  to  the  ambient  pressure  6o«r(0  is  the 
volumetric  air-leakage  rate  from  the  cavity.  The  cavity  pressure  p^{t)  is  assumed  to  change 
synchronously  along  the  cavity  length. 

Strictly  speaking,  the  Eq.  (80)  may  be  applied  when  the  parameters  change  not  very  rapidly.  Really, 
the  pressure  perturbations  p^{t)  extend  along  the  cavity  with  the  sound  speed  in  the  vapor-gas  medium 
filling  the  cavity  .  Characteristic  time  of  changing  the  pressure  in  the  cavity  with  length  is  equal: 
T^-L^l  a^.  Let  the  characteristic  frequency  of  the  unsteady  process  is  /Hz.  Then,  supposition  about  the 
synchronism  of  changing  the  pressure  along  the  cavity  is  equivalent  to  the  inequality  Jj  « 1/  / .  From 
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here  we  derive  estimations  for  both  the  admissible  frequency  of  the  process  and  the  dimensionless 
Strouhal  number  (10): 

Clrr  Cl.r 

f«—,  Sh«^.  (81) 

4. 

The  cavity  pressure  is  constant  in  the  case  of  the  natural  vapor  supercavity,  i.e.  a  =  const.  Therefore, 
the  Eq.  (80)  becomes  needless. 

In  practice,  we  usually  have  =  const.  The  value  of  the  gas-leakage  from  the  cavity  depends 
on  both  the  cavitation  number  and  the  Froude  number  and  on  a  number  of  other  factors  as  well  [3,  6].  It  is 
obvious  for  steady  ventilated  cavity  that  . 

The  function  Q-^  (t)  is  given,  and  (0  is  an  unknown  time  function  in  problems  of  the  ventilated 
cavities  control  by  regulating  the  gas  supply.  As  has  been  said  yet,  determining  the  form  of  function 
(t)  for  the  concrete  flow  conditions  is  the  most  difficult  problem  of  the  artificial  cavitation  theory. 


Conclusion 


The  described  approximate  mathematical  model  of  the  unsteady  axisymmetric  cavity  is  very  convenient 
to  develop  fast  calculation  algorithms  and  codes  permitting  to  perform  computer  experiments  with 
dynamic  display  of  the  unsteady  cavity  shape  and  other  necessary  information  on  the  computer  screen 
immediately  during  run-time.  The  existing  methods  of  "exact”  numerical  calculation  of  the  unsteady 
supercavities  are  useless  for  these  purposes  due  to  their  awkwardness  and  long  run-time.  Accuracy  of 
the  obtained  results  is  established  by  direct  comparison  with  experiment. 

In  our  next  lecture,  results  of  computer  simulation  of  the  unsteady  supercavitation  processes  of 
different  types  will  be  presented. 
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Summary 


This  lecture  is  devoted  to  unsteady  processes  in  the  flows  with  natural  and  artificial  supercavitation. 
We  consider  two  classes  of  phenomena: 

1)  forced  non-stationarity  of  the  flow  which  is  induced  by  external  causes  -  a  model  velocity 
change,  an  ambient  pressure  impulse,  a  variation  of  gas  supply  into  a  cavity  etc.; 

2)  self-exited  oscillation  arising  due  to  internal  instability  of  gas-filled  supercavities. 

Results  of  computer  simulation  of  the  dynamic  supercavitation  processes  are  presented.  They  were 
obtained  by  using  the  approximate  mathematical  model  based  on  the  G.Logvinovich  independence 
principle  of  the  supercavity  expansion. 

A  comparison  of  unsteady  behaviour  of  axisymmetric  and  two-dimensional  supercavities  is  given. 
Formulation  and  solution  of  two  2-D  problems  are  presented: 

1)  the  problem  on  instability  of  the  2-D  gas-filled  supercavity; 

2)  the  problem  on  evolution  of  the  2-D  supercavity  past  an  oscillating  wedge. 

The  solutions  are  based  on  the  M.Tulin’s  linearized  cavitation  scheme. 

The  lecture  material  is  illustrated  by  sequences  of  motion-picture  frames  and  photographs  of  the 
unsteady  supercavitation  processes.  They  were  obtained  at  the  hydrodynamic  laboratory  of  the  Institute 
of  Hydromechanics  of  N  AS  of  Ukraine  (IHM  UN  AS). 


1  Main  types  of  dynamic  snpercavitation  processes 


We  consider  main  types  of  the  supercavitation  flows  and  characteristic  for  each  of  them  unsteady 
phenomena  which  are  well  simulated  by  using  the  accepted  mathematical  model. 


1.1  Supercavity  formation  during  high-speed  water  entry 


When  the  high-speed  motion  in  water  is  experimentally  investigated  at  the  IHM  UNAS,  models  are 
accelerated  with  the  vapor-gas  catapult  up  to  velocities  500  ^  1400  m/sec,  enter  into  water  through  the 
membrane  and  then  move  under  water  on  inertia  in  the  natural  super-cavitation  regime  [1,2].  Length 
of  the  distance  is  35  m. 

Fig.  1  shows  consecutive  frames  of  the  initial  period  of  the  model  motion.  The  cell  of  the  coordinate 
mesh  is  0.2  x  0.2  m.  The  cavitator  diameter  of  model  is  =  1.5  mm,  the  model  velocity  is  Vq  =  980 
m/sec.  One  can  see  that  the  cavity  formation  process  has  a  stage  of  cavity  closure  caused  by  rapid 
increase  of  the  water  pressure  when  the  model  and  gases  penetrate  into  water.  In  this  case,  if  a  stability 
of  the  model  motion  does  not  loss,  then  the  normal  formation  of  the  supercavity  goes  on  in  further. 


Paper  presented  at  the  Lecture  Series  on  '' Super  cavitating  Flows  ",  held  at  the  von  Kdrmdn 

Institute  (ykI)  in  Brussels,  Belgium,  12-16  February  2001,  and  published  in  RTO  EN-010. 


12-2 


1.2  Natural  high-speed  supercavities 

A  main  characteristic  peculiarity  of  high-speed  super-cavities  is  their  very  huge  aspect  ratio  X  =  LJ  D^  = 
70  -J-  200,  where  is  the  cavity  length;  is  the  cavity  mid-section  diameter.  The  vapor  cavitation 
number  is  unique  similarity  parameter  for  such  flows: 

pV^  ’ 

where  is  the  pressure  at  infinity;  =  2350  Pascal  is  the  saturated  water  vapor  pressure  (at  the 
temperature  20  °C);  p  is  the  water  density.  This  type  of  flow  corresponds  to  the  cavitation  numbers  a  < 
10 

Fig.  2  shows  a  sequence  of  frames  of  shooting  the  high-speed  supercavity  =  1.2  mm;  V  =  1075 
m/sec;  =18  m).  The  shooting  frequency  in  this  experiment  was  N=  4200  frames/sec,  the  time  interval 
between  the  frames  was  1  /  A  =  0.24  msec. 

A  typical  unsteady  process  at  the  high-speed  motion  of  the  supercavitating  model  on  inertia  is  fast 
decrease  of  both  the  velocity  and  the  cavity  length.  The  super-cavitation  regime  of  motion  remains  until 
the  model  is  fully  placed  within  the  cavity. 

The  second  peculiarity  of  the  high-speed  super-cavities  is  the  cavity  closure  mechanism.  The 
cavities  in  the  described  experiments  fluently  closed  practically  in  a  point  in  contrast  to  the  vapor 
cavities  when  cavitation  numbers  a  <  0.01.  For  latter,  the  unsteady  closure  with  periodic  arising 
reentrant  jet  is  characteristic.  It  is  seen  from  sequential  frames  of  the  experiments  that  the  wake  past  the 
cavities  has  periodic  bubble  structure.  Absolute  frequencies  of  the  periodic  structure  in  the  wake  were 
in  range  80  ^  140  kHz  in  various  experiments  when  =  1.2  ^  1.5.  In  Fig.  2,  the  frequency  is  equal  to 
140  kHz  . 

The  analysis  showed  that  one  of  causes  of  the  periodic  bubble  wake  formation  may  be  elastic 
vibrations  of  the  model. 

The  third  peculiarity  of  the  high-speed  supercavitation  motion  in  water  is  the  stability  mechanism  of 
motion.  For  the  supercavitating  models,  the  classical  condition  of  the  motion  stability  in  continuum 
is  not  fulfilled.  It  consists  in  location  of  the  point  of  the  hydrodynamic  force  application  past  the  center 
of  the  body  mass.  The  experiments  showed  that  the  stabilization  of  free  motion  of  the  supercavitating 
models  is  attained  owing  to  ricocheting  the  model  tail  from  the  inner  cavity  walls  when  F  >  300  m/sec 
[1,2]. 

In  the  experiment,  action  of  this  stabilization  mechanism  appears  in  periodic  perturbations  of  the 
supercavity  surface  that  develop  according  to  the  independence  principle.  In  Fig.  3,  two  experimental 
photographs  are  showed:  the  model  at  the  time  of  touching  the  upper  internal  cavity  wall  (a)  and  the 
cavity  part  perturbed  owing  to  contact  with  the  model  (b).  Exposure  time  for  shooting  was  3  •  10  sec. 


Fig.  1 .  High-speed  water  entry:  =  1 .5  mm,  =  980  m/sec 


Fig.  2.  High-speed  supercavity:  =  1.2  mm;  V=  1075  m/sec 
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1.3.  Artificial  ventilated  cavities 


The  supercavitation  regime  may  be  created  in  water  at  the  moderate  velocities  V=  10^  100  m/sec.  The 
basic  similarity  parameters  of  the  ventilation  flow  are: 


pV^ 


(2) 


where  is  the  cavity  pressure;  Fr  is  the  Froude  number;  g  is  the  gravity  acceleration;  is  the 

cavitator  diameter.  The  cavitation  numbers  10”^  <  a  <0.1  correspond  to  this  type  of  flow. 

The  Froude  number  Fr  characterizes  the  distorting  effect  of  the  gravity  on  the  cavity  shape. 
Estimations  show  that  it  is  considerable  when  o  Fr<  2  [3], 

The  dynamic  similarity  parameter  /3  >  1,  that  is  equal  to  relation  of  the  vapor  cavitation  number  and 
its  real  value  a ,  plays  an  important  role  at  calculation  of  the  unsteady  ventilation  flow. 

The  value  ^  =  \  corresponds  to  the  natural  supercavitation.  When  the  parameter  /3  increases, 
significance  of  elasticity  of  the  gas  filling  the  ventilated  cavity  increases  as  well. 


Fig.  3.  Cavity  perturbation  at  ricocheting:  Fig.  4.  Ventilated  cavity  reaction  on  the  pressure  impulse: 

=  3  mm,  V  =  690  m/  sec  =  20  mm,  V=9  m/sec 


Fig.  4  shows  a  sequence  of  motion-picture  frames  of  the  ventilated  cavity  deformation  under 
action  of  the  ambient  pressure  impulse.  The  pressure  impulse  in  water  was  created  with  the 
compressed-air  catapult.  The  air  bubble  created  by  the  catapult  is  seen  in  the  upper  part  of  the  frames. 
The  frames  show  that  the  pressure  impulse  results  in  the  axisymmetric  pinch  of  the  cavity. 

A  characteristic  unsteady  process  for  ventilated  cavities  is  the  cavity  evolution  at  changing  or  ceasing 
the  gas-supply.  The  experiments  show  that  this  process  is  determined  by  type  of  the  gas-leakage  from  the 
cavity  [3,  4].  In  Fig.5,  the  typical  experimental  graphs  of  L^{t\  D^{t)  are  shown  when  the  air-supply 
was  instantly  turned  on  and  turned  off  [5].  The  portion  type  of  the  air-leakage  from  the  cavity  was 
maintained  during  this  test.  It  is  seen  that  the  cavity  length  increased  by  linear  law.  This  process  was 
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decelerated  only  at  approach  to  the  stationary  regime.  On  the  contrary,  the  cavity  decreased  with 
increasing  speed  when  the  cavity  closes. 

Lc  m 
0.8 

0.6 

0.4 

0.2 

0  4  8  12  16  20  24  30  34  38  t,  sec 


Fig.  5.  Ventilated  cavity  history  at  air-supply  change 


1.4  Instability  of  ventilated  cavities 


Arising  the  self-induced  oscillations  of  the  ventilated  cavities  [6,  7]  is  interesting  unsteady  phenomenon. 
If  too  many  gas  is  supplied  into  the  cavity,  then  it  can  become  unstable.  In  this  case  waves  arise  on 
the  cavity  surface,  it  pulsates  along  the  its  length  and  width,  the  gas-leakage  from  the  cavity  is  realized 
by  separation  of  great  cavity  portions  (air  pockets).  A  photograph  of  pulsating  axisymmetric  cavity  is 
presented  in  Fig.  6  (Yu.F.Zhuravlev). 

Theoretically,  this  phenomenon  was  explained  by  E.V.Paryshev  [8,  9]  on  the  basis  of  both  the 
G.  V.Logvinovich  independence  principle  and  the  equation  of  the  mass  of  gas  in  the  cavity  balance. 


1.5  Cavities  after  the  water  entry  from  the  atmosphere 


The  air  cavity  forming  after  water  entry  of  bodies  from  the  atmosphere,  closes  on  the  depth  or  at  the 
water  surface  depending  on  the  initial  conditions  [10].  The  cavity  pressure  is  lower  than  atmospheric  one 
at  the  cavity  closure  time.  During  further  immersion  of  the  body,  the  cavity  fast  decreases  because  of 
both  the  static  pressure  growth  and  the  loss  of  the  air  entrapped  from  the  atmosphere. 

The  unsteady  process  of  the  depth  cavity  closure  is  well  described  by  the  approximated  mathematical 
model  based  on  the  independence  principle  [11]. 


Fig.  6.  Pulsating  axisymmetric  cavity 


We  have  investigated  experimentally  the  interesting  phenomenon  of  wave-shaped  deformation  of  the 
cavities  forming  after  vertical  water  entry  of  bodies  with  velocity  about  10  m/sec  [12]  (Fig.  7).  We 
showed  that  cause  of  this  phenomenon  consists  in  excitation  of  one  of  fundamental  frequencies  of  the 
cavity  filled  by  air  entrapped  from  the  atmosphere. 
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Fig.  7.  Cavities  after  water  entry  from  the  atmosphere 


2.  Mathematical  model  and  calculation  algorithm 


We  use  the  approximate  mathematical  model  based  on  the  G.V.Logvinovich  independence  principle  of 
the  cavity  section  expansion  for  computer  simulation  of  all  the  mentioned  unsteady  processes.  The 
mathematical  model  includes  the  following  equations: 

1)  The  equation  of  expansion  of  the  unsteady  cavity  section  [13]: 


p 


S{T,r)  = 


dSit,t)  _  k^A  <— 
dt  4 


(3) 


where  Ap{T,t)  =  + p^(t)- p^{t).  Here,  T  <  ^  is  time  of  section  creation;  x(0  is  the  current 

absolute  x-coordinate  of  the  cavitator;  p^  (t)  is  the  perturbation  of  the  ambient  pressure;  l{t)  is  the 
cavity  length;  is  the  cavitation  drag  coefficient;  k^=47r/ ;  A-2  is  the  empirical  constant.  The 
hydrostatic  pressure  p^  can  vary  from  one  section  to  another  when  the  body  moves  with  the  variable 
depth  in  ponderable  fluid. 

2)  The  equation  of  the  mass  of  gas  in  the  cavity  balance  when  the  gas  expands  by  the  isothermal  law 

[8]: 

^[Pc(t)Q(t)]  =  P[q^„-qau.(t)l  (4) 

at 


where  Pc{t)  =  Pc{t)I^Q  \  is  the  initial  cavitation  number;  Q  is  the  cavity  volume;  and  ^^^^(/)are 
volumetric  rates  of  air-supply  to  the  cavity  and  air-leakage  from  the  cavity,  respectively,  referred  to  p^ . 
We  assume  that  the  cavity  pressure  p^{t)  changes  synchronously  along  the  cavity  length. 


3)  The  equation  of  rectilinear  motion  of  the  supercavitating  model: 


dU 

m - 

dt 


=  I.F, 


(5) 
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where  m  is  the  model  mass;  U{x,i)  is  the  model  speed;  is  a  sum  of  acting  forces  (cavitation  drag, 
propeller  thrust,  gravity  when  vertical  motion  etc.).  In  problems  on  the  supercavitating  model  dynamics, 
we  use  a  complete  set  of  the  dynamic  equation  of  axisymmetric  model  [14]. 

This  mathematical  model  may  be  applied,  strictly  speaking,  when  the  parameters  change  not  very 
fast.  In  the  case  of  oscillation,  we  have  estimation  for  dimensionless  angular  frequency  k«2nal  , 
where  a  is  the  sound  speed  in  the  gas  filling  the  cavity.  It  follows  from  the  assumption  that  the  cavity 
pressure  p^{t)  changes  synchronously  along  the  cavity  length. 


We  have  developed  a  ’’fast"  numerical  algorithm  and  a  number  of  computer  codes  on  the  basis  of  the 
Eqs.  (3),  (4)  and  (5).  That  codes  allow  to  reproduce  the  unsteady  supercavitation  processes  of  the 
mentioned  types  on  a  computer  screen  [2,  15,  16].  Examples  of  the  computer  simulation  are  given 
below. 


I*-.  ■»  I- «  1=  .fe  iw  *'  w  s  I.  m  » 


Fig.  8.  Result  of  the  PCA  V  code  operation:  cavity  reaction  on  the  water  pressure  impulse 


3.  Cavity  deformation  under  action  of  the  external  pressure  perturbatiou 


The  PCAV  code  (PerturbedCavity)  is  intended  for  computer  simulation  of  supercavity  deformation 
under  action  of  the  ambient  pressure  perturbations  in  water. 

Fig.  8  presents  the  computer  simulation  of  action  of  the  external  pressure  impulse  imitating  the 
underwater  explosion.  In  this  case  the  cavity  pinch  occurs  when  the  pressure  impulse  amplitude  is 
enough.  It  qualitatively  corresponds  to  the  experimental  shooting  in  Fig.  4. 

In  Fig.  9,  a  result  of  computer  simulation  of  the  supercavity  formation  after  high-speed  water  entry 
through  the  solid  wall  is  shown.  The  extra  pressure  impulse  shape  in  Eq.  (3)  was  evaluated  by 
numerical  solving  the  problem  on  water  penetration  of  a  solid  body  of  revolution.  In  each  time  its  shape 
coincides  with  the  cavity  shape  ("principle  of  freezing  the  free  boundaries")  .  The  model  contour  is 
plotted  by  thin  lines,  the  cavity  contour  is  plotted  by  bold  lines.  The  cavity  contour  at  absence  of  the 
pressure  perturbation  is  shown  by  dashed  line  for  comparison.  In  this  case  the  pressure  impulse  arising 
at  the  water  entry  of  the  model  results  in  local  pinch  of  the  cavity  as  well.  A  comparison  with  the  Fig.  1 
shows  qualitatively  agreement  of  the  calculation  and  experiment. 

The  same  kind  of  deformation  of  the  cavity  occurs  at  computer  simulation  of  water  entry  of  the  model 
from  within  an  expanding  gas  bubble  (Fig.  10).  In  this  case  the  pressure  in  the  fluid  may  be  computed 
exactly.  The  model  velocity  is  assumed  to  be  much  more  than  the  bubble  expansion  velocity.  The 
pressure  in  the  cavity  is  equal  to  the  pressure  in  the  bubble  for  the  starting  penetration  period. 
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Fig.  9.  Result  of  PC  A  V  code  operation:  Fig.  10.  Result  of  PC  A  V  code  operation: 

high-speed  water  entry  through  a  wall  water  entry  from  within  an  expanding  gas  bubble 


4.  Dynamic  properties  of  gas-filled  super-cavities 


We  describe  briefly  a  procedure  of  the  stability  analysis  and  calculation  of  self-induced  oscillation  of  the 
axisymmetric  gas-filled  cavities  according  to  the  works  [8,  9,  14]. 

We  make  dimensionless  the  Eq.  (3)  using  the  initial  cavity  length  4  the  velocity  as  scales: 


(6) 


We  consider  for  simplicity  that  the  cavitator  is  negligibly  small  compared  to  the  cavity: 


(7) 


Twice  integrating  the  Eq.  (6)  with  taking  account  of  (7)  and  using  the  Dirichlet  formula  for 
interchanging  integrals,  we  obtain: 


S(T,t) 


o-o 


I 

t  -  X  -  2^{t  -  u)g {u)du. 


(8) 


where  G{t)  =  G{t)/ .  Substituting  (8)  into  the  cavity  closure  condition  (7),  we  obtain  the  equation 
connecting  two  unknown  functions  a(t)  and  l{t): 

t 

l{t)  =  2  {{t -u)a{u)du  .  (9) 


The  dimensionless  equation  of  the  mass  of  gas  in  the  cavity  balance  (4)  has  the  form: 

dt 


(10) 


We  calculate  the  cavity  volume,  integrating  the  Eq.  (8)  along  the  cavity  length  and  using  again  the 
Dirichlet  formula: 


Q{t)  = 


4 


l\t) 


I 

- 


u)^o{u)du 
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The  work  [3]  presents  the  empirical  law  of  the  air-supply  for  steady  axisymmetric  cavities  when  effect  of 
gravity  is  weak: 


4m 


V^o 


/  =  0.01  -0.02, 


where  S^=kD\IA  is  the  cavity  mid-section  area.  We  have  for  the  considered  processes  .  For 

the  weakly  perturbed  unsteady  cavities,  we  accept  the  quasistationary  law  of  the  gas-leakage  of  the  same 
structure  [8]; 


tuAt)  =  rSM 


<j(t) 


-1 


(11) 


The  values  /3  =  1,  cr  =  1  correspond  to  the  natural  vapor  supercavity.  In  this  case  the  Eq.  (10)  is 
satisfied  identically. 


4.1  Instability  of  axisymmetric  ventilated  cavities 


A  set  of  the  Eqs.  (9)  and  (10)  is  related  to  the  class  of  dynamic  system  with  distributed  lag  [17].  It  has  the 
only  stationary  point  ^=1^  j  ^  ^  investigate  it  on  stability  relatively  to  small  oscillations. 
Representing  the  unknown  functions  in  the  form: 

a(t)  =  l-\-£  (7|  (0,  l(t)  =  l-\-£  /]  (0,  £  ^  o(l% 

and  linearizing  the  equations  and  excepting  /j  (0 ,  we  obtain  the  uniform  equation  with  respect  to  (7|  (0  : 

d,  (0  -  i2(p  -  i)\e(e  -  i)d,  (t  -  e)de  +  -ypiip  -  i)(j,  (o  =  o.  (12) 

0  2 

Following  to  a  usual  procedure  of  investigation  of  solutions  of  the  equations  on  stability  with  respect  to 
small  oscillations,  we  do  the  substitution  in  the  Eq.  (12) 

(7|  (0  =  ,  ii=X  +  jk 

and  obtain  its  characteristic  equation: 


+ 1 )^(2/3  - 1)^'  + 1 2{p  -  +l)+  2{e-^  - 1)]  =  0.  (13) 

Here,  k  is  the  reduced  oscillation  frequency,  k  =  (x)l^  /  ;  X  is  the  oscillation  increment.  The  oscillation 

with  frequency  k  damps  when  A  <  0  and  increases  indefinitely  when  A  >  0. 
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Fig.  11.  Real  part  of  the  Fig.  12.  Modes  of  the  axisymmetric 

characteristic  Eq.  (13)  roots  cavity  pulsation 


In  the  first  case  the  solution  of  the  Eq.  (12)  is  asymptotically  stable,  in  the  second  case  it  is  unstable. 
The  frequency  k  which  corresponds  to  the  increment  value  A  =  0  is  called  the  fundamental 
frequency  of  the  dynamic  system. 

The  Eq.  (13)  contains  two  physical  parameters  y  and  /3  .  When  y  has  the  double  root  ju  =  0 
which  transforms  into  threefold  one  when  y  =  0.  It  is  not  difficult  to  make  sure  by  direct  checking  that 
the  corresponding  secular  solutions  [17]  do  not  satisfy  the  Eq.  (12).  When  y  =  0,  the  Eq.  (13)  has  a 
series  of  the  pure  imaginary  roots,  i.e.  the  fundamental  frequencies: 

k„=27rn,  +  n  =  l,2,...  (14) 

6 

Fig.  1 1  presents  graphs  of  distribution  of  the  real  part  of  the  Eq.  (13)  roots  when  y  =  0.  When  /3  ^  oo  ^ 
the  curves  asymptotically  approaches  to  the  x-axis.  We  suppose  that  the  frequency  corresponding  to  the 
maximal  linear  increment  A  ’’survives”  among  severe  fundamental  frequencies  for  the  given  value  of  (5  . 
In  a  result  we  obtain  estimation  of  the  mode  boundaries  of  the  cavity  self-induced  oscillation  (solid  lines 
in  Fig.  12). 

Thus,  when  y  =  0,  the  cavity  is  asymptotically  stable  when  1  <  /3  <  2.645  and  unstable  when  /3  > 
2.645.  The  value  y  =  0  corresponds  to  the  case  when  the  mass  of  gas  in  the  cavity  is  constant.  An 
analysis  of  the  characteristic  Eq.  (13)  shows  that  it  is  possible  to  point  a  finite  interval  of  changing  the 
value  /?  for  each  0  <  y  <  0.08.  Outside  this  interval,  the  zero  solution  of  the  Eq.  (12)  is  asymptotically 
stable,  and  within  this  interval  it  is  unstable  (Fig.  13).  Within  the  instability  zone  and  when  y^^  0,  the 
characteristic  equation  has  the  finite  number  of  pure  imaginary  roots.  Their  quantity  decreases  with 
increasing  y .  When  y  >  0.08,  roots  are  absent  in  general,  i.e.  the  cavity  is  asymptotically  stable  for  any 

P- 

The  established  behaviour  of  effect  of  the  gas-leakage  variability  on  the  cavity  stability  qualitatively 
explains  the  experimental  fact  that  the  cavity  pulsation  ceases  when  the  gas-supply  becomes  very  great. 

So,  in  the  experiments  [6,  7],  five  waves  on  the  pulsating  cavities  {N  =  5)  have  been  observed  at  most. 
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Fig.  13.  Influence  of  the  parameter  y  Fig.  14.  Result  of  the  PULSE  code  operation  (mode  II) 


4.2  Self-induced  oscillation  of  ventilated  cavities 

For  the  first  time,  calculation  of  self-induced  oscillations  developing  after  the  stability  loss  of  the 
ventilated  cavity  was  performed  by  E.V.Paryshev  [9].  We  have  developed  the  computer  code 
allows  to  reproduce  the  cavity  pulsation  on  a  computer  screen  ”in  real  run-time”  and  to  carry  out  its 
Fourier  analysis  [15]. 

Calculation  showed  that  pulsation  arises  in  the  dynamic  system  described  by  Eqs.  (3)  and  (4)  when 
the  parameter /3  is  in  the  linear  instability  zone  (/3  >  =  2.645)  .  The  oscillation  develops  until  the 

establishment  of  the  periodic  or  the  quasiperiodic  pulsation  with  discontinuous  dependence  l(t).  Fig.  14 
shows  a  view  of  the  computer  screen  during  run-time  of  the  code  PULSE.  Fig.  15  shows  evolution  of 
spectrum  of  the  cavity  pressure  when  the  bifurcation  parameter  increases.  Increasing  the 

bifurcation  parameter  is  accompanied  by  spasmodic  appearance  of  new  frequencies  and  their  linear 
combinations  in  the  spectrum  p^.  This  corresponds  to  passage  up  to  higher  modes  of  the  cavity 
pulsation.  The  spectrum  becomes  complicated  within  each  mode,  remaining  the  line  one.  In  this  case 
the  basic  harmonic  changes  weakly. 

The  same  behaviour  of  unsteady  ventilated  cavities  is  observed  experimentally  [6,  7]. 

Fig.  16  shows  spectra  of  the  cavity  pressure  oscillation  under  action  of  forced  oscillation  of  the 
external  pressure  p^{t)  =  K sin k^t  (q^  =  0.8,  k=  0.1).  The  corresponding  spectrum  p^{t)  when  the 

external  perturbation  is  absent  is  given  in  Fig.  15,  a.  We  have  the  modulation  when  kf  «kj  (a),  the 

synchronization  when  k^  ~  kj  (b)  or  the  "chaotization”  when  k^  >  kj  (c)  of  the  periodic  mode  I  in 

depending  on  a  ratio  of  the  forcing  frequency  kf  to  the  cavity  oscillation  frequency  k^  (they  both  are 

referred  to  the  average  cavity  length  ). 
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Fig.  15.  Power  spectral  density  of  p^if)  at  the  self-induced  oscillation 


Fig.  16.  Power  spectral  density  of  (t)  at  the  forced  oscillation 


4.3  Wave  formation  on  the  cavity  after  water  entry  from  the  atmosphere 


We  already  spoke  of  the  wave  formation  phenomenon  on  the  cavities  forming  at  vertical  water  entry 
of  bodies  through  the  free  surface  from  the  atmosphere  with  the  velocities  5^10  m/sec  [12]. 

It  was  established  experimentally  [18]  that  the  free  water  surface  influence  on  the  drag  coefficient 

and  on  the  cavity  shape  near  the  cavitator  propagates  only  on  the  depth  of  1.5^2  cavitator  diameters. 
This  result  gives  background  to  use  the  approximate  Eq.  (3)  for  computer  simulation  of  penetration  of  the 
bodies  through  the  free  surface  into  water. 

To  explain  this  phenomenon  we  have  applied  results  of  the  linear  theory  of  gas-filled  supercavity 
instability.  We  showed  that  its  cause  consists  in  excitation  of  one  of  the  fundamental  frequencies  of  the 
cavity  filled  by  air  entrapped  from  the  atmosphere.  In  the  case  of  enough  high  both  the  body  mass  and  the 
initial  Fronde  number  Fr^ ,  we  obtain  a  priori  estimation  of  the  wave  number  N  on  the  cavity: 


1 

jlBugFro 

K  1 

1  B 

(15) 


where  Euq=2p^^^J  pV^  is  the  Euler  number.  The  estimation  (15)  is  in  good  agreement  with  the 
experimental  data. 

The  calculation  model  of  that  process  after  the  cavity  depth  closure  includes  three  Eqs.  (3),  (4)  and 
(5).  Their  solution  is  sought  numerically  by  iteration  process  for  each  time  step.  Fig.  17  presents  graphs 
of  both  the  cavity  length  and  the  cavity  pressure  as  functions  of  the  cavitator  immersion  x.  The  graph  of 
the  dependence  /  (x)  which  was  calculated  without  taking  account  of  the  air  elasticity  is  plotted  by  a 
dashed  line.  A  comparison  of  the  calculated  shape  and  the  experimental  shape  of  the  cavity  for  three 
sequential  times  is  given  in  Fig.  18. 
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The  obtained  good  agreement  of  the  calculation  and  experiment  for  such  complicated  unsteady  process 
confirms  adequacy  of  the  accepted  approximate  mathematical  model  of  the  unsteady  axially  symmetric 
supercavity. 


Fig.  17.  Cavity  history  after  vertical  water  entry:  graphs  of  p^it)  and  l{t) 


5.  Control  of  the  ventilated  cavities 


A  problem  of  control  of  the  ventilated  cavity  is  the  problem  of  maintaining  the  cavity  dimensions  or  of 
varying  the  cavity  dimensions  according  to  the  given  law  by  regulating  the  gas-supply  into  the  cavity. 
Examples  of  the  typical  control  problems  are: 

1)  How  should  the  gas-supply  rate  be  varied  for  maintenance  of  the  invariable  cavity  if  the  motion 
velocity  and/or  the  motion  depth  change? 

2)  What  is  the  law  governing  the  cavity  collapse  if  the  gas-supply  to  the  cavity  is  rapidly  stopped? 

The  difficulty  of  the  problem  on  the  ventilated  cavity  control  is  caused  by  non-linearity  and  non¬ 
monotonicity  of  the  dependence  [3?  4]  and  by  the  multiparametric  nature  and  lack  of 

knowledge  of  the  gas-leakage  laws  as  well. 


Fig.  18.  Cavity  history  after  vertical  water  entry: - calculation, - experiment 
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We  have  developed  the  computer  code  ACA  V  (ArtificialCavitation)  for  computer  simulation  of  unsteady 
processes  at  the  ventilated  cavity  control.  It  allows  to  use  any  laws  of  varying  the  air-supply,  the  air- 
leakage  and  the  model  velocity  as  well. 

Fig.  19  shows  a  view  of  the  computer  screen  during  run-time  of  the  code  ACAV.  In  this  case,  the 
model  quasi-stationary  law  of  the  gas-leakage  from  the  cavity  was  used: 

■  2  10'^ 

(I  omit)  = (16) 

<y  it) 

It  corresponds  to  the  second  type  of  the  gas-leakage  by  vortex  tubes. 

In  the  code  ACAV,  the  set  of  the  Eqs.  (3)  and  (4)  is  integrated  with  the  constant  step  with  respect  to 
dimensionless  longitudinal  variable  x.  During  computation  in  Fig.  19,  the  gas-supply  rate  into  the  cavity 
increases  in  2.4  times  on  the  distance  A x  =  0.5,  then  remains  constant  on  the  distance  Ax  =1.0  and  than 
decreases  to  its  initial  value.  The  calculation  gives  a  characteristic  lagging  reaction  of  the  cavity  on  the 
changing  the  rate  which  is  observed  in  experiments. 


Fig.  19.  Result  of  the  ACA  V  code  operation 


5.1  Cavity  reaction  on  changing  the  gas-supply  rate 

Firstly  we  consider  peculiarities  of  the  ventilated  cavity  reaction  on  changing  the  air-supply  rate 
q  -n  (0  when  the  model  velocity  is  constant:  Vq  =  const.  Here  we  present  results  of  computer  simulation 
for  two  types  of  changing  the  supply:  1)  impulse  increase  of  the  air-supply;  2)  rapid  single  decrease  of 
the  air-supply. 

At  the  calculation,  we  used  the  following  parameters  of  the  model:  the  disk  cavitator  with  diameter 
D^  =  200  mm;  the  cavitator  slope  angle  5  =  10°;  the  model  tail  diameter  D^  =  350  mm;  the  model 
length  L  =  7  m.  Also,  we  used  the  following  common  starting  values  of  the  parameters:  Vq  =  100  m/c; 
the  motion  depth  H  =  5  =  0.04;  the  model  pitch  angle  =  2  ° .  In  this  case  the  starting  cavity 

length  is  =  9.06  m  when  the  balanced  air-supply  coefficient  is  4o  =7.813. 

In  Figs.  20,  21,  the  following  legends  are  used  for  marking  the  curves:  1  -  q{t)  ;  2  -  <7(0  ;  3  -  l{t)\ 
4-  V{t), 

Fig.  20,a  demonstrates  a  calculation  result  of  the  cavity  reaction  on  the  impulse  increase  of  the  air- 
supply.  One  can  see  that  the  cavity  length  reacts  on  the  rate  change  with  greater  lagging  than  the  cavity 
pressure.  All  the  cavity  parameters  return  to  their  starting  values  after  the  impulse  end. 


12-15 


A  calculation  result  of  the  cavity  reaction  on  the  rapid  decreasing  the  air-supply  is  shown  in  Fig.  20,  b. 
In  this  case  the  cavity  does  a  number  damped  oscillations  (a  transient  process),  then  establishes  new 
balanced  values  of  the  parameters:  =  6.09  m;  o  =0.06  m;  q.^  =  1.563. 

A  cause  of  the  transient  process  is  the  elasticity  effect  of  the  gas  filling  the  cavity  when  the  cavity 
volume  rapidly  decreases.  We  note  that  self-induced  oscillations  of  the  cavity  may  arise  for  other  starting 
parameters  (smaller  values  of  Vq  and  higher  values  ofcTo  ). 


5.2  Cavity  reaction  on  changing  the  model  velocity 


Now  we  consider  peculiarities  of  the  ventilated  cavity  reaction  on  varying  the  model  velocity  V  when  the 
gas-supply  rate  is  constant:  ^ =  const. 

The  calculation  result  of  the  ventilated  cavity  reaction  on  increasing  the  model  velocity  is  shown  in 
Fig.  21,  a.  One  can  see  that  the  cavity  length  increases  very  significantly  (in  quasi-stationary 
approximation  it  is  proportional  to  the  velocity  square),  but  the  cavity  pressure  changes  weakly.  It  is 
typical  for  this  case  that  the  unsteady  cavity  length  considerably  exceeds  the  new  balanced  level  = 
13.0  m. 

The  calculation  result  of  the  ventilated  cavity  reaction  on  decreasing  the  model  velocity  is  shown  in 
Fig.  20,  b.  A  comparison  with  Fig.  20,  a  shows  a  difference  from  the  cavity  reaction  on  the  air-supply 
decrease  that  consists  in  absence  of  the  transient  process.  The  new  balanced  cavity  length  is  L^=2.34m. 

We  can  investigate  with  the  ACAV  code  the  ventilated  supercavity  behavior  when  the  model  motion 
velocity  v{t)  and  the  air-rate  into  the  cavity  change  simultaneous.  In  this  case  we  can  try  to 

obtain  answers  for  two  practically  important  questions: 

1)  May  we  accelerate  the  cavity  development  on  the  accelerating  phase  of  the  body  motion  by  means 
of  increasing  the  gas-supply  into  the  cavity  ? 

2)  How  long  may  we  maintain  the  cavity  with  given  dimension  by  means  of  increasing  the  gas- 
supply  when  the  body  velocity  decreases? 

The  computer  simulation  allows  to  conclude  that  the  air-supply  increase  when  the  model  velocity 
increase  does  not  result  in  considerable  decrease  of  time  of  the  cavity  development  to  the  balanced  length 
at  the  accepted  law  of  the  gas-leakage  from  the  cavity  (16).  This  conclusion  is  valid  in  the  case  when  the 
model  velocity  is  already  high,  and  the  supercavity  already  exists. 


Fig.  20.  Cavity  reaction  on  varying  the  gas-supply  rate 
a  -  impulse  increasing  the  gas-supply  rate;  h  -  rapid  decreasing  the  gas-supply  rate 
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Fig.  21.  Cavity  reaction  on  varying  the  model  velocity:  a  -  increasing  the  velocity; 

b  -  decreasing  the  velocity 

5.3  Influence  OF  THE  PARAMETER  p  and  the  gas-leakage  type 


Considerable  difference  between  the  natural  vapor  and  ventilated  supercavities  appears  in  the  case  of 
the  unsteady  flow.  In  this  case  the  parameter  /3  is  of  importance  that  characterizes  effect  of  elasticity  of 
the  gas  filling  the  cavity. 

A  dependence  of  changing  the  cavity  length  on  the  parameter  /3q  is  shown  in  Fig.  22.  The 
calculation  was  performed  with  the  code  ACAV  when  =  200  mm.  The  free  cavity  closure  and  the 
gas-leakage  law  (16)  were  accepted  at  calculation.  The  cavitation  number  was  constant  and  equal  to  a  = 
0.06.  The  starting  cavity  dimensions  were:  =  6.04  m,  =  0.74  m. 

The  model  velocity  firstly  increases  on  50%  along  the  distance  10  m,  then  remains  constant  along  the 
distance  100  m,  next  decreases  to  its  starting  value.  A  graph  of  the  model  velocity  variation  is  shown  by 
dotted  line. 

The  curve  1  corresponds  to  the  natural  cavitation  regime  P  =  L  In  this  case  the  starting  model 
velocity  was  =69.5  m/sec. 

In  the  artificial  cavitation  regime,  changing  the  parameter  /?  at  the  constant  a  is  attained  by 
changing  the  starting  model  velocity  Vq  .  We  used  the  data: 

curve  2  -  Vq  =  50  m/sec,  Pq  =  1.96; 

curves  -  Vq  =30  m/sec,  Pq  =5.45. 

The  presented  graphs  visually  demonstrate  increasing  the  effect  of  the  gas  elasticity  with  increasing  the 
parameter  P  .  In  the  last  case  (the  curve  3)  undamped  self-induced  oscillations  of  the  cavity  develop 
according  to  the  theory  of  instability  of  gas-filled  cavities.  In  this  case  the  starting  value  of  the  parameter 
is  P  =  7.358  >  2.645,  i.e.  the  cavity  is  unstable  according  to  (14). 
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Fig.  22.  Influence  of  the  parameter  /3 
the  cavity  behaviour 


Fig.  23.  Cavity  behaviour  at  various  on 
types  of  the  gas-leakage 


In  Fig.  23,  the  dependence  L^if)  which  has  been  calculated  for  different  laws  of  the  gas-leakage  from 
the  cavity  is  shown.  The  model  velocity  changed  in  the  same  way  as  in  Fig.  22.  In  calculation  we 
assumed  that  the  leakage  coefficient  is  a  single-valued  function  of  the  cavity  pressure:  Q=Q{pc)’ 
Different  curves  in  the  figure  correspond  to  the  following  gas-leakage  laws: 

c  urve  1  -  the  type  of  the  portion  gas-leakage  ; 

curve  2  -  the  2”^  type  of  the  gas-leakage  by  vortex  tubes,  the  formula  (16). 

For  the  type  of  the  gas-leakage  we  used  a  function  obtained  by  the  experimental  data  [4] 
approximation: 


5(7 

100(7^ +r 


(17) 


Considerable  difference  of  the  cavity  behaviour  confirms  importance  of  observance  of  the  gas-leakage 
type  similarity  at  both  the  physical  modeling  and  the  computer  simulation  of  unsteady  ventilated  cavities. 

Presence  of  the  model  body  within  the  cavity  decreases  active  volume  of  the  cavity  filled  by  gas.  This 
does  not  influence  on  the  cavity  dimension  in  the  case  of  the  steady  flow  at  the  cavity  free  closure  (if  we 
do  not  take  into  account  the  possible  interaction  between  the  model  and  the  reentrant  jet).  In  the  non¬ 
stationary  case  we  have  quite  another  situation.  It  is  necessary  to  take  into  account  decreasing  the  active 
cavity  volume  in  the  equation  of  the  mass  of  gas  balance  (4).  This  causes  to  changing  the  dynamic 
cavity  behaviour. 


6.  Comparison  of  unsteady  behaviour  of  2-D  aud  axisymmetric  supercavities 


It  follows  from  said  before  that  the  approximate  equation  of  the  cavity  section  expansion  (3)  based  on  the 
G  V  Logvinovich  independence  principle  gives  an  effective  (and  usually  unique)  method  of  calculation 
of  the  unsteady  supercavitation  flows. 

The  independence  principle  is  approximate  one,  and  its  verification  has  great  methodological 
significance.  The  experimental  tests  justify  its  validity  in  wide  range  of  the  parameters  [2]. 

The  Eq.  (3)  well  describes  the  mean  part  of  the  supercavity,  i.e.  it  is  in  essence  linear  one.  A 
comparison  of  calculation  results  of  the  unsteady  cavity  shape  by  the  Eq.  (3)  with  the  theoretical 
solutions,  which  are  obtained  in  the  linearized  theory  of  two-dimensional  super-cavitation  flows  [19-22], 
is  of  interest. 
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We  use  the  solutions  of  two  2-D  problems  for  comparison: 

1)  the  problem  on  instability  of  the  2-D  gas-filled  supercavity; 

2)  the  problem  on  evolution  of  the  2-D  supercavity  at  the  forced  oscillations. 

The  linear  theory  application  to  this  problems  is  correct,  because  the  ventilated  cavities  always  have 
very  great  aspect  ratio  at  the  time  of  the  stability  loss  [6,  7]. 

6.1  Mathematical  models  of  the  2-D  unsteady  supercavity 


Two  alternative  approaches  are  applied  to  solve  the  steady  and  non-stationary  2-D  linearized  problems  on 
the  supercavitation  flow  [23,  24]: 

1)  the  method  of  boundary  value  problems  for  analytical  functions; 

2)  the  method  of  integral  equations  (a  variant  of  the  method  of  boundary  integral  equations). 

The  first  method  gives  a  solution  in  the  form  of  quadratures.  It  is  convenient  for  analytical 
investigation  of  stability  of  the  2-D  gas-filled  cavity  . 

The  second  method  is  more  convenient  for  numerical  calculations  when  the  cavity  length  is  variable. 
It  is  easy  generalized  for  the  bounded  flows,  for  the  super-cavitating  hydrofoils  in  hydrodynamic 
cascades  and  for  the  hydrofoils  of  finite  span  as  well. 


6.1.1  Method  of  boundary  value  problem  for  analytical  functions 


We  construct  firstly  a  solution  of  the  linear  unsteady  problem  by  the  M.Tulin’s  scheme  (Fig.  24).  For 
simplicity,  we  consider  so  called  "pure”  supercavity,  i.e.  we  assume  that  the  cavitator  dimension  is 
negligibly  small  compared  to  the  cavity. 


Fig.  24.  Two-dimensional  "pure”  unsteady  supercavity 
by  the  M.Tulin's  scheme 


All  the  variables  are  assumed  to  be  dimensionless.  The  initial  cavity  length  Iq  and  the  velocity  are 
accepted  as  the  length  scale  and  the  velocity  scale,  respectively.  We  consider  two  analytical  functions: 
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the  complex  velocity  V (z,  ?)=  (p^  - icp^  and  the  complex  acceleration  potential  0{z,  t)=0  +  ix  •  We 
have: 

e{x,y,t)^P^i^^P^hyA^N(p{x,y,t),  ^  =  |-  +  |--  (18) 

p  ot  ax 

On  the  x-axis,  the  components  of  0{z,t)  and  V  {z,t)  are  connected  by  relations: 


X 


0(x,^)=0(-«>,  (p^{x,t)+  ^(p^X^j)ds^ 

(19) 

X 

(Py  {X,  ^)  -  J  (Py,  (•«>  ()dS- 

(20) 

The  cavity  pressure  p^(f)  must  be  constant  at  each  time  along  the  cavity  length.  Thus,  we  have  the 
boundary  condition  for  the  acceleration  potential: 

0(x,t)  =  ^,  0<x<l{t).  (21) 

The  cavity  length  l{t)  is  an  unknown  time  function.  The  cavity  pressure  and,  therefore,  the  cavitation 
number  a  are  unknown  time  functions  in  the  case  of  the  gas-filled  supercavity. 

Differentiating  the  Eq.  (21)  with  respect  to  x  and  applying  the  inverse  operator  N~\  we  obtain  the 
boundary  condition  for  perturbed  horizontal  velocity: 

(pX^j)=  C{f-x\  0  <  X  <  /(^), 

where  C{t)  is  an  arbitrary  time  function.  Out  the  interval  [0,/(^)]  we  have  (p^  =0  because  of  the  flow 
symmetry  and  absence  of  sources  in  the  cavity  wake. 

According  to  the  M.Tulin  scheme,  the  ’’pure”  super-cavity  has  a  shape  of  ellipse  in  the  stationary 
case: 


F{x)/ (Jo  = 


-x). 


0  <  X  <  /q  . 


In  the  points  z  =  0,  z  =  ^ ,  the  complex  velocity  has  singularities  of  the  order  Oj^x  - 

We  assume  that  the  solution  must  have  singularities  of  the  same  order  for  unsteady  supercavity  in  each 
time  on  the  ends  of  the  interval  [O,  /(?)] . 

Thus,  we  have  the  mixed  boundary  value  problem  for  the  function  V{z,t)  in  the  upper  half-plane 
Imz  >0 : 


(py=0,  at  -oo<x<0,  (p^=C{t\  at  0<x</(?),  (py=0,  at  l{t)<x<<^.  (22) 

The  solution  of  this  problem  in  the  class  of  functions  unlimited  on  the  ends  of  interval  [O,  /(?)]  is  given  by 
Keldysh-Sedov  formula  [25]: 


V{z,t)=- 


z(z-l)  n\z-l  { 


I  —  s  ds 


(23) 


Here  and  later,  functions  V  and  C  are  related  to  . 

The  solution  (23)  gives  a  logarithmic  singularity  of  the  pressure  at  infinity.  It  is  caused  by  variability 
of  the  2-D  closed  cavity  in  unbounded  fluid.  This  methodological  paradox  disappears  when  the  free 
boundary  is  in  the  flow. 
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To  determine  the  cavity  shape  F{xj)  we  use  the  linearized  kinematic  condition  on  the  cavity 
boundary  [24] 

(p^X^,t)=  N  F{x,t\  0<x</(t)  (24) 

From  here,  using  the  relation  (20)  and  the  Dirichlet  formula  for  interchanging  integrals,  we  obtain  the 
expression  for  both  the  shape  and  the  volume  of  the  unsteady  symmetric  cavity: 


F{x,  0  =  J  (.x  -  s)}(,  {s,t  —  x  +  s)ds  -  -  X  +  s)ds, 

0  0 

; 

Q{t)  =  -2  j  {l-s)x{s,t-l  +  s)ds. 


(25) 

(26) 


where 


X{x,t)  =  - 


1  / 


q{t)=  2n 


4'\x(/-x)  [2  TT  ^fj 

41  If 


j  ,  2  ]  X  q  X 

-ln—=  L - arctan,/ - , 

T  V7  V/-X  71  V/-X 


-s 


ds 


It  is  necessary  to  fulfill  the  natural  boundary  condition  (21)  to  eliminate  the  auxiliary  function  C(^). 
Calculating  the  acceleration  potential  on  the  interval  [O,  /(^)]  by  the  formula  (19),  we  obtain  the  equation: 


/  _  \-i  \c{t-  s)ds  ^  2  _  (7 


4V7 


-I 

n  i 


0  4^-^  71  yjj  2 


(27) 


The  constructed  solution  of  the  unsteady  problem  (23),  (27)  contains  two  unknown  time  functions  (7(^) 
and  l{t).  To  determinate  them  we  use  the  condition  of  the  cavity  to  be  close  in  each  time: 


/  / 

J(/  -  s)Xt  -  /  +  s)ds  -  -  /  +  s)ds  =  0 


(28) 


0  0 

and  equation  of  the  mass  of  gas  in  the  cavity  balance  (4). 

In  the  case  of  steady  flow,  the  solution  (23)  has  the  form: 


V{z)= 


lo 

1  ^ 

2^z{z-Iq 

- 1 

1 

N 

H 

k — - 

(29) 


We  note  that  the  parameters  (Jq  and  Iq  are  independent  for  stationary  ’’pure”  supercavity. 


Fig.  25.  Unsteady  flow  around  supercavitating  wedge 
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6.1.2.  Method  of  integral  equations 


Now  we  construct  the  solution  by  the  method  of  integral  equations  for  the  unsteady  problem  on 
supercavitation  flow  around  a  thin  symmetric  wedge  with  unit  length  (Fig.  25).  Let  the  unsteady 
perturbation  of  the  flow  caused  by  deformation  of  the  wedge  sides  so  that  a  shape  of  the  wedge  is  given 
by  the  function: 

y  =  ±f{x,t)~0{£),  0<x<l,  (30) 

where  e  is  the  small  parameter.  In  this  case  the  kinematic  boundary  condition  on  the  upper  side  of  the 
wedge  is  added  to  the  boundary  conditions  (22),  (24): 

(p^,  =  N  f{x,t),  0<x<l;  j;  =  +0.  (31) 

Because  of  the  flow  symmetry,  we  can  obtain  the  flow  satisfying  the  boundary  conditions  (24),  (31) 
when  we  place  a  layer  of  2-D  sources  with  the  linear  intensity  q{x,t)  on  the  interval  [O,  /(^)]  of  the  x-axis. 
At  the  arbitrary  point  (x,  y)  of  the  flow,  the  sources  induce  the  total  potential: 

^  /(d 

(p{x,y,t)=^^  ds.  (32) 

0 

The  source  intensity  is  equal  to  a  jump  of  the  normal  velocity  of  the  fluid  (p^  at  passage  through  the  x- 
axis.  We  have  for  the  flow  symmetric  about  the  x-axis: 

q{sd)  =  2(py{sj\  Q<s<l{t).  (33) 

Applying  the  linear  operator  N  to  the  expression  (32),  we  obtain  the  acceleration  potential  of  unsteady 
sources  distributed  along  an  interval  with  a  variable  length: 

1  -  1  ?  I - 

0(x,y,t)=—  I  q(s,t)- — — jds+——  J  q{s,t)\n^l{x- s)^  +  y^ ds.  (34) 

In  J  (x-s)  +y  In  dt  Q 

Passing  to  the  limit  j  ^  0  in  Eq.  (34)  and  substituting  it  in  the  boundary  condition  (24),  we  obtain  the 
integro-differential  equation 

m  m 

fg(^,^)ln|x-5'|(i5'-;r<7(t)  =  0,  (35) 

J  x-^*  at  J 

0  0 

where  1  <x  <  l{t).  The  intensity  of  the  sources  distributed  along  the  interval  [0,  1]  is  known: 


q{x,  t)  =  2Nf{x^  t),  0  <  X  <  1 . 

Thus,  the  Eq.  (35)  may  be  finally  rewritten  in  the  form: 

^^9  q{sd)ds  d  .  .1  I  I  J  /  \  ^  \ 

- - ^ - g(5,t)ln  x-^  (is'-;r<7(t)  =  ^i(x,05  (36) 

\  x-s  dt  \ 


where  the  function  A^{xd)m  the  right  part  is  easy  calculated  for  the  concrete  law  of  unsteady 
deformations  of  the  wedge  (30): 


1 

A^{x,t)  =  -2^ 

0 


Nq{sj)ds 
X  —  s 


-  2  J  A  q{s^  t)  In  I X  -  5 1  ^5. 
0 


(37) 
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Then,  we  obtain  the  equation  of  the  upper  cavity  boundary  from  the  kinematic  condition  on 
the  cavity  (24)  when  1  <x<l(t): 

I  ^ 

F(x,t)  =  =  +  (38) 

Since  the  cavity  length  l(t)  and  the  cavitation  number  <j{t)  are  unknown  time  functions  in 
the  general  case,  it  is  necessary  to  add  two  relations  to  the  Eq.  (36); 

1)  the  condition  of  solvability  of  the  Newmann's  external  boundary  value  problem  for  the 
velocity  potential 

m 

^q{s,t)ds  =  Q',  (39) 

0 

2)  the  equation  of  the  mass  of  gas  in  the  cavity  balance  (4)  for  gas-filled  cavities.  In  the  case 
of  natural  vapor  supercavities  the  Eq.  (4)  is  replaced  by  the  condition  =  const. 

As  a  result,  we  obtain  a  set  of  three  equations  to  determine  the  functions  qix,t),  l(t)  and  <7{t) . 
It  must  be  integrated  with  respect  to  time  with  the  initial  conditions 

qix,0)  =  q,{x),  /(0)  =  /o,  0(0)  =  CX,.  (40) 

The  condition  (39)  ensures  limitation  of  the  pressure  at  infinity.  In  the  partial  case  of  the 
steady  flow,  the  Eq.  (39)  is  the  cavity  closure  condition.  In  the  case  of  the  unsteady  flow,  the 
cavity  is  unclosed. 

It  is  necessary  to  distribute  2-D  vortexes  with  the  linear  intensity  yixj)  along  the  projection  of 
the  foil  on  the  x-axis  [24]  together  with  the  sources  in  the  general  case  of  nonsymmetric  flow 
around  the  supercavitating  hydrofoil.  This  adds  one  more  singular  integral  equation  to  the  set  of 
equations.  Our  paper  [26]  presented  results  of  solving  the  problem  on  supercavitating  flow 
around  an  oscillating  hydrofoil  near  the  water  surface. 

6.2.  Instability  of  the  2-D  ventilated  cavity 


Using  the  solution  of  the  equation  set  (27),  (28)  and  (4),  we  investigate  stability  of  the  "pure"  2-D 
supercavity  in  the  unbounded  flow. 


According  to  the  experimental  data  [6]  for  the  steady  plane  supercavities,  the  air-supply  rate  may  be 
approximated  by  the  linear  function  (in  the  dimensional  form): 


di„=rboK 


I  ^0 

O',, 


(41) 


where  7  is  the  empirical  coefficient;  is  the  cavity  mid-section.  It  is  valid  for  the  steady  ’’pure”  cavity 
(29)  that 

u  _ 

Oq  - 


2 
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We  assume  that  when  oscillation  of  the  cavity  pressure  is  small,  the  air-leakage  rate  depends  in  quasi¬ 
stationary  way  on 

qouXt)-7b{t)vl\-^ 

\ 

Passing  to  the  dimensionless  variables  and  using  the  quasi-stationary  dependence  h{a) ,  we  obtain  from 
the  Eq.  (4): 

(43) 

at  2  p  (jy  p  j 

The  set  of  equations  (27),  (28)  and  (43)  relates  to  the  class  of  nonlinear  autonomous  equations  with 
distributed  lag  of  Volterra  type.  Their  properties  are  similar  to  properties  of  ordinary  differential 
equations  with  a  lagging  argument  [17]. 

This  set  has  the  only  stationary  point  ^  ^  ^  ^  I ^  ^  ^  0.5.  It  corresponds  to  the  steady  supercavity 

(29).  We  linearize  the  equations  in  the  stationary  point  neighbourhood,  representing  the  unknown 
functions  in  the  form: 

a(0  =  1  +  £ae^^ ,  l(t)  =  1  +  ebe^^ ,  C(t)  =  ^  + 

and  saving  the  only  terms  of  order  0{£) .  Here,  p  =  X  +  jk,  k  =  (ol^  /  is  the  reduced  frequency  of  the 
oscillations;  a,  b,  c  are  constants.  In  this  case  the  integrals  in  the  equations  are  expressed  by  the  modified 
Bessel  functions  of  the  kind  1q{p/2)  and  /|(/i/2)  [27].  As  a  result,  we  obtain  the  set  of  the  linear 
uniform  equations  with  respect  to  unknowns  a,  b,  c.  We  do  not  present  it  here  because  its  awkwardness. 
Equating  the  determinant  of  the  equation  set  to  zero,  we  obtain  the  characteristic  equation: 

-/2)  +  2^/o(2/o  +/i)  +  2/o']  +[^ln2  +  4(/3-l)][2/o/i  +M4  +  h){h  +3/,)]  =  0,  (44) 

where  =  ttcTq/q  /8  is  the  volume  of  the  stationary  pure”  cavity  (29). 

We  suppose  firstly  that  the  mass  of  gas  in  the  cavity  is  constant,  i.e.  y  =  0.  In  this  case  the  Eq.  (44) 
contains  the  only  physical  parameter  /3  .  It  is  easy  to  make  sure  that  p  =  0  is  the  only  real  root  of  the 
Eq.  (44).  Assuming  A  =  0  and  using  the  relations: 


where  Jq,Ji  are  the  Bessel  functions  of  the  kind,  we  establish  that  the  Eq.  (44)  has  two  series  of 
alternating  pure  imaginary  roots,  i.e.  frequencies  of  the  fundamental  oscillations  ,  They 

satisfy  the  equations: 


Corresponding  values  of  the  parameter  /3  are: 


^  ^  2eo(31n2-l)^_, 


Jj  (A/ 2) 


A  numerical  analysis  of  the  complex  roots  of  the  Eq.  (44)  shows  that  we  have  A  >  0  when 
<k<  kf^ ,  n  =  1, 2, . . . ,  i.e.  oscillation  with  such  frequencies  is  unstable.  A  graph  of  the  dependence 
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of  X{p)  is  presented  in  Fig.  26.  A  comparison  with  Fig.  11  shows  that  the  distributions  of  the 
characteristic  equation  roots  is  qualitatively  similar  for  the  dynamic  models  of  both  the  two-dimensional 
and  the  axisymmetric  gas-filled  cavities. 


Fig.  26.  Real  part  of  the  characteristic  Eq.  (44)  roots 


When  l<  P  <  ,  the  steady  cavity  is  asymptotically  stable,  and  when  /3  >  ,  it  is  unstable. 

When  the  parameter  /3  increases  and  passes  through  the  values  ,  the  oscillations  with  frequencies 
k?  are  excited.  We  may  suppose  that  if  several  frequencies  simultaneously  exist  for  the  given  value  of 
P  ,  the  frequency  corresponding  to  the  highest  coefficient  of  growth  A  becomes  dominate  when  the 
nonlinear  self-induced  oscillation  of  the  cavity  is  establishing.  This  allows  to  estimate  the  limits  of  modes 
of  the  cavity  oscillation.  A  graph  of  dependence  k{P)  is  presented  for  the  first  five  modes  in  Fig.  27 
(solid  lines). 

When  7  0  as  in  the  case  of  axisymmetric  cavities,  number  of  the  fundamental  cavity  frequencies 

becomes  finite.  When  y  >  0.2153,  the  cavity  is  asymptotically  stable  for  any  values  of  P  .  According  to 
the  data  [6]  for  the  stationary  cavities  past  a  flat  plate  perpendicular  to  the  mainstream  y  =  2.5  •  10  and 
effect  of  taking  into  account  the  gas-leakage  variability  is  small. 


Table  1.  Comparison  with  experiment  (the  M.Tulin's  scheme) 


Unbounded  flow 

Jet  H  =  0.254  m 

Experiment  [6] 

I^IH 

///„ 

Pn 

3.081 

15.40 

4.810 

7.088 

1.875 

0.589 

2.226 

9.485 

5.06 

6.15 

15.40 

42.70 

11.28 

13.38 

2.125 

0.515 

8.418 

22.48 

16.1 

12.9 

42.70 

83.60 

17.74 

19.64 

2.000 

0.551 

23.97 

46.51 

33.5 

18.8 

83.60 

138.1 

24.12 

25.90 

2.000 

0.551 

46.51 

76.55 

55.5 

22.9 

138.1 

206.5 

30.47 

32.17 

1.875 

0.589 

81.74 

122.0 

88.7 

30.3 

The  experiments  [6]  were  carried  out  in  a  falling  jet  with  the  width  H  =  25.4  cm  at  the  decreased 
external  pressure  .  Closeness  of  the  free  boundaries  of  the  flow  results  in  decreasing  both  the  length 
I-  and  the  volume  Qj  of  the  steady  cavity.  According  to  the  relations  (45)  this  should  affect  on  the 
parameter/?  values.  Using  the  results  of  the  work  [28],  we  obtain  the  estimation  of  influence  of  the  jet 
boundaries  on  the  ’’pure”  supercavity  volume  when  0-^0: 


a  lo’ 


H 


I  / 

sinh— . 
H 
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Table  1  represents  theoretical  values  of  the  parameters  p  and  k  for  unbounded  flow  which 
correspond  to  the  limits  of  the  cavity  pulsation  modes  The  parameter  p  values  are  recalculated  by 
formulae  (45)  with  taking  account  of  influence  of  the  jet  boundaries. 

A  graph  of  the  theoretical  dependence  k{P)  with  taking  account  of  the  jet  boundaries  for  five  modes  of 
the  cavity  pulsation  are  plotted  in  Fig.  27  by  dotted  lines.  Experimental  points  from  [6]  also  are  plotted 
there  by  circles.  We  have  a  good  agreement  with  taking  account  of  the  experimental  data  dispersion. 

k 
30 

25 

20 

15 

10 

0  100  200  p 

Fig.  27.  Modes  of  the  two-dimensional  supercavity  pulsation 

In  our  work  [21],  we  have  investigated  stability  of  the  2-D  ventilated  supercavities  in  a  free  jet  with 
using  the  2”^  linearized  M. Tulin's  scheme  with  the  infinite  wake  and  limited  pressure  at  the  infinity.  We 
shown  that  the  dynamic  properties  of  both  the  cavitation  schemes  are  identical. 

6.3  The  2-D  supercavity  shape  at  sinusoidal  time  perturbations 

Now  we  describe  a  method  of  calculation  of  the  length  and  the  shape  of  the  unsteady  2-D  supercavity 
with  using  the  integral  Eqs.  (36)  and  (39). 

The  set  of  the  equations  (36),  (39)  and  (4)  is  nonlinear  one,  if  the  cavity  length  l{t)  is  considered  as  an 
unknown  time  function.  The  cause  is  that  variation  of  the  function  l(t)  has  order  /(?)~0(l)  even  if 
(7  ^  0{£)  and  ^  ^(^)  ?  where  £  is  the  small  parameter. 

We  consider  a  practically  important  case  of  periodical  dependence  of  the  flow  on  time  [22].  Let  the 
upper  wedge  side  oscillates  and  deforms  sinusoidally 

fix,  t)  =  ax  +  KRe  {f(x)e’'“  } ,  (46) 

where  a  ^  x  ^  0{£) .  Here  and  below,  values  which  are  complex  with  respect  to  /,  are  marked  by  the  star. 
These  are  named  the  complex  amplitudes. 

In  the  Eq.  (36),  we  replace  the  time  derivative  inside  the  integral  and  use  exponential  representation 
for  the  time  functions  with  variation  of  order  0(£) : 

q{x, t)  =  aqQ  (x,/)  +  K  Re{^^  (x)e^^^ },  <J(0  =  a(jQ  (/)  +  K  Re{<7^e'^^^ }, 

Fix,  t)  =  oFq  ix,  l)  +  K  Rt{F*  ix)e^'‘‘ } . 


(47) 
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The  first  terms  in  the  relations  (47)  represent  quasi-stationary  components  of  the  solution,  which  depend 
on  time  only  via  l{t).  The  second  terms  represent  non-stationary  perturbed  components  of  the  solution. 

One  can  show  that  replacing  the  time  derivative  inside  the  integral  and  also  representation  of  the 
solution  in  the  form  (47)  is  equivalent  to  neglecting  some  terms.  The  effect  of  the  latter  is  essentially 
decreased  with  increasing  the  average  cavity  length  /. 

Substituting  the  expressions  (47)  into  the  Eqs.  (36)  and  (39),  we  obtain  a  set  of  the  singular  integral 
equations  with  respect  to  the  complex  amplitudes  g* (x)  =  (x)  +  7^2  (x)  and  (J*  =  (Jj  +  /(72  • 


- ^  /A:ln|x-6’|  =  ^*(x), 

j  ■  ; 

(48) 

Kt) 

q*  {s)ds  =  ^2? 

(49) 

1 


where  A^(x),  aI(x)  are  known.  When  k  =  0,  we  obtain  from  the  Eqs.  (48)  and  (49)  the  equations  to 
determine  the  quasi-stationary  components  qoix),  (Jq  . 

We  consider  the  cavity  length  l{t)  as  a  free  time  parameter  and  determine  it  at  the  sequential  times 
^(«)  numerical  solving  the  equation  of  the  mass  of  gas  in  the  cavity  balance  (4).  In  this 

case  the  unsteady  cavity  volume  0(^^”^)  is  calculated  by  integrating  the  expression  (38).  Using  the  Eq. 
(38)  for  the  sinusoidal  oscillation,  we  have 

X 

F\x)  =  ^e-^'^^q\s)e^'^ds  .  (50) 

0 

For  each  iteration,  both  the  quasi-stationary  and  the  non-stationary  parts  of  the  solution  are  calculated  at 
the  same  fixed  value  from  the  set  of  Eqs.  (48)  and  (49)  by  the  numerical  method  of  discrete 
singularities  [24]. 


z,  X 

- K-h^a - - ► 

1  V/  z=Vx 

X . sources 

o . control  milestones 

Fig.  28.  Discretization  of  the  problem 


The  numerical  method  of  discrete  singularities  consists  in  approximation  of  the  integral  Eqs.  (48)  and 
(49)  by  a  set  of  linear  algebraic  equations.  In  this  case  the  continuous  distribution  of  sources  along  the  x- 
axis  is  replaced  by  discrete  one,  and  then  the  quadrature  formula  of  rectangles  is  applied.  Change  of 
variables  x^  s  is  preliminarily  realized  in  the  integrals  to  improve  the  method  convergence 

[24].  The  cavity  projection  is  divided  into  M  equal  intervals.  A  point  source  and  a  collocation  point 
(control  milestones)  are  located  in  each  interval.  The  boundary  condition  (24)  is  satisfied  at  the 
collocation  points.  Order  of  location  of  singularities  and  collocation  points  z-  is  determined  by  the 
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class  of  the  solution  of  the  singular  integral  Eq.  (48).  This  solution  must  be  limited  at  the  point  of  the 
cavity  separation  x  =  1 ,  and  it  is  unlimited  at  the  point  x  =  : 


Z,.  =l  +  4z(/-0.75).  A.:  =1  + Az(j -0.25)  Az  =  - - ,  i,j  =  1,2 . M. 

M 

A  scheme  of  the  problem  discretization  is  shown  in  Fig.  28  when  M=3. 


(51) 


As  a  result,  separating  the  real  part  and  the  imaginary  part,  we  obtain  a  set  of  2{M  +1)  linear  algebraic 
equations: 


y=l 


(n) 


ry 


(/I)  _  1  /I  \ 


./-I 


(^0 


Inkf-nl 


V  < 


K 


/  9*^2  ~  , '^1,2  '■“I-' 


4''”' 


Fig.  29  shows  the  characteristic  wave -like  shape  of  the  cavity  past  the  wedge  when  its  sides  are 
performing  pitching  oscillations  about  the  nose 

f\x)  =  x 


for  three  values  of  the  reduced  frequency  k. 


Fig.  29.  The  cavity  shape  in  dependence  on  the  oscillation  frequency:  ^  =  10.0,  k  =0.1 

In  each  case  the  cavity  shape  was  calculated  by  the  Eqs.  (47)  and  (50)  at  the  time  4  when  /(4)  =  4 
for  convenience  of  comparison.  A  shape  of  the  closed  stationary  supercavity  when  A:  =  0  is  shown  by 
dashed  line.  When  A:  >  0,  the  cavity  is  unclosed. 

Character  of  the  cavity  deformation  is  the  same  for  different  types  of  oscillations  of  the  wedge. 
Kinematic  waves,  which  are  formed  by  oscillation  of  the  points  of  the  cavity  boundary  separation,  move 
along  the  cavity  with  the  velocity  .  Their  amplitude  increases  approximately  by  linear  law. 
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Graphs  of  the  functions  l{t)  and  Q{t),  which  are  calculated  for  only  period  of  the  oscillation  and  various 
values  of  the  relative  amplitude  K  =  K/a,  are  given  in  Fig.  30.  The  wedge  sides  are  wave-likely 
deformed  according  to  the  law  (for  the  upper  side): 

f\x)  =  . 

One  can  see  that  the  cavity  length  oscillation  distinguishes  more  and  more  from  sinusoidal  one  when  the 
amplitude  k  increases.  The  same  occurs  when  the  reduced  frequency  k  increases.  The  functions  l{t)  and 
Q{t)  become  discontinuous  when  k  and/or  k  exceed  the  some  critical  values. 

Fig.  31  shows  time  dependence  of  the  axisymmetric  cavity  length  and  volume  that  calculated  with  the 
code  PULSE.  Here,  a  cause  of  the  cavity  unsteady  perturbation  is  the  ambient  pressure  oscillation: 

P(t)  =  /3o(l  +  xcosA:0 . 


a 


b 


Fig.  30.  Influence  of  the  oscillation  amplitude  on  the  functions  l(t)  (a)  and  Q(t)  (b):  Iq  =  6.0,  k  =  0.5 

(wave- like  deformation  of  the  wedge) 


a 


b 


Fig.  3 1 .  History  of  the  length  (a)  and  the  volume  (b)  of  the  axisymmetrical  supercavity:  =  1 .0;  k=2,5 

(the  ambient  pressure  pulsation) 


A  comparison  of  graphs  in  Figs.  30  and  31  shows  that  shape  of  the  graphs  of  l{t)  and  Q{t)  for  the 
axisymmetric  and  the  two-dimensional  cavities  is  qualitatively  similar  in  the  case  of  nonlinear 
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oscillations.  When  the  oscillation  frequency  and  amplitude  increases,  their  shape  more  and  more  deviates 
from  sinusoidal  one  having  a  shape  of  a  ’’falling  wave”.  When  the  frequency  and/or  the  amplitude  exceed 
some  critical  values  and  ,  the  functions  l{t)  and  Q{t)  become  discontinuous. 

The  same  kind  of  behaviour  of  the  unsteady  supercavities  is  observed  at  the  experiments  for  both  the 
axisymmetric  and  two-dimensional  cavities  [29]. 
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Abstract 


Engineering  interest  in  natural  and  ventilated  cavities  about  submerged  bodies  and  in  turbomachinery  has  led 
researchers  to  study  and  attempt  to  model  large  scale  cavitation  for  decades.  Comparatively  simple  analytical 
methods  have  been  used  widely  and  successfully  to  model  developed  cavitation,  since  the  hydrodynamics  of 
these  flows  are  often  dominated  by  irrotational  and  rotational  inviscid  effects.  However,  a  range  of  more  com- 
plex  physical  phenomena  are  often  associated  with  such  cavities,  including  viscous  effects,  unsteadiness, 
mass  transfer,  three-dimensionality  and  compressibility.  Though  some  of  these  complicating  physics  can  be 
accommodated  in  simpler  physical  models,  the  ongoing  maturation  and  increased  generality  of  multiphase 
Computational  Fluid  Dynamic  (CFD)  methods  has  motivated  recent  research  by  a  number  of  groups  in  the 
application  of  these  methods  for  developed  cavitation  analysis.  This  paper  focuses  on  the  authors’  recent 
research  activities  in  this  area. 

The  authors  have  developed  an  implicit  algorithm  for  the  computation  of  viscous  two-phase  flows.  The  base¬ 
line  differential  equation  system  is  the  multi-phase  Navier-Stokes  equations,  comprised  of  the  mixture  vol¬ 
ume,  mixture  momentum  and  constituent  volume  fraction  equations.  Though  further  generalization  is 
straightforward,  a  three-species  formulation  is  pursued  here,  which  separately  accounts  for  the  liquid  and 
vapor  (which  exchange  mass)  as  well  as  a  non-condensable  gas  field.  The  implicit  method  developed  employs 
a  dual-time,  preconditioned,  three-dimensional  algorithm,  with  multi-block  and  parallel  execution  capabili¬ 
ties,  Time-derivative  preconditioning  is  employed  to  ensure  well-conditioned  eigenvalues,  which  is  important 
for  the  computational  efficiency  of  the  method.  Special  care  is  taken  to  ensure  that  the  resulting  eigensystem 
is  independent  of  the  density  ratio  and  the  local  volume  fraction,  which  renders  the  scheme  well-suited  to  high 
density  ratio,  largely  phase-separated  two-phase  flows  characteristic  of  developed  and  supercavitating  sys¬ 
tems,  A  dual-time  formulation  is  employed  to  accommodate  the  inherently  unsteady  physics  of  developed  and 
super-cavities.  We  have  recently  extended  the  formulation  for  compressible  constituents  to  accommodate 
analysis  of  high  speed  projectiles  and  rocket  plumes,  and  these  formulation  elements  are  also  summarized.  To 
demonstrate  the  validation  status  and  general  capabilities  of  the  scheme,  numerous  examples  are  presented. 

Nomenclature 

Symbols 


Aj 

c;,  Ci,c2 

^dest’  '^prod 

flux  Jacobians 

turbulence  model  constants 

mass  transfer  model  constants 

Ci 

pseudo-sound  speed 

Cp 

pressure  coefficient 

Cd 

drag  coefficient 

D 

source  Jacobian 
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Subscripts,  Superscripts 

4 

ij 

k 

L, R 
/ 

m 

ng 

t 


Y 


body  diameter 

bubble  diameter 

total  energy  per  unit  volume 

flux  vectors 

frequency 

gravity  vector 

enthalpy 

source  vector 

identity  matrix 

metric  Jacobian 

transform  matrix 

turbulent  kinetic  energy 

bubble  length 

Mach  number,  similarity  transform  matrices 
mass  transfer  rates 
turbulent  kinetic  energy  production 
turbulent  Prandtl  numbers  for  k  and  8 
pressure 

transport  variable  vector 

Reynolds  number 

Strouhal  number 

arc  length  along  configuration 

time  coordinate,  mean  flow  time  scale  (d/U^ ) 

velocity  magnitude,  contravariant  velocity  components 

Cartesian  velocity  components 

Cartesian  coordinates 

mass  fraction 

volume  fraction,  angle-of-attack 
preconditioning  parameter 

time  derivative  preconditioning  and  transform  matrices 

turbulence  dissipation  rate,  numerical  Jacobian 

parameter,  internal  energy  per  unit  mass 

MUSCL  parameters 

eigenvalues 

molecular  viscosity 

density 

cavitation  number 
pseudo-time  coordinate 
dissipation  sensor 
curvilinear  coordinates 


single-phase  value 
coordinate  indices 

constituent  index,  pseudo-time-step  index 
dependent  variable  values  on  left  and  right  of  face 
liquid 
mixture 

non-condensable  gas 
turbulent 

condensable  vapor,  viscous 
free  stream  value 

transformed  to  curvilinear  coordinates 
production/destruction,  right/left  running 
with  respect  to  mixture 
mass  fraction  form 
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Introduction 


Multi-phase  flows  have  received  growing  research  attention  among  CFD  practitioners  due  in  large  measure  to 
the  evolving  maturity  of  single-phase  algorithms  that  have  been  adapted  to  the  increased  complexity  of  multi- 
component  systems.  However,  there  remain  a  number  of  numerical  and  physical  modeling  challenges  that 
arise  in  multi-phase  CFD  analysis  beyond  those  present  in  single-phase  methods.  Principal  among  these  are 
large  constituent  density  ratios,  the  presence  of  discrete  interfaces,  significant  mass  transfer  rates,  non-equilib¬ 
rium  interfacial  dynamics,  compressibility  effects  associated  with  the  very  low  mixture  sound  speeds  which 
can  arise,  the  presence  of  multiple  constituents  (viz.  more  than  two)  and  void  wave  propagation.  These  natu¬ 
rally  deserve  special  attention  when  a  numerical  method  is  constructed  or  adapted  for  multi-phase  flows. 

The  class  of  multiphase  flows  under  consideration  here  is  developed-  and  super-cavitating  flows,  wherein  sig¬ 
nificant  regions  of  the  flow  are  occupied  by  gas  phase.  Depending  on  the  configuration,  such  ‘"developed” 
[38]  cavities  are  composed  of  vapor  and/or  injected  non-condensable  gas. 

Historically,  most  efforts  to  model  large  cavities  relied  on  potential  flow  methods  applied  to  the  liquid  flow, 
while  the  bubble  shape  and  closure  conditions  were  specified.  Adaptations  of  potential  flow  methods  remain 
in  widespread  use  today  ([15]),  due  to  their  inherent  computational  efficiency,  and  their  proven  effectiveness 
in  predicting  numerous  first  order  dynamics  of  supercavitating  configurations. 

Recently,  more  general  CFD  approaches  have  been  developed  to  analyze  these  flows.  In  one  class  of  methods, 
a  single  continuity  equation  is  considered  with  the  density  varying  abruptly  between  vapor  and  liquid  densi¬ 
ties  through  an  equation  of  state.  Such  “single-continuity-equation-homogeneous”  methods  have  become 
fairly  widely  used  for  sheet  and  supercavitation  analysis  ([8],  [9],  [25],  [35],  [43],  for  example).  Although 
these  methods  can  directly  model  viscous  effects,  they  are  inherently  unable  to  distinguish  between  condens¬ 
able  vapor  and  non-condensable  gas,  a  requirement  of  ventilated  supercavitating  vehicle  analysis. 

By  solving  separate  continuity  equations  for  liquid  and  gas  phase  fields,  one  can  account  for  and  model  the 
separate  dynamics  and  thermodynamics  of  the  liquid,  condensable  vapor,  and  non-condensable  gas  fields. 
Such  multi-species  methods  are  also  termed  homogeneous  because  interfacial  dynamics  are  neglected,  that  is, 
there  is  assumed  to  be  no-slip  between  constituents  residing  in  the  same  control  volume.  A  number  of 
researchers  have  adopted  this  level  of  differential  modeling,  mostly  for  the  analysis  of  natural  cavitation 
where  two  phases/constituents  are  accounted  for  ([1],  [23],  [32],  for  example).  This  is  the  level  of  modeling 
employed  here,  though  a  three-species  formulation  is  used  to  account  for  two  gaseous  fields.  For  two  phases/ 
constituents  these  methods  are  very  closely  related  to  the  “single-continuity-equation-homogeneous”  methods 
addressed  above  with  interfacial  mass  transfer  modeling  supplanting  an  equation  of  state. 

Full-two-fluid  modeling,  wherein  separate  momentum  (and  in  principle  energy)  equations  are  employed  for 
the  liquid  and  vapor  constituents,  have  also  been  utilized  for  natural  cavitation  [12].  However,  in  sheet-cavity 
flows,  the  gas-liquid  interface  is  known  to  be  nearly  in  dynamic  equilibrium;  for  this  reason,  we  do  not  pursue 
a  full  two-fluid  level  of  modeling. 

Sheet-  and  super-cavitating  flows  are  characterized  by  large  density  ratios  (p//pv  >  10"^  is  observed  in  near- 
atmospheric  water  applications),  relatively  discrete  cavity-free  stream  interfaces  and,  due  to  ventilation,  mul¬ 
tiple  gas  phase  constituents.  Accordingly,  the  CFD  method  employed  must  accommodate  these  physics  effec¬ 
tively. 

Most  relevant  applications  exhibit  large  scale  unsteadiness  associated  with  re-entrant  jets,  periodic  ejection  of 
non-condensable  gas,  and  cavity  “pulsations”.  Accordingly,  we  and  others  ([23],  [26],  [32],  [35],  for  example) 
employ  a  time-accurate  formulation  in  the  analysis  of  large  scale  cavitation. 
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Compressibility 

The  compressibility  of  the  liquid  and  gas  phase  constituents  can  significantly  influence  supercavitating  flow 
configurations  in  three  ways.  First,  regions  of  high  gas  volume  fraction  bubbly  flow  can  exist  if  the  cavity 
does  not  fully  envelop  the  body,  or  if  the  cavitator  is  either  poorly  designed  or  operating  off-design.  In  these 
circumstances  the  two-phase  mixture  can  have  a  sound  speed  significantly  lower  than  that  of  either  liquid  or 
gas  constituents,  as  illustrated  in  Figure  1.  This  can  affect  hydrodynamic  performance  and  gives  rise  to  the 
cloud  collapse  physics  responsible  for  cavitation  damage. 


AiR  VOLUME  FRACTION,  a 


Figure  1 .  Variation  of  mixture  sound  speed  in  a  bubbly 
air/water  mixture.  (From  Brennan[4].) 


The  second  compressibility  issue  arises  in  candidate  rocket  propulsion  systems  for  very  high  speed  underwa¬ 
ter  vehicles  where  exhaust  velocities  are  supersonic  (relative  to  propellant  sound  speed).  Thirdly,  very  high 
speed  underwater  projectiles  (i.e.,  unpropelled  supercavitating  darts)  can  be  deployed  at  speeds  which  are 
supersonic  with  respect  to  the  local  sound  speed  of  water.  This  application  also  requires  a  compressible  CFD 
formulation  ([30],  for  example).  These  compressibility  effects  have  motivated  several  authors  to  employ  com¬ 
pressible  formulations  ([1],  [3],  [30],  [43]  for  example)  and  the  present  authors  have  recently  extended  our 
baseline  formulation  to  accommodate  compressible  constituents. 

The  purpose  of  this  paper  is  to  present  the  numerical  methods  and  physical  models  employed,  and  many  of  the 
applications  pursued  in  the  authors’  research.  The  paper  is  organized  as  follows:  The  theoretical  formulation 
of  the  method  is  summarized,  including  the  baseline  differential  model,  inviscid  eigensystem,  physical  mod¬ 
els,  compressibility  and  key  elements  of  the  numerical  method.  Particular  emphasis  is  placed  on  unique 
aspects  of  the  numerics  including  the  preconditioning  strategy,  resultant  eigensystem  characteristics,  and  flux 
evaluation  and  limiting  strategies  associated  with  the  resolution  of  interfaces.  This  is  followed  by  three  sets  of 
results.  The  first  set  includes  axisymmetric  steady-state  and  transient  analyses  of  natural  and  ventilated  cavita¬ 
tion  about  several  configurations.  These  solutions  are  compared  to  experimental  measurements  to  demon¬ 
strate  the  capability  of  the  modeling  employed.  The  second  set  of  results  includes  a  variety  of  three- 
dimensional  analyses  of  sheet-  and  supercavitating  flows  of  relevance  to  high  speed  vehicles  and  turboma¬ 
chinery.  The  third  set  of  results  includes  compressible  simulations  of  a  vehicle  propulsion  plume  and  a  high 
speed  supercavitating  projectile. 

Theoretical  Formulation 


Governing  Equations 

The  baseline  governing  differential  system  employed  is  cast  in  Cartesian  coordinates  as: 
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where  a/  and  ocj^g  represent  the  liquid  phase  and  non-condensable  gas  volume  fractions,  and  mixture  density 
and  mixture  turbulent  viscosity  are  defined  as: 

Pm^P/«/  +  Pv«v  +  Png^^ng 
Pm,t  g 

In  this  baseline  formulation,  the  density  of  each  constituent  is  taken  as  constant.  The  mass  transfer  rates  from 
vapor  to  liquid  and  from  liquid  to  vapor  are  denoted  m  and  m  ,  respectively.  Mass  transfer  terms  appear  in 
the  mixture  continuity  equation  because  this  equation  is  a  statement  of  mixture  volume  conservation.  Also, 
note  that  each  of  the  equations  contains  two  sets  of  time-derivatives  -  those  written  in  terms  of  the  variable  ‘Y’ 
correspond  to  physical  time  terms,  while  those  written  in  terms  of  ‘Y”  correspond  to  pseudo-time  terms  that 
are  employed  in  the  time-iterative  solution  procedure.  The  forms  of  the  pseudo-time  terms  will  be  discussed 
presently. 

In  the  development  of  the  differential  system  presented  above,  a  number  of  physical,  numerical,  and  practical 
issues  were  considered.  First,  a  mixture  volume  continuity  equation  is  employed  rather  than  a  mixture  mass 
equation.  This  initial  choice  was  made  based  on  the  authors’  experience  that  the  nonlinear  performance  of 
segregated  pressure  based  algorithms  [17]  is  improved  by  doing  so  for  high  density  ratio  multi -phase  systems. 
Because  of  this  choice,  neither  a  physical  time  derivative  nor  mixture  density  appears  in  the  continuity  equa¬ 
tion,  although  the  mixture  density  can  vary  in  space  and  time.  To  render  the  system  hyperbolic  and  to  facilitate 
the  use  of  time-marching  procedures,  we  then  introduce  a  pseudo-time  derivative  term  (signified  by  “x”)  in  the 
mixture  continuity  equation,  a  strategy  that  derives  from  the  work  of  Chorin  [7]  and  others. 

Second,  corresponding  artificial  time-derivative  terms  are  also  introduced  in  the  component  phasic  continuity 
equations,  which  ensures  that  the  proper  differential  equation  (in  non-conservative  form)  is  satisfied.  That  is, 
combining  equations  [l]a  and  [l]c: 


3a,  (  a,  pi 

3t  ^  n2  3x  dx-  ^  J 

vpmP  7  j 
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Inclusion  of  such  ‘‘phasic  continuity  enforcing”  terms  has  a  favorable  impact  on  the  nonlinear  performance  of 
multi-phase  algorithms  when  mass  transfer  is  present  [34]. 

Third,  we  desired  an  eigensystem  that  is  independent  of  density  ratio  and  volume  fractions  so  that  the  perfor¬ 
mance  of  the  algorithm  would  be  commensurate  with  that  of  single-phase  for  a  wide  range  of  multi-phase 
conditions.  These  considerations  give  rise  to  the  preconditioned  system  in  equation  [1]. 

In  generalized  coordinates,  equations  [1]  can  be  written  in  vector  form  as: 


where  the  primitive  solution  variable,  flux,  and  source  vectors  are  written: 
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and  J  is  the  metric  Jacobian,  J  =  3(x,  y,  z)/3(^,  r\,  Q  . 
Matrix  T^  is  defined  by: 


(4) 


(5) 


0 

0 

0 

0 

0 

0 

0 

Pm 

0 

0 

uAp, 

uAp. 
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0 

Pm 

0 

CL 

<] 

> 

CL 

< 

> 

0 

0 

0 

Pm 

wApj 

wAp 
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0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

and  the  preconditioning  matrix,  T,  takes  the  form: 


(6) 


r= 


VPmP^ 


0  0  0 


0 

Pm 

0 

0 

uAp, 

uAp2 

0 

0 

Pm 

0 

vAp, 

VAP2 

0 

f  1 

vPmP  > 

f  1 

0 

0 

Pm 

wApj 

CL 

<1 

0 

0 

0 

1 

0 

ng 

d2 

VPmP  ^ 

0 

0 

0 

0 

1 

(7) 


where  Apj  =  p^-py  and  Ap2  =  pj^g-py.  The  compatibility  condition,  a^  +  a^  +  a^^g  =  1 ,  is  incorporated 
implicitly  in  definitions  6  and  7. 
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Eigensystem 

Of  interest  in  the  construction  and  analysis  of  a  scheme  to  discretize  and  solve  equation  [4]  is  its  inviscid 
eigensystem.  In  particular,  the  eigenvalues  and  eigenvectors  of  matrix  Aj  are  required,  where 


:  r  A j  , 


(8) 


Aj,  r'\  and  Aj  can  be  computed  straightforwardly,  and  expressions  for  these  are  available  in  [18].  The 
eigenvalues  and  eigenvectors  of  Aj  can  be  found  by  first  considering  the  reduction  of  equation  [4]  to  a  single¬ 
phase  system.  With  a/  =  I,  p^  =  pi  =  py  =  p^g  (=  constant),  m  =0,  equation  [4]  collapses  to  the  widely  used 
single-phase  ‘‘pseudo-compressibility”  scheme,  which  can  be  written  for  inviscid  flow  as 


-  Id)  i(j) 

at  a^j 

=  J(p,u,)^ 

Ef  =  (Uj,  u,Uj  +  ^j  ,p)^ 
-  Id) 

j  - 1  (j)  * 


(9) 


Flux  Jacobian  matrix  Aj^^  has  a  well  known  form  ([28],  for  example)  and  is  also  given  in  [18]. 
Comparing  the  expressions  for  Aj^^  and  Aj ,  one  can  write: 


k'{a’^k 

0 

0 

,K  = 

—  0 

0 

Uj 

0 

Pm 

0 

0 

_0  I_ 

(10) 


Diagonalizing  Aj : 


A,  ^  MjAjMA'  .  (11) 

The  elements  of  the  diagonal  matrix  Aj  are  the  eigenvalues  of  Aj .  Similarity  transform  matrices  Mj  and  Mj~^ 
contain  the  right  and  left  eigenvectors  of  Aj .  Forms  for  these  matrices  are  sought.  Using  equation  [10],  we  can 
write  equation  [1 1]  as 


“ 

“ 

-1 

|k  0 

0 

K-’ 

Hi 

0  0 

0 

Uj 

0 

L  J 

0 

1  0 

0 

0 

_ 

0 

0  1_ 

a; 


0  0 


Mj 


K  0  0 


0 

0 


0  U; 


-UL 


0 

0 


1  0 
0  1 


(12) 


This  brief  analysis  illustrates  that  the  inviscid  eigenvalues  of  the  present  preconditioned  multi-phase  system 
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are  the  same  as  the  standard  single-phase  pseudo-compressibility  system  with  two  additional  eigenvalues 
introduced,  Uj,  Uj.  That  is, 


Cj  = 

Equation  [12]  also  illustrates  that  a  complete  set  of  linearly  independent  eigenvectors  exists  for  the  present 
three-component  system.  These  results  generalize  for  an  arbitrary  number  of  constituents.  The  eigenvalues  are 
seen  to  be  independent  of  the  volume  fractions  and  density  ratio.  This  is  not  the  case  for  other  choices  of  pre¬ 
conditioning  matrix,  T,  or  if  a  mixture  mass  conservation  equation  is  chosen  instead  of  the  mixture  volume 
equation. 

The  local  time-steps  and  matrix  dissipation  operators  presented  below  are  derived  from  the  inviscid  multi¬ 
phase  eigensystem  above,  which  has  been  shown  to  be  closely  related  to  the  known  single-phase  eigensystem. 
This  has  had  the  practical  advantage  of  making  the  single-phase  predecessor  code  easier  to  adapt  to  the  multi¬ 
phase  system. 

Physical  Modeling 
Mass  Transfer 

For  transformation  of  liquid  to  vapor,  m  is  modeled  as  being  proportional  to  the  liquid  volume  fraction  and 
the  amount  by  which  the  pressure  is  below  the  vapor  pressure.  This  model  is  similar  to  that  used  by  Merkle  et 
al.  [23]  for  both  evaporation  and  condensation.  For  transformation  of  vapor  to  liquid,  m  ,  a  simplified  form  of 
the  Ginzburg-Landau  potential  is  employed: 


CdestPv«/MlN[0,p-pJ 

(l/2p^ui)t^ 


.  + 

m 


CprodPv(«r«ng)  (l-«/-«ng) 


(14) 


In  this  work,  C^gst  are  empirical  constants  (here  =  10^,  Cp^Q^j  =  10^).  o^g  appears  in  the  produc- 

tion  term  to  enforce  that  m  ^  0  as  ^  0  .  Both  mass  transfer  rates  are  non-dimensionalized  with  respect  to 
a  mean  flow  time  scale. 


The  mass  transfer  model  presented  in  equation  [14]  retains  the  physically  observed  characteristic  that  cavity 
sizes,  and  thereby  the  dynamics  of  the  two- fluid  motion,  are  nearly  independent  of  liquid-vapor  density  ratio. 
One  outcome  of  the  eigensystem  characteristics  summarized  above  is  that  the  numerical  behavior  of  the  code 
parallels  this  physical  behavior.  This  is  illustrated  in  Figure  2  There,  the  convergence  histories  are  provided 
for  six  simulations  of  cavitating  flow  over  a  hemispherical  forebody  with  cylindrical  afterbody  (1/2  caliber 
ogive,  o  =  0.3,  from  series  of  results  presented  below).  As  the  density  ratio  is  increased  from  1  to  10,  the  con¬ 
vergence  history  is  modified  somewhat,  but  beyond  p/p^  =  10,  the  performance  of  the  solver  is  virtually  inde¬ 
pendent  of  density  ratio  up  to  p/p^  =  10^.  This  behavior  is  consistent  with  the  modeled  physics  of  this 
problem  as  shown  in  Figure  3.  There,  drag  coefficient  and  number  of  predicted  vaporous  cells  are  seen  to 
reach  a  nearly  constant  value  at  p/Zp^  >  10. 

As  the  authors  have  evolved  this  work  into  the  analysis  of  turbomachinery,  it  has  become  evident  that  the 
present  mass  transfer  model  has  some  shortcomings  in  that  it  does  not  accommodate  thermal  effects  on  cavita¬ 
tion  breakdown  performance  in  turbomachinery  [5].  This  is  discussed  further  in  the  pump  cavitation  results 
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section  below. 


Iteration 


Figure  2.  Comparison  of  convergence  histories  with  den-  F'S^re  3.  Comparison  of  predicted  drag  coefficient 

sity  ratio  for  hemispherical  forebody  simulation.  and  number  of  vaporous  cells  with  density  ratio  for 

hemispherical  forebody  simulation. 


Turbulence  Closure 

A  high  Reynolds  number  form  k-e  model  (Jones  and  Launder  [16])  with  standard  wall  functions  is  imple- 
mented  to  provide  turbulence  closure: 


d  .  1  X  I  3  /  1  X  3  tdk  \  ,  .p, 

J  J  J 


J  J  J 


As  with  velocity,  the  turbulence  scalars  are  interpreted  as  being  mixture  quantities.  Other  two-equation  turbu¬ 
lence  models  have  also  been  employed  as  discussed  below. 


Compressible  Constituent  Phases 


As  mentioned  above,  a  complicating  phenomena  associated  with  underwater  multiphase  flows  is  the  presence 
and  effect  of  compressibility  in  a  flow  that  is  largely  incompressible.  To  directly  model  flows  containing 
homogeneously  mixed  bubbly  flow  regions  and/or  shock-expansion  wave  systems,  a  suitable  representation 
of  compressible  flow  is  necessary.  Also,  in  flows  of  relevance  here,  liquid  vapor  mass  transfer  is  important 
and  by  virtue  of  ventilation,  a  noncondensable  gas  phase  is  present. 


For  the  purposes  of  analysis  and  development  of  appropriate  preconditioning,  the  inviscid  one-dimensional 
two-phase  form  of  the  governing  equations  are  presented  in  equation  [16].  Here,  with  no  loss  of  generality,  the 
equations  are  presented  in  mass-fraction  form.  In  this  form,  the  governing  equations  for  two-phase  flow 
resemble  the  equations  employed  in  single-phase  multi-component  reacting-gas-mixture  flows.  The  eigenval¬ 
ues  of  the  associated  system  and  the  preconditioning  forms  are  well  known  and  have  been  widely  used  [40], 
The  equations  corresponding  to  a  preferred  set  of  primitive  variables  may  be  achieved  and  then  interpreted  in 
the  context  of  multi-phase  flows  of  interest,  A  more  complete  development  with  applications  is  given  in  refer¬ 
ences  [20],  [21]  and  [41], 
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Compressible  Equations  of  Motion 

The  fully  compressible  form  of  the  two-phase  equations  in  ID  is  given  as, 

^  +  ^  =  0 
3t  dx 

which  represents  the  following  set  of  equations  in  conservation  form, 

apYv ,  apYvU  _  ^ 

at  ax 

apY,  apY.u 

^  ap^  ^  =  n 

at  ax  ax 
ae  a(e  +  p)u  _ 

at  ax 


The  mixture  density  is  defined  as: 


where. 


P  ^  Pv  +  P/  ^  pjai  +  p^a^ 


Pv  =  pY^  =  P^a^  and  p/  =  pY,  =  p^a,  (22) 

The  total  internal  energy  of  the  two-phase  mixture  may  be  expressed  as, 

e  -  pB+ipu^  -  ph-p  +  ipu^  (23) 

and  the  specific  enthalpy  of  the  mixture  is  given  as, 

h  -  X  (24) 

i  =  /,  V 

and  h^  and  h^  are  the  phasic  enthalpies,  which  are  also  generally  known  functions  of  the  temperature  and  the 
pressure.  The  p  indicates  where,  in  equations  [21]  and  [22],  the  mass  fraction  based,  Dalton  model,  of  species 
density  is  to  be  used,  rather  than  the  volume  fraction  based,  Amagat  model.  For  development  of  the  compress¬ 
ible  preconditioning  form,  the  Dalton  model  for  intensive  properties  is  used  here. 

The  system  in  equations  [17]-[20]  may  equivalently  be  expressed  in  the  following  vector  form: 


fe^  +  ^  =  0 

dr  dx 

where  we  have  adopted  a  set  of  primitive  variables,  Q ,  as  the  primary  dependent  vector: 
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Q  = 


p 

1 

> 

CL 

1 _ 
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PY;U 
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'9p 


p  +  Y 
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-p  +  Y 
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0  Y 


liP- 

aY, 
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+  h  ^ 

,  oai 


The  corresponding  system  flux  Jacobian  is  defined  as: 


uY 


uY 


iP 

^3p 


pu  +  uY^ 


ap 


1  + 

ap 


2  ap 

aY, 


PY, 

PY/ 
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uY 
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'^ai 
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2^P 

ai 
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pu 
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“•'"I 


pu 


ah 

aY, 


+  uh 


ap 

oav" 


p(ho  +  u2)  pu^ 


+  uh, 


dp 

oai 


(26) 


Note  that  a  standard  notation  has  been  used  to  indicate  partial  differentiation  with  respect  to  the  variables  in 
Q ,  The  eigenvalues  of  the  above  system  are: 


where  the  speed  of  sound  is  given  by:. 


?l([re]  A)  ^  U,  U,  U+C 


ah 


(27) 


ai 


c2  = 


dp 


ah 

ap 

fi-P^ 

\ 

,aT 

Q 

,  ax 

Q 

Q 

Pap 

For  the  multi-phase  system,  the  above  partial  derivatives  need  to  be  obtained  in  terms  of  the  known  volume 
fraction  based  properties,  i.e,,  p^  =  p^(p,  T)  and  pj  =  pj(p,  T) ,  Their  evaluation  is  therefore  not  as  straight¬ 
forward  as  for  single-phase  multi-component  mixtures. 

The  relation  for  the  isothermal  sound  speed  is  given  in  equation  [28]. 
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Preconditioned  Compressible  Equations  of  Motion 


The  preconditioned  version  of  equation  [25]  may  be  written  as: 


ax  ax 


-  0 


where  the  preconditioning  matrix  is  given  by: 


r  - 
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^  3p 
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p  +  Y, 


iP. 

aY, 


-p  +  Y 
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'aY, 
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The  eigenvalues  of  the  preconditioned  system  can  be  shown  to  be: 


(28) 


(29) 


(30) 


X(f  ’ 


A) 


u,  u,  : 


where  the  preconditioned  pseudo-sound-speed  is: 


ah 

^aT 


(cO 
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dp 


ai 
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ai 


1  -p 


Definition  of  Pseudo-Sound  Speed 


(31) 


(32) 


The  definition  of  the  pseudo-sound  speed  is  selected  to  render  the  eigenvalues  of  the  preconditioned  system 
well  conditioned.  Examining  equation  [31],  we  note  that  this  is  readily  achieved  by  choosing: 


(c')2  =  Min(V^,  c^)  (33) 

where  V  is  local  convective  velocity  magnitude.  This  form  corresponds  to  the  standard  inviscid  choice  of  this 
parameter.  From  equation  [32],  we  may  thus  express  the  preconditioning  parameter  in  equation  [30]: 
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3p 


1 

(c')2 


3T 


(34) 


Numerical  Method 

The  baseline  numerical  method  is  evolved  from  the  UNCLE  code  of  Taylor  and  his  co-workers  at  Mississippi 
State  University  ([39],  for  example).  UNCLE  is  based  on  a  single-phase,  pseudo-compressibility  formulation. 
Roe-based  flux  difference  splitting  is  utilized  for  convection  term  discretization.  An  implicit  procedure  is 
adopted  with  inviscid  and  viscous  flux  Jacobians  approximated  numerically,  A  block-symmetric  Gauss-Seidel 
iteration  is  used  to  solve  the  approximate  Newton  system  at  each  time-step. 


The  multi-phase  extension  of  the  code  retains  these  underlying  numerics  but  also  incorporates  two  volume 
fraction  transport  equations,  mass  transfer,  non-diagonal  preconditioning,  flux  limiting,  dual-time-stepping, 
and  two-equation  turbulence  modeling.  The  fully  compressible  version  incorporates  an  energy  conservation 
equation. 


Discretization 


The  transformed  system  of  governing  equations  is  discretized  using  a  cell  centered  finite  volume  procedure. 
Flux  derivatives  are  computed  as 


dE/a^  -  (Ei+i/2-Ei-i/2),  (35) 

with  similar  expressions  for  ap/aq ,  ao/a^,  and  the  corresponding  viscous  fluxes.  The  inviscid  numerical 
fluxes  are  evaluated  using  a  flux  difference  splitting  procedure  [45]: 


E,+i/2=  5[E(Q|;,/2)  +  E(Qf+,/2)  + 


^I(q! 


(36) 


i+1/2’  Vi+i/2i 


(Qf+i/2-Q!;i/2)i 


where,  with  the  non-diagonal  preconditioner  used  here,  the  matrix  dissipation  operator  is  defined  by 
'a|=  f(M|A|M^'). 


R  L 

The  extrapolated  Riemann  variables,  Qi+]/2  and  Qi+]/2  are  obtained  using  a  MUSCL  procedure  ([2],  for 
example): 


Qf+i/2  =  Qi+,-f[(i-K)(Q,+2-Q,+i)  +  (i+^)(Q,+i-Q,)l 
q!;i/2  =  Q,  +|[(i-k)(Q,  -Q,_,)  +  (i+^)(Q,+i-Q,)1 

(37) 

For  first  order  accuracy,  (|)  =  0.  The  choice  (|)  =  1,  k  =  1/3,  yields  the  third  order  accurate  upwind  bias  scheme 
used  for  the  results  presented  in  this  paper. 


The  flows  of  interest  here  typically  contain  regions  with  sharp  interfaces  between  liquid  and  gas  phases.  In 
addition,  compressible  flows  admit  shock  waves  and  contact  discontinuities.  Accordingly,  higher  order  dis¬ 
cretization  practices  are  required  to  retain  adequate  interface  fidelity  in  the  simulations.  This  is  particularly 
important  in  three-dimensional  super-cavitating  vehicle  or  control  surface  computations  such  as  those  pre¬ 
sented  below.  There,  predicted  lift  and  drag  can  be  severely  over-predicted  if  liquid  phase  (and  its  much 
higher  inertia)  diffuses  numerically  into  low-lift  gaseous  regions  of  the  lifting  surface. 
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Attendant  to  the  third  order  upwind  bias  scheme  employed  are  overshoots  in  solution  variables  at  these  inter¬ 
faces.  These  can  be  highly  destabilizing,  particularly  for  the  volume  fraction  equations,  if  sufficient  mass 
transfer  or  non-condensable  vapor  is  present  to  yield  ^  0  locally.  To  ameliorate  this  difficulty,  the  flux 
evaluation  is  rendered  locally  first  order  in  the  presence  of  large  gradients  in  a/  or  cx^g.  In  solutions  obtained 
for  incompressible  phasic  constituents,  this  is  affected  through  the  use  of  a  “dissipation  sensor”  in  the  spirit  of 
Jameson  et  al.  [14].  Specifically,  a  sensor  is  formulated  for  each  coordinate  direction  as 

ai+i-2ai  +  ai., 

+  2a-  +  a-_| 

This  parameter  is  very  small  except  in  the  immediate  vicinity  of  liquid-gas  interfaces.  In  this  work,  the  higher 
order  component  of  the  numerical  flux  in  equation  [37],  i.e.  term  (|),  is  multiplied  by  (1-Vj),  In  compressible 
solutions,  shocks  and  contact  discontinuities  are  admissible.  Hence,  it  is  necessary  to  limit  interpolations 
based  on  the  entire  primitive  vector.  A  standard  form  of  the  van  Albada  limiter  [13]  has  been  employed. 

To  illustrate  the  foregoing  discretization  issues,  consider  adjacent  parallel  streams  of  two  constituents.  In  the 
absence  of  shear,  if  a  flow-aligned  Cartesian  mesh  is  employed,  the  mixing  layer  interface  will  be  perfectly 
preserved  using  the  present  modeling  (no  mass  diffusion).  This  is  true  independent  of  the  density  ratio  of  the 
streams  and  whether  first  or  higher  order  discretization  is  employed.  However,  if  the  interface  encounters  a 
region  of  significant  grid  non-orthogonality,  the  interface  will  be  smeared. 

We  consider  a  two-dimensional  grid  slice  extracted  from  the  three-dimensional  fin  computation  presented 
below,  as  illustrated  in  Figure  4a.  Two-dimensional  inviscid  computations  of  a  high  density  ratio  mixing 
stream  were  computed  on  this  grid.  Gas  and  liquid  (p//pg  =  1000)  were  injected  axially,  at  the  same  velocity, 
above  and  below  an  inlet  location  seen  in  Figure  4b.  No  solid  boundaries  are  specified,  so  ideally,  the  interface 
would  be  perfectly  preserved  through  the  domain.  However,  the  initially  sharp  mixing  layer  interface  encoun¬ 
ters  severe  grid  non-orthogonality,  as  it  does  in  full  scale  three-dimensional  computations,  even  well  away 
from  solid  boundaries,  due  to  grid  topology.  Though  this  case  is  particularly  pathological,  regions  where  local 
grid  quality  suffers  due  to  the  geometry  of  the  problem  are  inescapable  in  structured  multiblock  analyses  of 
complex  aerodynamic  configurations. 

Downstream  of  the  grid  “stripe”  associated  with  the  fm  leading  edge.  Figures  4b  and  c  show  that  the  interface 
is  badly  smeared  when  first  order  discretization  is  employed  (0,05  <  a/<  0,95  for  11-12  nodes).  This  is  largely 
remedied  when  the  3rd  order  flux  difference  with  dissipation  sensor  is  employed  (0,05  <  a/  <  0,95  for  3-4 
nodes). 

The  dissipation  sensor  used  does  not  completely  eliminate  overshoots,  as  illustrated  in  Figure  4c,  If  the  vol¬ 
ume  fractions  are  “clipped”  at  1.0  after  each  pseudo-time-step  the  impact  on  the  solution  accuracy  is  minimal, 
as  illustrated  in  Figure  4c.  But,  clipping  causes  the  non-linear  convergence  to  flat-line,  so  in  general,  we 
accept  the  modest  overshoots  in  volume  fraction. 

Second  order  accurate  backward  differencing  is  used  to  discretize  the  physical  transient  term  as 

^  (3Q”^^-^-4Q”  +  Q"^) 

^  at  ^  2At 

where  index  n  designates  the  physical  time-step.  Second  order  accurate  central  differencing  is  utilized  for  the 
viscous  flux  terms. 

Implicit  Solution  Procedure 

Adopting  Euler  implicit  differencing  for  the  pseudo-transient  term,  equation  [4]  can  be  written  in  A-form  as 


(39) 


(38) 
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where  AQ  =  Q  -  Q  ,  with  index  n  designating  the  physical  time-step  and  index  k  designating  the 
pseudo-time-step.  Terms  Aj ,  aJ  and  D  are  the  inviscid  flux,  viscous  flux,  and  source  Jacobians.  The  source 
Jacobian  is  evaluated  analytically  as  illustrated  below.  The  inviscid  and  viscous  flux  Jacobians  are  evaluated 
numerically  as: 


(A.AQ),^,/2  =  +  ^AQr  < 

3Ql  3Qr 
3E  .  '  3E  .  "  _ 

^^AQi  +  ^^AQi+i  - 

3Ql  3Qr 

■E(QL  +  e,  Qr)-E(Ql,  Qr)1^q^  + 


(41) 


■E(Qu  QR  +  e)-E(QL,  Qr)' 


AQi+i  , 


where  e  is  taken  as  the  square  root  of  a  floating  point  number  close  to  the  smallest  resolvable  by  the  hardware. 


Figure  4.  a)  Two-dimensional  grid  slice  extracted  from 
three-dimensional  control  fin  model,  b)  Predicted  liquid 
volume  fraction  contours  using  present  third  order  dis¬ 
cretization.  c)  Predicted  liquid  volume  fraction  profiles 
for  various  grids  and  discretizations. 
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The  pseudo-time- step  is  defined  based  on  the  spectral  radii  of  Aj  as 

At  -  .  (42) 

j 

For  steady  state  computations,  the  physical  time-step,  At,  is  set  to  infinity,  and  a  CFL  number  of  3-5  is  typi¬ 
cally  used. 

In  the  present  work,  we  seek  to  resolve  transient  features  characterized  by  the  quasi-periodic  shedding  of  vor- 
ticity  and  gas  from  the  cavity.  Strouhal  numbers  on  the  order  of  0.1  are  encountered  in  practice.  Accordingly, 
non-dimensional  physical  time-steps  on  the  order  of  .005  -  .01  are  required.  A  CFL  number  of  3-5  is  typically 
used  for  the  inner  iterates  in  transient  computations.  As  illustrated  below,  this  gives  rise  to  a  dual-time  scheme 
that  provides  a  1  to  3  order-of-magnitude  drop  in  residuals  in  5-10  pseudo-time-steps. 

Optimum  non-linear  convergence  is  obtained  using  a  pseudo-compressibility  parameter,  (3  /U  =  10. 

Upon  application  of  the  discretization  and  numerical  linearization  strategies  defined,  equation  [40]  represents 
an  algebraic  system  of  equations  for  AQ.  This  block  (6x6  blocks)  septadiagonal  system  is  solved  iteratively 
using  a  block  symmetric  Gauss-Seidel  method.  Five  sweeps  of  the  BSGS  scheme  are  applied  at  each  pseudo- 
time-step. 

Source  Terms 


Following  the  strategy  of  Venkateswaran  et  al.  [40]  for  the  numerical  treatment  of  mass  transfer  source  terms 
in  reacting  flow  computations,  we  identify  a  source  and  sink  component  of  the  mass  transfer  model  and  treat 
the  sink  term  implicitly  and  the  source  term  explicitly.  Specifically,  with  reference  to  equation  [1]  we  have 


H 


+/- 


L  VP; 


y 

Pv 


I,  0,  0,  0, 


With  m  from  equation  [14]  we  have 


(43) 


AH'  =  D'AQ,  with  D'  =  aH'/aQ  .  (44) 

It  can  easily  be  shown  that  the  non- zero  eigenvalue  of  D'  is 


(45) 


which  is  less  than  zero  for  py  <  p/.  Hence,  the  identification  of  m  as  a  sink  is  numerically  valid.  Implicit  treat¬ 
ment  of  this  term  provides  that  a/  approaches  zero  exponentially,  so  that  cases  like  those  considered  below, 
where  significant  mass  transfer  results  in  extremely  low  liquid  volume  fractions,  remain  stable. 


The  production  mass  transfer  term  is  treated  explicitly.  A  relaxation  factor  of  0.1  is  applied  at  each  pseudo¬ 
time-step  to  keep  this  term  from  destabilizing  the  code  in  early  iterations. 


Turbulence  Model  Implementation 

The  turbulence  transport  equations  are  solved  subsequent  to  the  mean  flow  equations  at  each  pseudo-time- 
step.  A  first  order  accurate  flux  difference  splitting  procedure  similar  to  that  outlined  above  for  the  mean  flow 
equations  is  utilized  for  convection  term  discretization.  The  k  and  e  equations  are  solved  implicitly  using  con¬ 
ventional  implicit  source  term  treatments  and  a  2x2  block  symmetric  Gauss-Seidel  procedure. 
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Boundary  Conditions 

Velocity  components,  volume  fractions,  turbulence  intensity,  and  turbulence  length  scale  are  specified  at 
inflow  boundaries  and  extrapolated  at  outflow  boundaries.  Pressure  distribution  is  specified  at  outflow  bound¬ 
aries  (p=0  for  single-phase  or  non-buoyant  multi-phase  computations)  and  extrapolated  at  inflow  boundaries. 
At  walls,  pressure  and  volume  fractions  are  extrapolated,  and  velocity  components  and  turbulence  quantities 
are  enforced  using  conventional  wall  functions.  Boundary  conditions  are  imposed  in  a  purely  explicit  fashion 
by  loading  ‘‘dummy”  cells  with  appropriate  values  at  each  pseudo-time-step. 

Parallel  Implementation 

The  multiblock  code  is  instrumented  with  MPI  for  parallel  execution  based  on  domain  decomposition.  Inter¬ 
block  communication  is  affected  at  the  non-linear  level  through  boundary  condition  updates  and  at  the  linear 
solver  level  by  loading  AQ  from  adjacent  blocks  into  “dummy”  cells  at  each  SGS  sweep.  This  is  not  as 
implicit  as  solving  an  optimally  ordered  linear  system  for  the  entire  domain  at  each  SGS  sweep,  but,  as  dem¬ 
onstrated  below,  this  potential  shortcoming  will  not  deteriorate  the  non-linear  performance  of  the  scheme  if 
the  linear  solver  residuals  are  reduced  adequately  at  each  pseudo-time-step.  The  authors  routinely  employ  48- 
80  processors  for  three-dimensional,  unsteady  analyses. 

Results 


Three  sets  of  results  from  the  authors’  recent  research  are  presented.  The  first  set  includes  axisymmetric 
steady-state  and  transient  analyses  of  natural  and  ventilated  cavitation  about  several  configurations.  These 
solutions  are  compared  to  experimental  measurements  to  demonstrate  the  capability  of  the  modeling 
employed.  The  second  set  of  results  includes  a  variety  three-dimensional  analyses  of  sheet-  and  supercavitat- 
ing  flows  of  relevance  to  high  speed  vehicles  and  turbomachinery.  The  third  set  of  results  includes  compress¬ 
ible  simulations  of  a  vehicle  propulsion  plume  and  a  high  speed  supercavitating  projectile. 

Axisymmetric  Analyses 

Steady  State  and  Transient  Natural  and  Ventilated  Cavitation  about  a  Series  of  Axisymmetric 

Forebodies 

Due  to  the  authors’  principal  research  interests  in  supercavitating  vehicles,  an  emphasis  of  our  CFD  develop¬ 
ment  and  validation  efforts  has  been  on  axisymmetric  bodies.  In  this  regard,  we  have  used  data  due  to  Rouse 
and  McNown  [29]  as  well  as  that  due  to  Stinebring  et  al.  [36],  [37]  for  validation  purposes. 

Rouse  and  McNown  [29]  carried  out  a  series  of  experiments  wherein  cavitation  induced  by  convex  curvature 
aft  of  various  axisymmetric  forebodies  with  cylindrical  afterbodies  was  investigated.  At  low  cavitation  num¬ 
bers,  these  flows  exhibit  natural  cavitation  initiating  near  or  just  aft  of  the  intersection  between  the  forebody, 
or  cavitator,  and  the  cylindrical  body.  For  each  configuration,  measurements  were  made  across  a  range  of  cav¬ 
itation  numbers,  including  a  single  phase  case  (large  a).  Surface  static  pressure  measurements  were  taken 
along  the  cavitator  and  after-body.  Photographs  were  also  taken  from  which  approximate  bubble  size  and 
shape  were  deduced. 

Several  of  the  Rouse-McNown  configurations  were  analyzed.  These  included  0-caliber  (blunt),  1/4-caliber, 
1 /2-caliber  (hemispherical),  1 -caliber,  and  2-caliber  ogives  and  conical  (22.5°  cone  half-angle)  cavitator 
shapes.  The  experiments  were  performed  at  Reynolds  numbers  greater  than  100,000  based  on  maximum  cavi¬ 
tator  (i.e.,  after-body)  diameter.  A  value  of  Re  =  136000  was  used  for  the  simulations.  In  order  to  properly 
assess  grid  resolution  requirements,  a  range  of  grid  sizes  was  used.  For  the  hemispherical  and  conical  config¬ 
urations,  grid  sizes  of  65x17,  129x33  and  257x65  were  run.  Figure  5  demonstrates  that  differences  between 
predicted  surface  pressures  for  the  medium  and  fine  meshes  are  small.  The  fine  meshes  were  used  for  all  sub¬ 
sequent  calculations  presented  here.  For  the  blunt  fore-body,  a  two-block  grid  topology  had  to  be  used,  and  a 
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mesh  consistent  with  the  resolution  and  clustering  of  the  other  head-forms  was  utilized  (65x49,  257x65  for 
blocks  1  and  2;  see  Figure  9b). 


Figure  5.  Comparison  of  predicted  surface  pressure  distrib  utions  for 
naturally  cavitating  axisymmetric  flow  over  a  conical  cavitator-cylindrical 
after-body  configuration,  o  0.3.  Coarse  (65x17),  medium  (129x33)  and 
fine  (257x65)  mesh  solutions  are  plotted. 

Figures  6  through  24  show  sample  results  for  these  axisymmetric  computations.  Figure  6a  shows  predicted 
and  measured  surface  pressure  distributions  at  several  cavitation  numbers  for  the  1 -caliber  ogive  forebody 
with  cylindrical  afterbody.  As  the  cavitation  number  is  decreased  from  near  a  critical  ‘"inception”  value,  a  cav¬ 
itation  bubble  forms  and  grows.  The  presence  of  the  bubble  manifests  itself  as  a  decrease  in  magnitude,  flat¬ 
tening  and  lengthening  of  the  pressure  minimum  along  the  surface.  Also,  bubble  closure  gives  rise  to  an 
overshoot  in  pressure  recovery  due  to  the  local  stagnation  associated  with  free-stream  liquid  flowing  over  the 
convex  curvature  at  the  aft  end  of  the  bubble.  The  code  is  seen  to  accurately  capture  these  physics  as  evi¬ 
denced  by  the  close  correspondence  between  predicted  and  measured  pressure  distributions.  Figure  6b  illus¬ 
trates  the  qualitative  physics  as  captured  by  the  model.  There,  surface  pressure  contours,  field  liquid  volume 
fraction  contours,  selected  streamlines  and  the  grid  used  are  shown  for  the  1 -caliber  case  at  o  =  0.15.  For  this 
case,  the  cavitation  bubble  is  quite  long  (L/d  >  3).  As  with  all  large  cavitation  bubbles,  the  closure  region  is 
characterized  by  an  unsteady  “re-entrant”  jet.  The  significant  flow  recirculation  and  associated  shedding  of 
vorticity  and  vapor  in  these  flows  require  that  a  transient  simulation  be  carried  out.  This  is  discussed  further 
below.  The  solution  depicted  in  Figure  6b  represents  a  snapshot  in  time  of  an  unsteady  simulation. 

Figures  7-9  provide  similar  comparisons  for  hemispherical,  conical  and  blunt  ogives.  Specifically,  Figures  7a, 
8a  and  9a  show  comparisons  between  predicted  and  measured  surface  pressure  distributions  for  these  three 
configurations  at  a  range  of  cavitation  numbers.  In  Figures  7b,  8b  and  9b,  surface  pressure  contours,  field  liq¬ 
uid  volume  fraction  contours,  selected  streamlines  and  the  grid  are  illustrated  for  selected  cavitation  numbers. 
In  each  case,  a  discrete  bubble  shape  is  observed,  but  the  aft  end  of  the  predicted  bubble  does  not  exhibit  a 
smooth  “ellipsoidal”  closure.  Indeed,  due  to  local  flow  reversal  (reentrant  jet),  liquid  is  swept  back  underneath 
the  vapor  pocket.  The  pressure  in  this  region  retains  the  nearly  constant  free  stream  liquid  flow  value 
impressed  through  the  bubble.  Similar  closure  region  observations  have  been  made  by  Chen  and  Heister  [6] 
and  others. 
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Figure  6a.  Comparison  of  predicted  and  measured  sur¬ 
face  pressure  distributions  at  several  cavitation  num¬ 
bers  for  a  1  -caliber  ogive  forebody. 


Figure  6b.  Predicted  liquid  volume  fraction  and 
surface  pressure  contours,  selected  streamlines  and 
computational  grid  for  a  1  -caliber  ogive  forebody, 


As  with  the  l-caliber  ogive,  the  predicted  pressure  distribution  for  the  hemispherical  cavitator  is  very  well 
predicted,  but  Figure  8b  illustrates  that  the  simulations  underpredict  the  length  of  the  bubble  for  the  22.5® 
half-angle  conical  head  form  at  all  cavitation  numbers,  though  qualitative  trends  remain  correctly  predicted. 
Although  fairly  good  quantitative  agreement  is  obtained  for  the  blunt  fore-body  at  low  cavitation  numbers, 
shortcomings  of  the  present  modeling  are  evident.  First,  even  the  single  phase  pressure  distribution  shows  sig¬ 
nificant  discrepancy  from  the  data.  In  particular,  the  characteristic  flattening  of  the  measured  pressure  distri¬ 
bution  due  to  a  large  recirculation  zone  aft  of  the  comer  is  significantly  underpredicted.  Such  a  ‘‘forward 
facing  step”  flow  is  well  known  to  provide  significant  challenges  to  single  phase  turbulence  models.  The  con¬ 
ventional  model  employed  here  (high  Reynolds  number  k-e)  has  well-documented  difficulties  with  stagnated, 
high  strain  and  recirculating  flows.  All  of  these  characteristics  are  embodied  in  the  blunt  head-form  flow.  Our 
efforts  to  “remedy”  these  single  phase  turbulence  modeling  shortcomings  by  deploying  several  approaches 
that  have  appeared  in  the  literature  (q-co,  sublayer  modeling,  RNG)  have  yet  to  yield  a  fully  satisfactory  reso¬ 
lution.  As  observed  by  Shyy  [33],  [“there  are  no  quick,  practical  solutions  to  handle  this  challenge.  However, 
models  capable  of  handling  (i)  substantial  departure  from  equilibrium  between  production  and  dissipation  of 
the  turbulent  kinetic  energy,  (ii)  anisotropy  between  main  Reynolds  stress  components,  and  (iii)  turbulence- 
enhanced  mass  transfer  across  the  phase  inter- face,  should  be  emphasized”.] 

Several  parameters  of  relevance  in  the  characterization  of  cavitation  bubbles  include  body  diameter,  d,  bubble 
length,  L,  bubble  diameter,  d^,  and  form  drag  coefficient  associated  with  the  cavitator,  Cj^.  Some  ambiguity  is 
inherent  in  both  the  experimental  and  computational  definition  of  the  latter  three  of  these  parameters.  Bubble 
closure  location  is  difficult  to  define  due  to  unsteadiness  and  its  dependence  on  after-body  diameter  (which 
can  range  from  0  [isolated  cavitator]  to  the  cavitator  diameter).  Accordingly,  bubble  length  is  often,  and  here, 
taken  as  twice  the  distance  from  cavity  leading  edge  to  the  location  of  maximum  bubble  diameter  (see  Figure 
10).  The  form  drag  coefficient  is  taken  as  the  pressure  drag  on  an  isolated  cavitator  shape.  For  cavitators  with 
afterbodies,  such  as  here,  the  pressure  contribution  to  associated  with  the  back  of  the  cavitator  is  assumed 
equal  to  the  cavity  pressure  (=  p^).  For  the  simulations,  dj^  is  determined  by  examining  the  a]  =  0.5  contour 
and  determining  its  maximum  radial  location. 
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Figure  7a.  Comparison  of  predicted  and  measured  surface  Figure  7b.  Predicted  liquid  volume  fraction  and  surface 
pressure  distributions  at  several  cavitation  numbers  for  a  pressure  contours,  selected  streamlines  and  computational 
hemispherical  fore-body.  grid  for  a  hemispherical  fore-body,  a^O.3. 


Figure  8a.  Comparison  of  predicted  and  meas  ured  surface 
pressure  distributions  at  several  cavitation  numbers  for  a 
conical  fore -body. 


Figure  8b.  Predicted  liquid  volume  fraction  and  surface 
pressure  contours,  selected  streamlines  and  computational 
grid  for  a  conical  fore-body,  a^O.3. 
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Figure  9a.  Comparison  of  predicted  and  measured  surface  Figure  9b.  Predicted  liquid  volume  fraction  and  surface 
pressure  distributions  at  several  cavitation  numbers  for  a  pressure  contours,  selected  streamlines  and  computational 
blunt  fore-body.  grid  for  a  blunt  fore-body,  0^0.4. 


In  Figure  11a,  the  quantity  L/(dCj^  )  is  plotted  against  cavitation  number  for  a  large  number  of  experimental 
data  sets  assembled  by  Maj  [22]  from  a  variety  of  sources  and  for  numerous  simulations  made  with  six  cavi- 
tator  shapes.  That  L/(dc]^  )  should  correlate  with  o  has  been  long  established  theoretically  and  experimen¬ 
tally  (Reichardt  [27],  Garabedian  [11],  for  example).  Despite  the  significant  uncertainties  associated  with 
experimental  and  computational  evaluation  of  L  and  Cj),  the  data  and  simulations  do  correlate  well,  close  to 
independently  of  cavitator  shape.  The  cone  shaped  cavitator  exhibits  some  underprediction  of  this  parameter 
at  higher  cavitation  numbers,  consistent  with  the  bubble  length  underprediction  observed  in  the  pressure  dis¬ 
tribution  comparisons  presented  above. 

The  so-called  fineness  ratio  of  the  cavity,  L/d^,  is  plotted  against  cavitation  number  in  Figure  11b  for  the 
same  experimental  and  computational  data  sets.  These  parameters  again  correlate  well  for  both  experiment 
and  simulation,  though  at  higher  cavitation  numbers  there  is  a  spread  in  both.  Considering  the  difficulties  in 
quantifying  smaller  bubble  sizes,  we  hesitate  to  draw  any  conclusions  as  to  the  possible  sources  of  this  spread. 


Figure  10.  Bubble  length  and  bubble  diameter  definitions. 

In  the  cases  considered  so  far,  steady-state  solutions  were  obtained  for  higher  cavitation  numbers.  At  lower 
cavitation  numbers  (i.e.  larger  bubbles),  significant  large  scale  unsteadiness  appears  in  the  aft  region  of  the 
bubble/reentrant  jet  region.  Vorticity  and  condensable  vapor  are  shed  from  this  region.  Accordingly,  transient 
simulations  (dual-time  stepping)  were  performed  when  pseudo-timestepping  failed  to  converge.  For  the  0-,  1/ 
4-,  1/2-,  1-  and  2-caliber  and  conical  cavitator  shapes,  transient  computations  were  performed  for  cavitation 
numbers  less  than  or  equal  to  o  =  0.5,  0.3,  0.35,  0.15,  0.05and  0.4,  respectively.  Non-dimensional  physical 
time  steps  of  At/t^  =  0.007  were  utilized  for  these  computations.  In  Figures  11a  and  1  lb,  time  accurate  CFD 
results  are  represented  with  filled  symbols,  steady  state  results  with  open  symbols. 
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Ventilated  Cavitation 

Ventilated  cavities  are  also  of  interest  to  the  authors  because  for  large  enough  values  of  free  stream  pressure 
the  only  way  to  generate  large  cavities  is  to  inject  some  mixture  of  condensable  and  non-condensable  gases 
into  the  flow  near  the  body  leading  edge.  In  general,  ventilated  cavities  exhibit  similar  dynamics  to  natural 
cavities  (May  [22]).  Ventilated  cavities  do,  however,  tend  to  be  more  stable  than  natural  cavities  near  the  aft 
end  of  the  cavitation  bubble.  Also,  as  discussed  in  the  authors’  companion  paper  [38]  all  non-condensable  gas 
must  mix  with  the  free  stream  liquid  and  be  transported  downstream. 
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Figure  11a.  Comparison  of  L/(dCj)  )  vs.  o  for  numer¬ 
ous  fore-body  shapes.  Experimental  data  adapted  from 
May  [22].  Open  symbols  represent  steady  computations, 
filled  symbols  represent  transient  computations. 


Figure  11b.  Comparison  of  L/d^^  vs.  a  for  numerous 
fore -body  shapes.  Experimental  data  adapted  from  May 
[22].  Open  symbols  represent  steady  computations, 
filled  symbols  represent  transient  computations. 


The  axisymmetric  blunt  fore-body  eonfiguration  presented  above  was  run  with  no  mass  transfer  but  with  non- 
eondensable  gas  injeetion  just  aft  of  the  leading  edge.  A  range  of  injection  mass  flow  rates  were  specified, 
yielding  a  range  of  ventilated  cavity  sizes.  The  resulting  cavities  do  not  close  in  the  sense  that  all  vapor  is  con¬ 
densed,  however  a  distinct  bubble  shape  is  observed  whose  geometry  is  quantified  as  detailed  above.  This  is 
illustrated  in  Figure  12,  where  the  predicted  liquid  volume  fraction  fields  are  shown  for  the  blunt  head-form 
natural  and  vented  cavities  at  o  =  0.4.  (The  cavitation  number  in  ventilated  cavities  is  defined  not  from  the 
vapor  pressure  but  from  the  cavity  pressure.) 

In  Figures  13a  and  13b,  L/(dCj^  )  and  L/d^  are  plotted  for  the  blunt  head-form  at  a  range  of  cavitation  num¬ 
bers.  The  natural  cavity  results  presented  above  are  reproduced  in  these  plots  along  with  the  results  of  six  ven¬ 
tilated  cavity  runs.  (Note  that  the  cavitation  number  is  not  explicitly  specified  in  the  ventilated  case;  rather  it  is 
an  outcome  of  specified  ventilation  flow  rate.  This  is  why  the  ventilated  data  predictions  in  Figures  13a  and 
13b  are  not  at  precisely  the  same  cavitations  numbers  as  the  natural  ventilation  cases.)  The  similarity  between 
the  natural  and  ventilated  cavity  results  are  generally  affirmed  by  the  simulations,  in  that  these  parameters  cor- 
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relate  well  with  each  other  and  with  the  experimental  data  provided  in  Figures  1  la  and  11b, 


Figure  12.  Predicted  liquid  volume  fraction  contours  for 
axisymmetric  natural  and  ventilated  cavities  about  a 
cylindrical  configuration  with  blunt  fore-body  (a  0.4). 


Figure  13a.  Comparison  of  L/(dcJ)  )  vs.  o  for  natural  Figure  13b.  Comparison  of  L/d^  vs.  o  for  natural  and 
and  ventilated  cavities  about  a  blunt  fore-body.  ventilated  cavities  about  a  blunt  fore-body. 


Unsteady  Characteristics  of  Cavities 

As  mentioned  above,  developed  cavities  exhibit  large  scale  unsteadiness  associated  with  re-entrant  jets,  peri¬ 
odic  ejection  of  non-condensable  gas,  and  cavity  ‘"pulsations”.  Accordingly,  we  have  employed  a  time-accu¬ 
rate  formulation  in  the  analysis  of  developed  cavitation.  Our  particular  interest  in  cavitator  design  has 
motivated  the  hydrodynamic  performance  parameter  model  assessments  and  validation  carried  out  above. 
There,  most  of  the  simulations  were  unsteady  and  the  presented  results  were  time  averaged. 

There  is  also  particular  interest  in  the  time  dependent  (as  opposed  to  time  averaged)  characteristics  of  devel- 
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oped  cavities,  as  these  physics  play  importantly  in  vehicle  acoustics,  body  wetting  and  bubble  cloud  collapse. 
Motivated  by  the  former  two,  we  have  carried  out  an  assessment  of  the  accuracy  of  the  predicted  temporal  sta¬ 
tistics  provided  by  the  code. 

We  first  illustrate  the  qualitative  temporal  characteristics  of  an  analysis  of  a  bluff  forebody  shape  at  moderate 
cavitation  numbers.  In  such  flows  it  is  well  known  that  the  entire  cavity  can  be  highly  unsteady,  with  ‘‘re¬ 
entrant”  liquid  issuing  quasi-periodically  from  the  aft  end  of  the  bubble  and  traveling  all  the  way  to  the  front 
of  the  bubble.  In  Figure  14,  a  time-sequence  of  predicted  vapor  volume  fraction  is  reproduced  for  a  1/4-caliber 
ogive  simulation  at  a  Reynolds  number  of  1.36  x  10^  and  a  cavitation  number  of  0.3.  A  193  x  65  mesh  and  a 
non-dimensional  physical  time-step  of  0.007  was  used  for  this  computation.  Clearly  captured  is  the  transport 
of  a  region  of  liquid  towards  the  front  of  the  cavity.  There,  the  liquid  interacts  with  the  bubble  leading  edge, 
the  top  of  this  liquid  region  being  sheared  aftward  while  the  bulk  of  the  fluid  proceeds  upstream  “pinching 
off’  the  bubble  near  the  leading  edge. 


Figure  14.  Time  sequence  of  predicted  vapor  volume 
fraction  for  flow  over  a  1/4  caliber  ogive  with  cylindri¬ 
cal  afterbody,  a  0.3 
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Figure  15.  a)  Pseudo-time  convergence  history  at  four 
successive  physical  time  steps  for  transient  flow  over  a 
1/4  caliber  ogive  with  cylindrical  afterbody,  a  0.3. 
b)  Segment  of  time  history  of  predicted  Cjy  for  this  case. 


Figure  15  shows  two  other  elements  of  this  partieular  transient  simulation.  The  inner-  or  pseudo-time  conver¬ 
gence  history  for  four  successive  physical  time  steps  is  shown  in  Figure  15a,  Nearly  a  three  order-of-magni- 
tude  drop  in  the  axial  velocity  residuals  is  obtained  at  each  physical  time  step  using  10  pseudo-time-steps. 
Figure  15b  shows  a  segment  of  the  time  history  of  predicted  drag  coefficient  for  this  case 

Stinebring  et  al,  [36]  documented  the  unsteady  cycling  behavior  of  several  axisymmetric  cavitators.  Their 
report  included  results  for  both  ventilated  and  natural  cavitation.  The  unsteady  performance  of  45®  (22,5® 
half-angle)  conical,  hemispherical,  and  0-caliber  ogival  cavitators  at  a  range  of  cavitation  numbers  were  docu¬ 
mented,  Natural  cavitation  analysis  comparisons  have  been  included  here. 

Figure  16  contains  a  series  of  snapshots  of  the  predicted  volume  fraction  field  from  an  unsteady  model  com¬ 
putation  of  flow  over  a  0-caliber  (blunt)  cavitator.  Here  the  Reynolds  number  (based  on  diameter)  was 
1,46x10^  and  the  cavitation  number  was  0,3,  This  result  is  presented  over  an  approximate  model  cycle.  The 
figure  also  includes  the  corresponding  time  segment  of  drag  coefficient.  Note  that  the  spikes  in  drag  near 
t=37  725  and  t=38,925  seconds  correspond  to  reductions  in  the  relative  amount  of  vapor  near  the  sharp  lead¬ 
ing  edge.  This  marks  the  progress  of  a  bulk  volume  of  liquid  from  the  closure  region  to  the  forward  end  of  the 
cavity  as  part  of  the  reentrant  jet  process.  Although  far  from  regular,  these  spikes  also  delineate  the  approxi¬ 
mate  model  cycle. 

The  computed  physics  in  Figures  14  and  23  correspond  qualitatively  to  film  footage  of  blunt  cavitators  at 
intermediate  cavitation  numbers.  This  is  illustrated  in  Figure  17  which  is  a  photograph  (adapted  from  Stine¬ 
bring  [37])  of  a  0-caliber  axisymmetric  cavitator  operating  at  ReD=2,9xlO^,  a=0,35.  This  picture  serves  to 
illustrate  the  basic  phenomenon  of  natural  sheet  cavitation  as  it  is  captured  by  the  model.  This  result  is  notable 
for  the  spatially  and  temporally  irregular  nature  of  the  computed  flow  field.  Even  after  significant  integration 
effort,  a  clearly  periodic  result  had  not  emerged.  Thus,  to  deduce  the  dominant  frequency  with  some  confi¬ 
dence,  it  was  necessary  to  apply  ensemble  averaging. 

Note,  in  Figure  16  that  over  a  significant  portion  of  the  sequence,  the  leading,  or  formative,  edge  of  the  cavity 
sits  slightly  downstream  from  and  not  attached  to  the  sharp  comer.  In  their  experiments,  Rouse  and  McNown 
observed  this  phenomenon.  They  suggested  that  this  delay  in  cavity  formation  was  due  to  the  tight  separation 


13-26 


eddy  which  forms  immediately  downstream  of  the  comer  and,  hence,  locally  increases  the  pressure.  The  cor¬ 
responding  evolution  of  cavitation  further  downstream,  at  the  separation  interface,  was  proposed  to  be  due  to 
tiny  vortices.  These  vortices,  after  some  time,  subsequently  initiate  the  cavity. 

Figure  18  shows  a  single  frame  at  t=37.8  seconds  from  the  same  model  calculation  (as  shown  in  Figure  23). 
Here,  to  clarify  what  is  captured,  the  volume  fraction  contours  have  been  enhanced  with  illustrative  stream¬ 
lines.  Note  that  these  are  streamlines  drawn  from  a  frozen  time  slice.  Nonetheless,  if  all  of  the  details  envi¬ 
sioned  by  Rouse  and  McNown  were  present,  the  streamlines  should  indicate  smaller/tighter  vortical  flows. 
The  current  level  of  modeling  was  unable  to  capture  small  vortical  structures  in  the  flow.  However,  the  overall 
computation  was  apparently  able  to  capture  the  gross  affects  of  these  phenomena  and  reproduce  a  delayed 
cavity.  In  fact  from  examination  of  the  cavity  cycle  evolution  shown  in  Figure  23,  and  the  streamlines  shown 
in  the  snapshot,  it  appears  that  gross  unsteadiness  is  driven  by  a  combination  of  a  reentrant  jet  and  some  type 
of  cavity  pinching.  The  pinching  process  is  particularly  well  demonstrated  in  Figure  23  from  t=38,125  to 
38.325  seconds.  However,  rather  than  complete  division  and  convection  into  the  free  stream,  it  should  be 
noted  that,  in  later  frames  of  Figure  23,  the  pinched  portion  of  the  cavity  appears  to  rejoin  the  main  cavity 
region. 

The  low  frequency  mode  apparent  in  most  of  the  experimental  0-caliber  results  appears  to  have  been  captured 
at  the  lowest  cavitation  number  (a=0.3),  as  shown  in  Figure  23,  and  is  evidenced  in  the  test  photograph  (Fig¬ 
ure  17).  In  Figure  19,  the  drag  coefficient  history  for  a  40  model  second  interval  from  the  same  computation  as 
in  Figure  23  is  shown.  Here,  a  clear  picture  of  the  persistence,  over  a  long  integration  time,  of  the  irregular 
flow  behavior  is  documented.  At  higher  cavitation  numbers,  the  current  set  of  0-caliber  cavitator  results  indi¬ 
cate  a  more  regular  periodic  motion.  This  is  contrary  to  the  experimental  data.  However,  as  Figure  18  indi¬ 
cates,  the  ability  to  capture  this  motion  at  any  cavitation  number  may  not  necessarily  require  the  explicit 
capture  of  the  finer  flow  details  of  the  vortical  flow  structure.  This  is  encouraging  and  suggests  that  with 
increased  computational  effort,  without  altering  the  current  physical  model,  the  representation  of  this  phenom¬ 
enon  could  be  improved  over  a  greater  range  of  cavitation  numbers. 

Figure  20  presents  the  spectral  content  of  the  result  given  in  Figure  19,  This  power  spectral  density  plot  is 
based  on  four  averaged  Hanning  windowed  data  blocks  of  the  time  domain  result.  To  eliminate  the  start-up 
transient  effect,  the  record  was  truncated,  starting  at  t=10  seconds  and,  to  tighten  the  resulting  confidence 
intervals,  more  time  domain  results,  after  t=40  seconds  were  included.  As  is  typical  of  highly  nonlinear 
sequences,  the  experience  of  this  unsteady  time  integration  demonstrated  that,  additional  time  records  merely 
enrich  the  power  spectral  density  function.  However,  the  additional  records  do  serve  to  improve  the  confi¬ 
dence  intervals,  and,  therefore,  add  reliability  to  the  numerical  convergence  process.  The  model  result  used 
was,  as  indicated  by  the  confidence  intervals,  sufficient  for  a  comparison  to  experimental,  unsteady  results. 
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Figure  16.  Modeled  flow  over  a  0-caliber  ogive.  Liq¬ 
uid  volume  fraction  contours  and  corresponding  drag 
history.  g^O.3.  Rep^l.dbxlO^. 


Figure  17.  Zero  caliber  ogive  in  water  tunnel  at 
ReQ=2.9xlO^,  0=0.35  (adapted  from  Stinebring  [37]). 
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Figure  18.  Snapshot  of  modeled  flow  over  a  0-caliber 
ogive.  Liquid  volume  fraction  contours  and  selected 
streamlines.  0=0.3.  ReQ=l. 46x10^. 


Figure  19.  Model  time  record  of  drag  coefficient  for  flow  over  a  0 -caliber  ogive  at  Re]3=l  .46x10^  and  0=0.3.  In  model 

units,  D/U^  =  0.146  (s),  physical  time  step,  At  =  0.001  (s). 


Figure  20.  Results  for  0-caliber  ogive  at  ReQ=l  .46x10^  and  0=0.3.  Power  spectral  density  function  with  50%  confidence 

intervals  shown. 


Figure  21  contains  a  series  of  snapshots  from  the  unsteady  model  computation  of  a  hemispherical  cavitator  at 
a  Reynolds  number  (based  on  diameter)  of  1,36x10^  and  a  cavitation  number  of  0.2,  This  result  is  presented 
over  a  period  slightly  longer  than  the  approximate  model  cycle.  In  this  case  the  model  Strouhal  frequency  is 
0,0326.  There  are  ten  frames  presented,  and  the  first  (or  last)  nine  of  those  ten  constitute  an  approximate 
model  cycle.  The  drag  history  trace  in  Figure  22  demonstrates  how,  relative  to  the  modeled  flow  over  the 
blunt  forebody,  the  pattern  of  flow  over  the  hemispherical  forebody  is  regular  and  periodic.  This  is  consistent 
with  experimental  observations  made  (for  example)  by  Rouse  and  Mcnown  [29],  Note  the  evolution  of  flow 
shown  in  Figure  21  as  it  compares  to  the  drag  history  shown  in  Figure  22,  As  would  be  expected,  the  large 
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spike  in  drag  corresponds  to  the  minimum  in  vapor  shown  near  the  modeled  t=l,6  seconds. 

Figure  23  contains  a  time  record  of  drag  coefficient  during  modeled  flow  over  a  conical  forebody  and  cylinder 
at  a  Reynolds  number  of  1 .36x1 0^  and  cavitation  number  of  0,2,  The  Strouhal  frequency  based  on  this  result  is 
0.0383.  As  anticipated,  due  to  the  expected  stability  of  cavities  about  this  shape,  this  model  flow  exhibited 
very  regular  cycling  with  little  additional  strong  components  from  secondary  modes. 


Figure  21.  Liquid  volume  fraction  countours.  Modeled  flow  over  a  hemispherical  forebody 

and  cylinder.  o^0.2,  Re^^l. 36x10^. 


Figure  24  contains  a  large  survey  of  unsteady  computational  and  experimentally  obtained  data  [36],  The 
numerical  results  in  this  figure  summarize  this  validation  effort.  Here,  Strouhal  frequency  is  shown  over  a 
range  of  cavitation  numbers.  Computational  results  are  given  for  hemispherical,  1/4-caliber,  conical,  and  0- 
caliber  forebodies.  Unsteady  experimental  data  is  included  for  the  hemispherical,  conical  and  0-caliber 
shapes.  Computational  results  for  the  hemisphere,  1/4-caliber  and  conical  forebodies,  were  obtained  at  a  Rey¬ 
nolds  number  based  on  diameter  of  1.36x10^.  For  the  0-caliber  ogive,  computations  were  made  at  a  Reynolds 
number  of  1,46x10^.  In  addition,  for  the  hemisphere,  results  are  included  for  Reynolds  numbers  of  1,36x10^ 

n 

and  1,36x10  .  The  experimental  results  included  in  the  figure  were  obtained  at  Reynolds  numbers  ranging 
from  3.5x10^  to  1.55x10^. 
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Figure  22.  Unsteady  drag  coefficient.  Flow  over  a 
hemispherical  forebody  and  cylinder.  0=0.2, 
ReQ=l. 36x10^.  In  model  units,  D/U^  =  0.136  (s), 
physical  time  step.  At  =  0.001  (s). 
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Figure  23.  Predicted  time  record  of  drag  coefficient 
for  flow  over  a  conical  forebody  and  cylinder  at 
ReQ=l. 36x10^  and  0=0.3.  In  model  units, 

D/U^  ^  0.136  (s),  physical  time  step. 

At  =  0.0025 

As  a  blanket  observation,  the  spread  of  data  between  the  experiments  and  computations  in  Figure  24  is  signif¬ 
icant  However,  there  are  several  encouraging  items  to  be  reviewed.  It  is  clear  that  (for  a  given  cavitation  num¬ 
ber)  the  computational  results  are  bounded  by  the  experimental  data,  and  the  proper  trends  (rate  of  change  of 
Strouhal  frequency  with  cavitation  number)  are  well  captured.  More  insight  into  the  physical  relevance  of  the 
data  requires  examination  of  specific  results. 

For  the  hemispherical  forebody  results,  as  may  be  seen  in  Figure  24,  there  is  a  significant  but  almost  constant 
offset  between  the  measured  unsteady  data  and  the  modeled  results  both  of  which  appear  to  follow  a  linear 
trend  over  the  range  presented.  An  interesting  result  occurs  in  the  model  data  for  the  hemispherical  forebody 

n 

with  a  Reynolds  number  of  1,36x10  (pentagrams  in  Figure  24),  Here  the  numerical  results  appear  to  agree 
quite  well  with  the  experimental  data  for  hemispherical  forebodies.  The  experiments  were  taken  at  an  order  of 
magnitude  lower  Reynolds  number,  but  the  agreement  is  apparent  in  both  cases  where  model  results  have 
been  obtained.  For  design  purposes,  this  may  suggest  an  avenue  towards  model  calibration. 
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Figure  24.  Axisymmetric  running  cavitators  with  cylindrical  afterbodies.  Strouhal  frequency  and  cavitation  number. 
Model  results  (open  symbols)  and  data  reported  in  Stinebring  36. 


Another  result  found  in  the  Str  versus  a  plot  (Figure  24)  is  the  tendency  of  the  modeled  flows  to  become 
steady  at  higher  cavitation  numbers.  For  the  0-caliber  or  the  conical  cavitators,  this  is  the  reason  model  results 
are  not  included  for  cavitation  numbers  greater  than  0.4.  For  the  modeled  hemisphere,  the  upper  limit  of  cavi¬ 
tation  number  to  yield  unsteady  model  results  was  found  to  be  Reynolds  number  dependent.  At  a 
ReD=l. 36x10^,  the  maximum  cavitation  number  yielding  an  unsteady  result  was  a  ^  0.35,  at  Re^^l. 36x10^, 
that  number  was  a  ===  0.45,  and  at  ReD=l. 36x10^,  the  maximum  cavitation  number  for  unsteady  computations 
was  not  determined.  This  result  may  indicate  a  limit  of  the  computational  grid  applied  to  the  problems  rather 
than  a  limit  of  the  level  of  physical  modeling.  In  addition,  physically  in  the  mode  of  unsteadiness  present,  a 
transition  does  occur  from  cavity  driven  to  separated,  turbulent,  but  single  phase  driven  flow. 

For  the  conical  forebody,  the  datum  shown  in  Figure  24  suggests  that  the  cycling  frequency  should  be  higher, 
0.123.  It  is  worth  considering  that  the  Reynolds  number  of  the  experimental  flow  was  3.9x10^  and  that  the 
general  trend  with  increasing  Reynolds  numbers  is  to  increased  frequency.  However,  based  on  the  standard 
level  of  dependence  of  Strouhal  frequency  (see  Schlichting  [31]  for  example)  on  Reynolds  number  for  bluff 
body  flows,  it  would  seem  unlikely  that  the  rate  of  change  in  frequency  with  Reynolds  number  (at  Re^^  10^ ) 
would  be  as  high  as  three  to  two.  In  addition,  compared  to  shapes  with  geometrically  smooth  surfaces,  the 
nature  of  unsteady  flow  over  a  conical  shape  is  not  expected  to  be  nearly  so  dependent  on  Reynolds  number. 
In  the  case  of  a  cone,  at  low  values  of  cavitation  number  (i.e.  0=0.3),  the  separation  location,  and,  hence,  the 
likely  forward  location  of  the  cavity,  is  rarely  in  question. 

A  trend  that  is  captured  in  the  model  results  but  not  represented  in  the  experimental  data  included  here,  is  the 
tendency  for  the  Strouhal  frequency  of  a  given  cavitator  shape  to  exhibit  two  distinct  flow  regimes.  The  first 
regime  exists  at  moderate  cavitation  numbers  and  is  indicated  by  a  low  Strouhal  frequency  where  the  value  of 
Str  will  have  an  apparent  linear  dependence  on  o.  The  second  regime  tends  toward  much  higher  cycling  fre¬ 
quencies.  Here  the  dependent  Strouhal  frequency  appears  to  asymptotically  approach  a  vertical  line  with 
higher  cavitation  number,  just  prior  to  the  complete  elimination  of  the  cavity.  This  is  documented  in  Stine¬ 
bring  [36]  and  demonstrated  in  Figure  24  for  the  modeled  hemisphere  at  ReD=l. 36x10^.  Based  on  the  model 
results,  it  appears  that  this  is  characteristic  of  a  change  from  a  flow  mode  dominated  by  a  large  unsteady  cav¬ 
ity  to  one  dominated  by  other,  single-phase,  turbulent,  sources  of  unsteadiness. 

During  this  investigation,  some  effort  towards  the  establishment  of  temporal  and  spatial  discretization  inde¬ 
pendence  was  made.  As  a  requirement  of  the  model,  to  accommodate  the  use  of  wall  functions,  for  regions  of 
attached  liquid  flow,  fine-grid  near- wall  points  were  established  at  locations  yielding  10<j^'^<100. 

Temporal  convergence  was  established  by  the  successive  reduction  of  time  integration  step  for  several 
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selected  cases.  Figure  25  contains  a  comparison  of  the  spectral  content  of  results  for  flow  over  a  hemispherical 
forebody  and  cylindrical  afterbody,  with  Rcd^I. 36x10^  and  a=0,3,  for  three,  successively  smaller,  integration 
step  sizes.  Here,  with  a  physical  time  step.  At  =  0.005  seconds,  the  computation  resulted  in  a  Strouhal  fre¬ 
quency,  Str=0.0680,  with  a  time  step.  At  =  0.0025  seconds,  Str=0.0622,  and  with  At  =  0.001  seconds, 
Str=0.0680.  More  significantly,  as  demonstrated  in  the  figure,  for  the  smaller  two  integration  step  sizes,  over 
the  range  of  relevant  (shown)  frequencies,  there  was  very  similar  modal  behavior. 

Unfortunately  only  the  fine-grid  models  tended  to  provide  unsteady  results.  Thus  time  and  spatial  fidelity 
were  judged  independently.  A  demonstration  of  the  steady-state  spatial  convergence  of  the  modeled  conical 
forebody  and  cylindrical  afterbody  is  given  in  Figure  5. 


Figure  25.  Spectral  comparison  of  effect  of  physical  integration  time  step  size  on  C^j  history.  Flow  over  a  hemispherical 

forebody  with  cylindrical  afterbody.  Re^^l. 36x10^.  0^0.3. 


Three-Dimensional  Analyses 

Natural  Cavitation  about  1/2-  and  1-Caliber  Ogives 

In  order  to  demonstrate  the  three-dimensional  capability  of  the  method,  a  model  of  the  hemispherical  fore¬ 
body  configuration  studied  above  was  run  at  numerous  angles  of  attack  and  a  cavitation  number  of  0.3.  A 
97x33x65  mesh  was  utilized  (corresponding  to  the  ‘‘medium”  mesh  size  discussed  in  grid  studies  above).  The 
domain  was  decomposed  into  8  subdomains  azimuthally  and  run  on  8  SGI  RSI  OK  Octane  machines.  Parallel 
efficiencies  of  85%  were  achieved  for  these  problems. 

Figure  26  provides  sample  results  for  angles  of  attack  of  0.0®,  2.5®,  5.0®  and  7.5®.  These  plots  include  pressure 
contours  on  the  plane  of  symmetry,  sample  streamlines  and  the  cavitation  bubble  shape  as  identified  with  an 
isosurface  of  a/  =  0.99.  Several  interesting  features  are  observed  in  the  predictions.  In  particular,  the  flows  are 
seen  to  be  highly  three-dimensional  in  nature  at  angle-of-attack.  A  recirculation  zone  aft  of  the  bubble,  grows 
with  angle  of  attack.  This  diminishes  the  local  pressure  recovery  associated  with  the  bubble-induced  blockage 
and  this  in  turn  leads  to  a  local  collapse  of  the  bubble  on  the  top  of  the  body.  Indeed  at  angle-of-attack  the  bub¬ 
ble  is  seen  to  have  its  greatest  axial  extent  off  of  the  symmetry  plane  of  the  geometry. 

Figure  27  shows  the  results  of  a  three-dimensional  simulation  of  cavitating  flow  over  a  1 -caliber  ogive  fore¬ 
body  with  cylindrical  afterbody  at  a  10®  angle-of-attack.  A  cavitation  number  of  0.32  was  specified.  Again  a 
97  X  33  X  65  mesh  was  utilized,  the  domain  was  decomposed  into  eight  subdomains  azimuthally  and  run  on 
eight  processors  and  at  this  cavitation  number  using  this  grid  a  steady  state  solution  could  be  obtained.  Figure 
27  illustrates  the  predicted  bubble  shape  and  streamline  pattern  for  this  simulation.  The  bubble  shape  is  highly 
three-dimensional  in  nature;  it  does  not  close  on  the  pressure  side  of  the  body.  The  streamline  pattern  is  char¬ 
acterized  by  a  large  recirculation  zone  aft  of  the  bubble  and  significant  azimuthally  oriented  vortical  struc- 
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tures. 

Figure  28  shows  the  convergence  history  for  this  case.  A  three  order-of-magnitude  drop  in  the  axial  velocity 
residual  is  achieved  in  800  pseudo-time-steps.  It  is  observed  that  the  8-block/8-processor  simulation  exhibits 
nearly  identical  convergence  behavior  to  a  1 -block/ 1 -processor  run. 

Interaction  of  a  Control  Surface  with  Phase-Separated  Non-condensable  Gas  and  Liquid  Impinge¬ 
ment  Streams 

The  second  three-dimensional  simulation  presented  is  that  of  a  wedge  shaped  control  surface  interacting  with 
an  incoming  stream  of  phase-separated  water  and  air.  This  configuration  was  tested  by  the  fourth  author  in  the 
12”  water  tunnel  at  the  Penn  State  Applied  Research  Laboratory  (unpublished).  The  test  was  run  with  co¬ 
directed  air  and  water  streams.  Air  was  injected  along  the  bottom  of  the  tunnel  such  that  the  unperturbed  gas- 
liquid  interface  impinged  upon  the  sharp  leading  edge  at  about  25%  span  from  the  base  of  the  fm.  Air  and 
water  velocities  were  approximately  the  same.  The  configuration  was  tested  at  a  range  of  angles-of-attack. 

A  189,546  vertex  grid  was  used  for  the  results  presented  here.  The  simulation  was  run  on  16  processors  with  a 
10®  angle-of-attack  and  a  cavitation  number  of  0.15.  Using  this  relatively  coarse  mesh  and  the  k-e  model,  a 
steady-state  solution  was  obtained,  despite  the  presence  of  a  blunt  trailing  edge  and  its  associated  recirculation 
zone  along  the  span.  As  we  refine  our  analyses  of  this  class  of  application,  time  accurate  simulations  using 
upwards  of  10^  nodes  will  be  required. 

These  flows  are  characterized  by  several  physical  features  of  academic  and  practical  interest.  At  angle-of- 
attack,  the  liquid  and  gas  streams  are  turned  through  approximately  the  same  angle,  but  because  the  density 
ratio  is  high  (=1000  here),  significant  spanwise  pressure  gradients  arise  along  the  lifting  surfaces.  Accord¬ 
ingly,  on  the  pressure  side,  the  gas-liquid  interface  is  deflected  downward,  giving  rise  to  deceleration  and 
acceleration  of  the  liquid  and  gas  streams  respectively.  On  the  suction  surface  the  lower  pressure  in  the  liquid 
gives  rise  to  an  upward  deflection  of  the  gas  interface.  Attendant  to  these  interface  deflections  is  a  loss  in  lift. 

Adjacent  to  the  sharp  leading  edge  on  the  suction  side,  the  local  static  pressure  becomes  low  due  to  leading 
edge  separation.  Local  natural  cavitation  occurs,  and  this  vapor  merges  with  the  swept  up  non-condensable 
interface  so  that  the  entire  suction  side  is  enveloped  in  gas  phase.  Aft  of  the  blunt  trailing  edge,  the  flow  is 
recirculating  and  therefore  the  local  static  pressure  is  also  low.  This  gives  rise  to  a  sweeping  up  of  the  pressure 
side  cavity  and  some  natural  cavitation  so  that  the  entire  wake  region  is  principally  gas  phase. 

Figure  29  shows  an  oblique  front/top  view  of  the  predicted  flow  field.  Each  of  the  flow  features  discussed 
above  is  clearly  observed  in  the  simulation.  Of  particular  note  is  that  the  three-species  formulation  enables  the 
separate  prediction  and  identification  of  vaporous  and  non-condensable  regions  of  the  flow.  Figure  30a  shows 
a  suction  side  video  frame  of  the  tested  flow  configuration  at  this  angle-of-attack.  The  enveloping  of  the  suc¬ 
tion  surface  in  gas  phase  and  the  primarily  gas  phase  wake  are  observed.  Figure  30b  shows  a  pressure  side 
photograph.  A  similar  view  of  the  simulation  is  presented  in  Figure  30c  which  shows  that  the  pressure  surface 
interface  deflection  and  gas-vapor  wake  region  are  qualitatively  consistent  with  experimental  observation. 


'.dililllllTitiSiliS 


Figure  26,  Predicted  3-D  flow  field  with  natural  cavitation  about  hemispherical  fore-body  at  several  angles  of 
attack,  a  =  0,3,  Liquid  volume  fraction  =  0,99  isosurface. 


Iteration 


Figure  27,  Predicted  bubble  shape  (designated  by  a/  =  0,99 
isosurface)  and  streamlines  for  a  1 -caliber  ogive  at  a  10® 
angle-of-attack. 


Figure  28,  Comparison  of  1 -block/ 1 -processor 
and  8-block/ 8-processor  convergence  histories  for 
a  1 -caliber  ogive  at  a  10®  angle-of-attack. 
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Figure  29.  Front/top  view  of  CFD  simulation  of  super- 
cavitating  fin  configuration  at  10^  angle-of-attack. 

Isocontours  of  a^g  ^  0.9,  ay  0.9  designate  non-con- 
densable  gas  and  vapor  regions  respectively. 

Three-dimensional  Flow  over  a  Vehicle  with  Ventilation  and  Natural  Cavitation 

Practical  high  speed  supereavitating  vehiele  designs  employ  ventilation  at  or  near  the  cavitator  leading  edge, 
where  natural  eavitation  will  likely  also  oeeur.  Figure  31  illustrates  elements  of  a  48-processor  three-dimen¬ 
sional  analysis  of  a  notional  vehicle  with  natural  cavitation,  noncondensable  gas  injection  and  propulsion 
stream.  This  illustrates  the  three-species  nature  of  the  formulation. 

Unsteady  Three-Dimensional  Flow  Over  a  0-Caliber  Ogive 

As  pointed  out  by  Edwards  [10],  a  potential  cause  of  the  discrepancies  observed  between  predicted  and  mea¬ 
sured  Strouhal  numbers  for  the  cavitator  series  simulations  is  the  axisymmetric  nature  of  the  unsteady  runs. 
We  have  begun  to  investigate  this  by  simulating  these  flows  three-dimensionally.  Figure  32  illustrates  ele¬ 
ments  of  a  1,245,184  cell,  78  processor  unsteady  simulation  of  flow  over  a  blunt  ogive  at  o=0.30. 
Rei3=T46xlO^.  Clearly  observable  are  non-axisymmetric  predicted  cavity  shapes.  We  continue  to  investigate 
these  modes  in  the  hope  of  quantifying  them. 


suction  side  enveloped  in  gas 


Figure  30.  a)  Suction  side  video  frame  of  super-cavitating  fin  at 
10^  angle-of-attack.  b)  Pressure  side  photograph,  c)  Pressure  side 
view  of  CFD  simulation. 
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Figure  3L  Elements  of  three-dimensional  supercavitat- 
ing  vehicle  simulations  with  ventilated  and  natural  cavi¬ 
tation.  a)  liquid  volume  fraction  contours  and  stream 
lines  (a  =  0^),  b)  view  of  3D  geometry  and  grid,  c)  liq¬ 
uid  volume  fraction  =  0.9  iso  volume  and  vertical  veloc¬ 
ity  contour  plane  (a  =  5^). 


Figure  32.  Three-dimensional,  turbulent,  unsteady,  two-phase  result.  1,245,184  cell  grid.  Flow  over  blunt  ogive  with 

an  isosurface  of  volume  fraction,  a/^0.9,  and  selected  streamlines  at  two  timesteps.  o^0.30.  Re^^l. 46x10^. 

Sheet  Cavitation  in  a  Centrifugal  Pump 

The  authors  have  reeently  extended  our  efforts  towards  the  analysis  of  sheet  cavitation  in  turbomachinery. 
Some  representative  results  are  presented  here.  Figure  33  shows  three  simulations  of  a  generic  backswept 
impeller  at  three  cavitation  numbers.  These  plots  show  a  front  view  of  the  impeller,  with  surface  pressure  con¬ 
tours  on  the  blade  surfaces  and  hub.  Also  shown  are  the  predicted  sheet  cavities  on  the  blade  surfaces  as  des¬ 
ignated  with  an  isovolume  contour  of  liquid  volume  fraction  =  0.9.  A  single  blade  passage  was  computed;  the 
results  have  been  copied  several  times  to  yield  a  complete  annulus  view. 

We  have  not  yet  analyzed  the  cavitation  performance  of  this  three  dimensional  configuration.  This  is  because 
when  employing  the  higher  order  convection  differencing  and  fine  grids  required  for  accurate  cavitation  bub¬ 
ble  size  predictions  for  a  specified  cavitation  number,  the  cavities  and  thereby  the  simulation  are  unsteady.  As 
a  step  towards  the  goal  of  predicting  cavitation  performance  in  pumps,  we  have  analyzed  a  quasi-three-dimen- 
sional  midspan  streamsheet  representation  of  the  same  configuration.  Performance  predictions  for  this  series 
of  analyses  are  shown  in  Figure  34.  In  Figure  34a,  head  coefficient  versus  flow  coefficient  is  plotted  for  a 
spectrum  of  flow  coefficients  and  cavitation  numbers.  Single  phase  results  are  plotted  as  solid  red  diamonds. 
A  characteristic  head  drop  off  is  observed  off  design  (though  clearly  efficiency  levels  and  off  design  trends  are 
unrealistic  due  to  the  quasi-three-dimensional  modeling  employed).  A  sequence  of  successively  lower  cavita¬ 
tion  numbers  were  run  for  several  flow  coefficients.  The  reduction  in  predicted  head  attendant  to  the  sheet 
cavitation  are  also  plotted  in  Figure  34a.  Figure  34b  illustrates  the  ability  of  the  analysis  to  capture  incipient 
cavitation  breakdown  physics.  There,  head  coefficient  is  plotted  versus  cavitation  number  for  the  series  of 
quasi-three-dimensional  simulations.  At  each  flow  coefficient,  a  rapid  drop-off  in  head  is  observed  at  a  critical 
cavitation  number. 

The  authors  point  out  that  these  pump  cavitation  results  are  preliminary  and  several  issues  remain  to  be 
resolved  including  the  need  for  improved  mass  transfer  modeling  to  account  for  thermal  effects  on  cavitation 
breakdown,  and  three-dimensional  performance  analysis. 


Figure  33,  Results  of  computation  of  a  generic  back¬ 
swept  impeller  at  three  cavitation  numbers.  Surface  pres 
sure  contours  on  the  blade  surfaces  and  hub  and 
isovolume  contour  of  liquid  volume  fraction  =  0,9, 
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Figure  34.  Results  of  quasi -three-dimensional  midspan  streamsheet  analyses  of  a  generic  backswept  impeller,  a)  pre¬ 
dicted  efficiency  vs.  flow  coefficient,  b)  predicted  head  coefficient  vs.  cavitation  number  at  several  flow  coefficients. 


Compressible  Simulations 

Some  recently  obtained  compressible  flow  results  are  presented  in  Figures  35  and  36,  Figure  35  contains  an 
illustrative  result  of  a  projectile  traveling  supersonically  relative  to  the  speed  of  sound  in  water.  On  the  left  is 
a  photograph  of  the  actual  test.  At  right  is  the  model  result  for  this  case.  In  the  model  result,  the  liquid  to  vapor 
density  ratio  is  nominally  1000,  and  the  Mach  Number  is  1,03,  The  example  is  illustrative  of  challenging 
modeling  issues.  In  the  liquid  flow,  there  are  shock  waves.  These  are  resolved  with  MUSCL  interpolation  and 
the  van  Albada  limiter.  In  addition,  due  to  the  high  flow  velocity,  the  cavitation  index  is  approximately  10""^, 
In  the  figure,  dark  blue  indicates  density  of  less  than  one  and  red  indicates  density  of  nominally  1000,  Thus, 
most  of  the  flow  immediately  adjacent  to  the  object  is  completely  vaporized  as  is  the  downstream  wake.  This 
is  exhibited  in  both  the  photograph  and  the  model  result. 

Figure  36  contains  a  modeled  axisymmetric  plume  from  a  hypothetical  rocket  operating  underwater.  Here  the 
jet  is  supersonic  and  slightly  underexpanded.  It  is  surrounded  by  a  second  gas  stream  which  is  subsonic 
(notionally  the  vehicle  cavity)  and  finally  by  a  subsonic  water  free  stream.  In  this  case  the  nominal  liquid  to 
gas  density  ratio  is  again  1000.  In  the  density  field,  red  indicates  a  density  of  nominally  1000,  and  blue  indi¬ 
cates  a  density  of  one  or  less.  In  the  shock  function  field,  the  classic  expansion  pattern  followed  by  shocks  are 
exhibited.  The  interaction  of  the  compressible  gas  stream  with  the  nearly  incompressible  liquid  is  demon¬ 
strated  by  the  contraction  and  expansion,  from  top  to  bottom  in  the  figure,  of  the  gas  stream.  In  addition,  the 
interface  between  the  gas  and  liquid  contains  fully  supersonic  flow.  This  region  is  highlighted  by  the  shock 
function  due  to  the  density  gradient,  but  does  not  necessarily  contain  shocks,  A  line  segment  drawn  locally 
normal  to  the  interface  would  be  nearly  isobaric.  Further  results  of  our  compressible  multiphase  efforts  are 
available  in  [20]  and  [41], 
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Figure  35.  Hypervelocity  projectile  test  and  computation,  a)  Photograph  of  a  projectile  at  M^l  .03  with  respect  to  water 
sound  speed,  b)  Corresponding  simulation  showing  surface  pressure  and  field  mixture  density  contours. 

Conclusions 


A  multi-phase  CFD  method  has  been  presented  and  applied  to  a  number  of  high  density  ratio  developed-  and 
super-cavitating  flows.  Several  aspeets  of  the  method  were  outlined  and  demonstrated  that  enable  convergent, 
accurate  and  efficient  simulations  of  these  flows.  These  include  a  differential  model  and  preconditioning  strat¬ 
egy  with  favorable  eigensystem  characteristics,  a  block  implicit  dual-time  solution  strategy,  a  three  species 
formulation  that  separately  accounts  for  condensable  and  non-condensable  gases,  higher  order  flux  differenc¬ 
ing  with  limiters  and  the  embedding  of  this  scheme  in  a  parallel  multi-block  Navier-Stokes  platform. 

The  two-dimensional/axisymmetric  simulations  presented  verify  the  ability  of  the  tool  to  accurately  analyze 
steady-state  and  transient  sheet-  and  super-cavity  flows.  The  three-dimensional  and  compressible  capability  of 
the  code  was  demonstrated  as  well. 

As  the  authors  proceed  with  this  research,  we  are  focusing  on  several  areas  including:  1)  validation  of  the 
method  for  compressible  constituent  fields,  2)  improved  physical  models  for  mass  transfer  and  turbulence,  3) 
extended  application  and  validation  for  steady  and  transient  three-dimensional  flows  and  4)  improved  error 
damping  through  preconditioning  and  pseudo-time-stepping  formulations  that  locally  adapt  to  problem 
parameters. 
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Figure  36.  Cartoon  vehicle  and  3-stream,  axisymmetric  plume  computation.  Center  jet  (diameter^l,  M^3  with 
respect  to  propellant  sound  speed)  surrounded  by  cavity  gas  at  free  stream  velocity  (outer  diameter^2,  M«l),  sur¬ 
rounded  by  freestream  liquid  (Liquid  to  gas  density  ratio  1000,  M«l).  a)  mixture  density  contours,  b)  shock  func¬ 
tion,  V  Vp  ,  contours. 
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Introduction 


Control  of  the  supercavity  parameters  is  necessary  for  maintenance  of  calculated  regime  of  the 
supercavitation  flow  in  unsteady  conditions:  at  changing  the  velocity  and  depth  of  the  body  motion.  The 
problem  of  cavitation  flow  control  includes  the  two  problems  connected  among  themselves: 

I)  the  control  of  cavity  dimensions; 

II)  the  control  of  forces  on  a  cavitating  body. 

We  consider  sequentially  both  problems. 

I)  It  is  known  [1,2]  that  at  small  <J  the  mid-section  diameter  and  length  of  the  axisymmetrical 

cavity  are  determined  by  the  cavitator  diameter  ,  the  drag  coefficient  and  the  cavitation 
number: 


A  1^x0  O  +  O") 
Dn  “  V 


_1_ 

G 


(7 


(1) 


where  the  cavitation  number  CJ  =  2(p gh  —  p^)l  p  is  a  an  important  parameter  of  supercavitating 
flows.  Here,  V  are  the  depth  and  the  speed  of  motion,  respectively,  and  is  the  cavity  pressure. 

At  small  cavitation  numbers  [6]  the  following  approximate  formula  for  the  drag  coefficient  of  a 
blunted  cavitator  is  valid: 


+  (2) 

where  c_^q  is  the  drag  coefficient  value  for  a  given  cavitator  when  cT  =  0  (that  is,  for  free  streamline 
flow). 

The  validity  of  asymptotic  relations  (1)  for  models  with  disk  cavitator  moving  with  velocities 
300  ^1300  m/s  is  confirmed  by  us  experimentally  [3]. 

It  is  visible  from  relations  (1)  that  at  constant  D^,h,V  to  control  cavity  dimensions  it  is  possible  by 
two  ways: 

1)  changing  the  cavitation  number  <J  ;  2)  changing  the  cavitator  drag  coefficient  . 


Paper  presented  at  the  Lecture  Series  on  ‘‘Supercavitating  Flows  ",  held  at  the  von  Kdrmdn 

Institute  (ykI)  in  Brussels,  Belgium,  12-16  February  2001,  and  published  in  RTO  EN-010. 
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!•  Supercavitation  flow  control  by  gas  blowing 

The  first  way  is  effective  at  motion  velocities  10-^100  m/s  and  is  realized  by  gas  supply  to  the  cavity, 
i.e.  by  increase  (so  named  the  artificial  cavitation  or  ventilation  [5]).  The  method  of  gas-supply  is 
widely  applied  in  experimental  researches  for  formation  of  long  cavities  at  moderate  flow  speeds  in  the 
hydrodynamic  tunnel  (Fig.l).The  Fig.  2  demonstrate  dependencies  (7  =  (j{q  ). 

The  value  of  gas-supply  to  the  cavity  Q  is  defined  by  dependence  [2,  6]: 

Q=-^  =  F((r,Fr,Re,We),  (3) 

vdI 

where  Fr,  Re,  We  are  accordingly  Froude,  Reynolds  and  Weber  numbers.  The  Fig.  3  demonstrate  the 
cavity  length  -  L  control  by  gas  flow  rate  Q  .  In  the  region  of  strong  influence  of  gravity  the  formula  for 
supply  value  has  the  form  [2]: 


Q  = 


0.27 


o-[o-^F/-2]' 


(4) 


In  the  regimes  close  to  vapor  ones  the  structure  of  dependence  (4)  changes: 


-  (a  ^ 
Q=kVS  ^ 

<7 


1 


(5) 


The  region  of  effective  control  of  air-supply  in  the  artificial  cavitation  regime  is  limited  by  value 
(Jmin  =  1  from  (4)  and  by  vapor  cavitation  occurrence  at  <7  =  <7^ : 


lAlgDJV^<a<a,= 


Up-Pv) 

pv"  ’ 


(6) 


where  Py  is  the  pressure  of  saturated  water  vapor. 

The  motion  in  water  with  velocities  V » 1 00  m/s  occurs  in  the  regime  of  vapor  or  natural 
cavitation,  then  the  gas-supply  to  the  cavity  becomes  inefficient. 


2.  Supercavitation  flow  control  by  jet  cavitator 

According  to  the  hydrodynamic  scheme  of  supercavitation  flow,  the  object  is  placed  partially  or  fully 
inside  a  supercavity  (Fig.  4a,  b)  formed  by  the  nasal  part  (cavitator)  [1,  4,  6].  In  the  case  of  a  jet  cavitator 
system,  the  cavity  separates  from  the  craft  hull  (Fig.  4c). 
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The  comparatively  new  scheme  (c)  has  in  comparison  with  conventional  schemes  (a)  and  (b)  the 
following  advantages: 

1)  the  hydrodynamic  drag  reduction  due  to  the  model  in  general  has  not  points  of  contact  with  water 
(theoretically  in  twice  in  comparison  with  a  solid  disk  cavitator  at  CT  ^  0); 

2)  the  possibility  of  control  of  cavity  by  water  rate  change  in  the  nose  jet. 

For  the  first  time  L.LSedov  offered  the  way  of  formation  of  cavities  due  to  giving  up  the  fluid  jet 
toward  to  the  mainstream  ( i.e.  scheme  of  jet  cavitator)  [4].  He  gave  the  estimation  of  drag  coefficient 
of  the  jet  cavitator,  considering  it  as  an  inverted  scheme  of  cavity  with  reentrant  jet  [14]. 

The  scheme  of  cavitating  flow  around  the  body  A  with  reentrant  jet  is  presented  in  Fig.  5a.  It  is 
known  as  the  Efros  -  Hilharg  scheme  [14].  It  is  theoretically  possible  to  think  that  the  reentrant  jet  is 
absorbed  by  fictitious  body  B  .  Then  the  cavitation  drag  of  body  A  is  equal  to: 


^  =  pQ(y^+vj,  =  (7) 

where  Q  =  SV^.  is  the  volumetric  water  rate  in  the  reentrant  jet,  S  is  the  area  of  jet  section,  is  the 
velocity  on  the  cavity  surface  (it  is  equal  to  velocity  in  the  reentrant  jet). 

Passing  on  to  the  limit  at  CT  ^  0  (thus  the  body  B  tends  to  the  infinity  ),  we  obtain  the  cavitating 
drag  of  body  A  hy  Kirchhoff  scheme: 


Xq  =  2pQV^. 


(8) 


Changing  the  direction  of  all  the  velocities  at  CT  ^  0 ,  we  obtain  the  scheme  of  cavitating  flow  around 
the  body  B  with  jet  cavitator  (  Fig.  5b).  The  expenditure  of  energy  expending  by  body  on  overcoming  of 
cavitator  drag  is  replaced  by  expenditure  of  energy  on  formation  of  opposing  jet  in  this  case.  We  obtain 
for  jet  momentum: 


PQK,=^,  (9) 

i.e.  when  CT  ^  0 ,  the  opposing  jet  momentum  necessary  for  cavity  supporting  is  twice  less  than 
cavitating  drag  force  of  a  solid  cavitator. 

We  experimentally  investigated  the  cavities  formed  by  opposing  liquid  jet  in  the  small  hydrodynamic 
tunnel  at  the  ihm  UNAS  at  flow  velocity  10  m/s.  Thus  the  air  is  in  addition  supplied  to  the  cavity 
because  of  small  flow  velocity.  The  experimental  dependence  of  opposing  jet  length  Lj  from  the 

nozzle  to  the  frontal  point  of  cavity  on  velocity  in  the  jet  V j  =  V j  IV^  is  presented  in  Fig.  6. 

We  note  that  the  limit  value  obtained  experimentally  Fy  (Zy)  ~  0.75F^  at  Fy  ^Odoes  not 

2  2 

correspond  to  the  classical  scheme  of  jet  collision  with  critical  point  [14],  in  which  pF^  =  pFy  .  The 
value  I^y(O)  ~  0.75F^  permits  to  assume  that  the  scheme  of  jet  collision  with  formation  of  critical 
region  without  breakdown  points  [14]  is  realized  in  the  experiment.  For  such  scheme  the  relation 
p  F^  =  2 pvj'  should  be  fulfilled  theoretically,  whence  Fy  =  0.707F^ . 
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We  mention  yet  for  completeness  about  a  cavitating  flow  scheme  similar  externally  to  the  scheme 
where  the  cavity  is  formed  with  help  of  gas  jet  blown  out  from  the  model  nose  toward  mainstream  [5]. 
Thus  these  cavities  relate  to  artificial  (ventilated)  cavities  by  classifications.  To  create  cavity  the  gas  jet 
with  density  should  be  blown  out  with  velocity  enabling  to  overcome  the  dynamic  head  of 

water  mainstream  pV^  12 .  We  have  from  the  Bernoulli  integral: 


F  >F^  l-^(l  +  CT). 


(10) 


If  the  air  is  used  as  a  gas  p/  pg  =  800 ,  then  we  obtain  from  (10)  without  account  of  air  compressibility: 


Fg  >  28.31 


2 


F^. 


It  is  visible  that  such  way  of  cavity  formation  is  really  realized  only  at  small  . 

The  conducted  experiments  show  that  the  cavities  created  due  to  opposing  gas  jet  have  the  strongly 
disturbed  surface  and  the  powerful  accompanying  turbulent  emulsion  flow  [5]. 


3,  Supercavitation  flow  control  by  change  of  q 


As  it  is  was  said  above  the  cavity  control  method  by  means  of  gas-supply  is  not  applied  at  very  high 
velocities  of  motion  in  water  and/or  small  model  dimensions.  Therefore,  the  research  of  possibility  of 
cavity  control  by  change  of  is  very  interesting. 


3.1.  Estimation  of  drag  of  axisymmetric  cavitator 


The  practical  way  of  estimation  of  the  drag  of  the  axisymmetric  cavitators  consists  in  that  the 
pressure  distribution  p  along  the  generator  of  cavitator  is  taken  from  the  solution  of  the  two- 
dimensional  problem  on  free  streamline  flow  around  the  contour  coinciding  with  a  meridian  section  of 
the  cavitator.  Then  the  drag  of  the  axisymmetric  cavitator  is  defined  by  integration: 


c 


X 


2X 

pF^KRl  ’ 


X  =  2k  ^{p-  pjydy, 
0 


(11) 


where  R  =  Z)„  /  2  . 
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It  was  shown  in  the  work  [17]  that  the  values  for  cones  computed  by  given  approximate  way  are 

close  to  the  experimental  data.  We  present  also  their  comparisons  with  results  of  the  numerical 
computation  executed  on  basis  of  exact  formulation  of  the  problem  [18].  For  comparison  we  use  the 
approximation  formulae  given  in  the  work  [19]: 


+  (0.524  +  0.672^)ct,0  <  ct  <  0.25, 

1  1 

12  2 

C^o  =  0.5  +  IM(H  -  0.25)  -  2(n  -  OlSf, 

1  1 

12  2 


c^o  =;U(0.915 +  9.5;U),  0<n<—, 


(12) 


where  jU.7r  is  the  half  angle  of  cone.  When  CT  ^  0 ,  the  values  are  obtained  by  extrapolation 

method.  A  comparison  of  the  experimental  data  with  the  results  of  ’’exact”  [19]  and  approximate  [17] 
computations  is  given  in  Table  1: 


Table  1 


(deg.) 

15 

30 

45 

60 

75 

90 

Exper. 

0T5 

0.35 

0.47 

0.61 

0.72 

0.82 

c  0  [7] 

0T428 

0.3353 

0.5000 

0.6369 

0.7461 

0.8275 

[10] 

0.2045 

0.3758 

0.5181 

0.6350 

0.7296 

0.8053 

We  obtain  the  calculated  formula  for  an  arbitrary  contour  from  (1 1): 


(13) 
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3.2.  Cavitator  with  variable  drag 


Both  the  length  and  the  biggest  diameter  of  cavity  are  proportional  to 
relations  (1). 


as  it  is  seen  from  the 


_  1^x0  O  +  O') 

“  V 


_1_ 

<J 


c^oO  +  (r)ln—. 

(J 


(14) 


Hence,  the  cavity  shape  should  change  similarly  to  self  at  changing  the  control  parameter  c^^-q  when 

and  d  are  constant.  It  may  be  obtained  by  changing  the  cavitator  shape  at  constant  diameter  of  the 
cavitating  edge. 

We  offer  the  sketch  of  the  axisymmetric  cavitator  with  variable  geometry.  The  meridian  section  of 
the  cavitator  has  the  -  shaped  contour.  The  cavity  drag  coefficient  is  increased  from  up  to 

1  for  a  cone  at  moving  of  the  internal  cone  relatively  to  the  outside  cartridge  with  a  cavitating  edge,  i.e. 
at  increase  of  parameter  x/  from  0  . 

The  graphic  of  dependence  on  x/  is  shown  in  Fig.  7  for  ^  -  shaped  contours. 

The  graphic  of  dependence  of  the  ratio  for  axisymmetrical  cavitators  to  theoretical  value  of  the 

drag  coefficient  for  disk  0.8053  on  the  dimensionless  extension  of  cavitating  edge  x/D^  is  shown  in 

Fig.  8.  Also,  the  experimental  points  are  plotted  there.  As  it  is  seen,  the  drag  increases  slower  in  the 
experiment  than  as  the  computation  predicts  at  increase  of  x .  It  is  explained  that  the  closed  zones  of 
vortical  motion  of  water  are  formed  in  the  interior  angles  of  cavitator  in  the  experiment.  Other  words,  the 
potential  scheme  of  the  free  streamline  flow  with  the  critical  point  is  not  realized  in  this  case,  but  the 
scheme  of  the  flow  with  stagnant  zones  is  realized  [14]. 

The  appearance  of  cavity  at  the  two  extreme  positions  of  cone  (cJ  =  0,077, JU  =  1/3)  is  given  in  Fig. 
9.  At  extending  of  cavitating  edge  from  x!  D^~0  to  x//9^  =  0. 138  in  the  experiment  we  obtained  the 
increase  of  main  dimensions  of  cavity  on  35  %. 


4.  Stability  of  supercavitating  motion  of  bodies 


4.1.  Possible  flow  schemes 


The  analysis  showed  that  the  four  different  mechanisms  of  motion  stabilization  sequentially  act  at 
motion  velocity  increase. 

1.  Two-cavity  flow  scheme  (Fig.  10a),  F  ^  70  m/s. 

In  this  case  the  hydrodynamic  drag  center  is  placed  behind  the  mass  center,  and  stabilizing  moment  of 
the  force  Y2  acts  to  the  model.  It  means  that  the  classic  condition  of  stability  is  fulfilled. 
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2.  Stationary  planing  along  the  internal  surface  of  cavity  (Fig.  10b),  F  -  50 -5-200  m/s.  To 
compensate  the  buoyancy  losses  the  body's  tail  part  is  planing  along  the  lower  internal  cavity  surface. 
In  this  case  the  motion  may  be  stable  as  a  whole. 

3.  Impact  interaction  with  cavity  boundaries  (Fig.  10c),  V  ~  300 -5- 900  m/s.  Presence  of  initial 
perturbations  of  the  model  attack  angle  and  the  angular  velocity  causes  to  the  impact  of  the  model  tail 
part  against  the  internal  boundary  of  cavity.  The  mathematical  modeling  showed  that  after  this  impact 
the  model  can  perform  steady  or  damped  oscillations  accompanied  by  periodic  impacts  of  the  tail 
part  alternately  against  the  upper  and  lower  cavity  walls.  Then  the  motion  can  remain  stable  as  a  whole. 

4.  Aerodynamic  interaction  with  vapour-splash  medium  of  cavity  (Fig.  lOd),  V  —  1000  m/s  and 
higher.  At  very  high  velocities  the  aerodynamic  and  splash  forces  of  interaction  with  vapour  filling 
the  cavity  and  splashes  near  the  cavity  boundaries  have  considerable  effect  on  the  body  motion. 
Since  the  clearance  between  the  body  surface  and  the  cavity  boundary  usually  is  small  compared  to  the 
cavity  radius,  we  apply  the  known  methods  of  near-wall  aerodynamics  to  estimate  the  arising 
forces. 


Statically  stable  contours 

The  pressure  forces  acting  on  the  inclined  contours  in  free  streamline  flow  sum  to  the  resultant  force 
F 

and  moment  Mq  shown  in  Fig.  1 1. 

The  contour  will  be  statically  stable  if  these  forces  tend  to  turn  the  cavitator  to  decrease  angle  a 
relative  to  the  mass  center  of  the  model.  The  condition  of  static  stability  has  the  form: 


5: 

0  =  arctan^^  >a. 


(15) 


where  and  Fy  are  the  projections  of  the  vector  F  onto  the  x-y-axes. 

Computations  have  shown  that  a  cavitator  is  statically  stable  if  its  contour  is  concave  towards  to  the 
stream  (  in  particular,  inverted  wedges  with  fl  >  0.5 ).  A  flat  plate  will  be  neutrally  stable, 

Fy  / Fx  =  tana  ,  if  we  do  not  take  into  account  the  moment  Mq  induced  by  displacement  of  point  of 

application  of  force  F  from  the  point  C.  Computations  have  shown  that  this  moment  is  always 
stabilizing,  but  is  very  small  in  value.  Convex  contours  (  in  particular,  wedges  with  at  /i  <  0.5  )  are 
statically  unstable. 

The  force  polars  for  wedges  are  shown  in  Fig.  12  for  a  series  of  values  of  wedge  semiangle  (5  =71^ 
in  degrees.  The  characteristic  stability  regions  are  shown  in  Fig.  13.  Wedges  are  statically  stable 
for  P  >  90° ,  and  are  statically  unstable  for  /?  <  90° .  The  lift  of  a  wedge  is  equal  to  0  irrespective  of 
the  attack  angle  for  /?  ~  50°35'  [9]. 

Computer  program  p^owiET  allows  to  select  the  best  cavitator  shape  for  static  stability  when  the 
arbitrary  is  maximum.  The  best  cavitator  from  a  practical  point  of  view:  (1)  is  statically  stable;  (2) 

has  a  maximal  rotational  derivative  Cy  ;  and  (3)  has  a  minimal  drag  coefficient  . 
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4.2.  Designing  the  supercavitating  (SC)  models 

The  supercavitation  flow  scheme  is  a  special  artificial  scheme.  It  is  necessary  to  know  a  cavity  shape 
for  successful  realization  of  this  scheme.  This  is  necessary  for  optimal  location  of  the  body  in  the 
supercavity. 

We  consider  two  problems: 

-  calculation  of  a  supercavity  for  a  body  of  given  shape  and  given  motion  regime; 

-  design  of  optimal  body  shape  for  the  known  supercavity. 


Stage  I.  Inscribing  the  body  into  the  cavity 


According  to  the  given  motion  regime  -  F  =  V(t)  ;  H  =  H{t)  we  calculate  minimal  and  maximal 
cavitation  numbers 


^min  ^(^max  ’  ^min  ^  ^max  ^(^min  ’  ^max  ) 


to  construct  minimal  and  maximal  supercavity  contours  R  =  F{Rn;  cj)  past  a  circular  disk  [16]. 

The  main  purpose  of  this  stage  is  to  inscribe  the  model  into  the  minimal  cavity  contour.  The  minimal 
contour  is  determined  by  presence  of  points  of  contact  of  the  model  contour  and  the  free  cavity 
boundary  in  the  tail  part. 

Fig.  14  presents  results  of  the  computation  of  cavity  shape  past  disk  cavitators  around  the  body  of 
revolution.  These  results  are  obtained  with  the  help  of  software  SCAV  developed  at  IHM  UNAS.  The 
program  permits  to  plot  supercavities  by  given  parameters:  diameter  and  angle  of  the  cavitator/)^;  (3  ; 

velocity  V  and  depth  H  of  the  motion;  the  pressure  in  the  cavity  Pc  . 

At  that  we  determine  the  clearance  h  between  the  body  surface  and  the  cavity  boundary,  ring  area  of 
this  clearance  along  the  whole  body  length,  moment  of  inertia  and  body  mass  (Fig.  15). 

The  program  also  computes  the  distance  and  the  velocity  reduction  from  the  starting  velocity  F  =  Fq 
upon  motion  on  inertia  and  displays  graphs  of  changing  the  length  and  diameter  of  the  supercavity 
as  well. 


Stage  II.  Optimization  of  the  supercavitating  body  contour 

This  stage  purpose  is  to  optimize  the  clearance  between  the  free  cavity  boundary  and  model. 

During  motion  of  the  model  by  given  regime  (F  =  F(/),  //  =  H{t))  the  supercavity  shape  will 

change  according  to  changing  the  cavitation  number 


(T  <  (T  <  (T 


The  clearance  between  the  body  and  cavity  boundary  will  be  changed  in  certain  range  according  to 
changing  of  (J. 
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Besides  the  clearance  will  be  changed  under  action  of  possible  angular  oscillations  of  the  model  about 
the  center  of  mass  in  supercavities  with  dimensions  exceeding  the  minimal  possible  ones  (cJ  >  ). 

Fig.  16  shows  a  PC-screen  copy  of  optimization  procedure  for  the  model  shape  at  its  angular 
inclination  Xf/.  Simultaneously,  values  of  upper  h2  and  lower  hi  clearances  between  the  model  and 
supercavity  contours  are  shown  there.  The  program  STAB  permits  to  determine  the  maximal  angles  of 
trim  y/  ~  y/Ynax  ’  of  touching  the  model  with  the  cavity  and  the  mass  center  location.  A  simple  rule 

was  developed  for  ensuring  the  stability  of  the  supercavitating  model  motion  at  the  IHM  UNAS. 


Rule  of  optimization  of  SC  model  shape 


For  certain  ranges  of  varying  the  cavitation  number  ^  cr  ^  ^max  angles  of  trim  y/  <  |v^max|  ? 

the  optimal  shape  of  the  supercavitating  model  must  not  have  points  of  touching  with  the  supercavity 
contour  which  are  situated  in  front  of  the  model  center  of  mass. 

This  requirement  does  not  take  into  account  the  dynamics  of  the  body  and  is  based  on  principles  of 
static  stability.  In  the  case  of  continuous  flow  the  analogous  rule  of  the  stable  motion  maintenance 
requires  location  of  a  point  of  the  hydrodynamic  force  application  past  the  body  center  of  mass.  Both  the 
rules  guarantee  against  appearance  of  destabilizing  moments  directed  to  the  possible  angle  of  model 
deflection.  This  means  that  the  induced  total  moment  acting  on  the  model  always  must  has  a  sign 
opposite  to  a  sign  of  angle  y/  -  accidental  deflection  of  the  model 

SgnM  =  Sgny/ . 


43.  Equations  of  the  SCM  dynamics 


The  most  effective  method  of  investigation  of  the  supercavitating  body  dynamics  proved  to  be  its 
direct  simulation  on  a  PC-screen  (computer  experiment).  It  permits  to  research  the  motion  stability  in 
interactive  regime ’’researcher  -  computer”  [16]. 

The  complete  mathematical  model  of  the  SCM  motion  includes  a  set  of  equations  of  solid  body 
dynamics,  equations  to  calculate  the  unsteady  cavity  shape  and  relations  to  calculate  the  acting  forces. 

A  set  of  dynamic  equations  of  the  axisymmetric  body  motion  in  vertical  plane  without  rotation  in  the 
body  co-ordinate  system  is 


m 


^ dV  ^ 

—  +  (dxV 
dt 


V 


=  EF. 


(16) 


/ 


L - =  EM, 

^  dt 


(17) 


where  V  =  ,  o}  is  the  velocity  of  the  SCM  mass  centre;  0)  =  {O,  0,  fi)}  is  the  angular  velocity; 

m  is  the  mass  of  model;  is  the  moment  of  inertia  of  model  about  mass  centre. 
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Passing  on  to  the  integration  along  the  longitudinal  absolute  co-ordinate  x  and  adding  obvious 
kinematic  relations,  we  obtain  the  calculation  set  of  five  ordinary  differential  equations 


V  cos{y/ - a)^  =  0)V  + 
dx 


m 


(18) 


/  1 

V  cos{y/-a)-^  =  -oF,  +—'LF 


dx 


m 


(19) 


V  cos(w  -  =  —EM  , 

^  ^  dx  L 


(20) 


V  cos(vA  “  a)-^  =  (o, 
dx 


(21) 


dx  ^ 


(22) 


Here,  y/  is  the  model  pitch;  a  is  the  angle  of  attack;  y  is  the  ordinate  of  the  SCM  mass  centre  in  the 
absolute  co-ordinate  system  (see  Fig.  17). 


4.4.  Relations  for  forces  and  moments 


Two  kinds  of  forces  in  right  parts  of  Eqs.  (18)  -  (20)  are  essential  in  considered  velocity  range  (see 
Fig.  17): 

-  hydrodynamic  force  and  moment  on  the  cavitator  ; 

Hiydrodynamic  force  and  moment  due  to  interaction  between  the  SCM  tail  and  internal  cavity  wall 

Coefficients  of  the  force  projections  acting  on  the  cavitator-disk  inclined  to  the  stream  at  angle  a  are 
approximately  calculated  by  formulae  [2]: 

Cx  ~  OL,  Cy~  sin  a  cos^  a .  (23) 

For  disk  cavitators  with  plane  perpendicular  to  the  model  axis,  the  vector  is  always  directed  along 
the  model  axis.  Therefore,  the  force  on  the  cavitator  does  not  create  any  moment.  Formulae  (23)  agree 
with  experiment  for  a  disk  and  blunted  cavitators  when  a  <  50° . 

We  use  the  approximate  method  [9]  to  calculate  the  hydrodynamic  force  on  inclined  non-disk 
cavitator.  It  is  based  on  the  exact  solution  of  the  two-dimensional  problem  on  free  jet  flow  around  an 
inclined  polygonal  contour. 
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Process  of  interaction  between  the  SCM  tail  and  internal  cavity  wall  is  considered  as  unsteady 
planing  of  a  prolate  body  along  the  curvilinear  liquid  boundary.  The  forces  arising  in  this  case  are 
calculated  basing  on  the  hypothesis  of  plane  sections  [2].  The  solution  of  the  problem  on  immersion  of 
the  circular  arc  through  the  curvilinear  boundary  is  used  in  this  case  [20]. 

If  both  the  middle  clearance  A  =  7?^.  “  and  the  model  immersion  depth  into  the  cavity  surface 

are  small,  formula  for  the  cross  component  of  the  tail  force  in  the  body  coordinate  system  was  obtained 
in  the  form  [20] 


Fsy  V 


+  2h^ 


(24) 


where  is  the  stern  section  (transom)  radius  of  the  model;  Fjis  the  cross  velocity  of  the  model 
transom;  V2  =  R^  /  dt  is  the  velocity  of  the  cavity  boundary; 

h  =  k  =  \, 2;  hi  <0,  h2  <0  is  the  model  transom  immersion  into  the  lower  and  upper  cavity 

boundaries,  respectively. 

The  longitudinal  component  of  force  has  viscous  nature  and  is  calculated  by  formulae 


Fsx=-^S^Cf{Rc), 


(25) 


where  is  the  area  of  washed  part  of  the  model;  c ^  is  the  viscous  drag  coefficient;  Re  is  the 
Reynolds  number. 

If  the  motion  velocity  is  very  high  V  >  1000  m/s,  then  aerodynamic  forces  of  interaction  between  the 
model  body  and  vapour-gas-spray  medium  filling  the  cavity  can  essentially  influence  on  the  SCM 
dynamics  [1].  Our  evaluations  have  shown  that  this  influence  has  damping  character  [20]. 


4.5.  Stability  of  SCM  motion 


Computer  simulation  with  the  STAB  software  allows  to  investigate  the  stability  of  SCM  motion  ”as 
a  whole”,  when  the  model  oscillates  within  the  cavity  ricocheting  by  its  tail  from  lower  and  upper  cavity 
walls  in  turn. 

The  PC-screen  view  after  execution  of  the  function  “Motion”  is  shown  in  Fig.  18,  a.  Here,  HX  is  the 
dimensionless  calculation  step;  N  =  \Q  is  the  number  of  the  model  contacts  with  upper  and  lower  cavity 
contours.  The  velocities  V^,  and  CO  are  output  in  dimensionless  by  L,  Vq  form  (where  L  is  length  of 
the  model).  The  angles  Xj/,  (X  are  output  in  radians.  A  signs  of  the  coefficients  show  the  direction  of  the 
force  and  moment  action. 

The  PC-screen  view  after  execution  of  the  function  “History”  for  the  same  model  and  starting  data  is 
shown  in  Fig.  18,  b.  The  y-coordinates  of  the  graphs  are  plotted  in  dimensionless  form,  the  x-coordinate 
X  is  given  in  meters.  As  it  is  visible  from  graphs,  the  interaction  of  the  SCM  tail  and  water  has  behaviour 
of  short-term  impulses.  It  is  displayed  in  discontinuous  behaviour  of  functions  0)  (x)  and  (x)  [16]. 
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The  performed  analysis  has  shown  that  the  motion  stability  of  the  SCM  with  a  disk  cavitator  is 
determined  by  three  dimensionless  parameters: 


mL' 


St  =  ^, 


R„ 


Value  of  the  parameter  A  is  determined  mainly  by  cavitator  radius  for  given  model  shape  and 
weakly  depends  on  starting  velocity  Vq  . 

After  a  number  of  calculations  at  constant  values  of  Vq  ,  ,  X2  and  varied  values  of  7?^ ,  COq  ,  the 

plane  of  the  parameters  A,  St  is  divided  on  the  zone  I  where  motion  is  stable  and  the  zone  II  where  the 
motion  is  unstable.  For  dynamically  similar  models  =  const  the  stability  zones  are  equal. 

The  motion  stability  loss  is  visually  perceived  on  the  PC-screen  as  washing  the  frontal  part  of 
model  and  inadmissible  great  increase  of  the  pitch  Xj/. 

Also,  the  STAB  software  permits  to  simulate  the  regime  of  continuous  planing  the  model  along  the 
lower  cavity  wall  including  the  ventilated  one  and  with  working  propulsor.  In  this  case,  the  cavitator  is 
fixed  at  the  angle  of  5  to  the  model  axis  to  compensate  the  moment  of  the  force  arising  on  the  tail. 
Thrust  of  the  propulsor  is  added  to  the  right  part  of  Eq.  (18). 

The  computer  simulation  that  the  SCM  motion  in  regime  of  continuous  planing  is  unstable  when  the 
angle  5  is  constant. 


4.6.  Comparison  with  experiment 


We  confirmed  reality  of  the  SCM  self-stabilisation  mechanism  by  ricocheting  from  the  cavity  walls 
by  direct  shooting  the  motion  in  water  with  velocities  up  to  1200  m/s  [4,  6].  In  experiment,  its  action 
appears  in  periodic  supercavity  surface  perturbations  which  develop  next  according  to  the 
"independence  principle".  In  Fig.  19,  the  experimental  photographs  of  the  model  in  moment  of  touch  to 
the  cavity  wall  (compare  with  Fig.  14,  a)  and  the  supercavity  part  perturbed  after  contact  with  model  are 

shown.  In  this  case,  the  exposure  time  of  shooting  was  3  •  I0~^  . 

Asymmetric  washing  the  model  occurs  when  the  SCM  motion  loses  stability.  It  results  in  impact 
increase  of  the  hydrodynamic  drag  and  deformation  of  model. 


5,  Schemes  of  the  hydrodynamic  stabilization  and  control  of  SC  objects 


5.1.  Scheme  with  free  planing  along  a  cavity 

This  scheme  (Fig.  20)  of  the  vehicle  motion  is  more  favorable,  because  has  the  smallest  washed  part 
of  the  body  and,  hence,  the  lowest  hydrodynamic  drag.  However,  this  scheme  of  motion  will  have 
essential  distinctions  in  creation  of  stabilizing  hydrodynamic  forces. 


14-13 


At  motion  the  vehicle  is  located  in  the  cavity  under  some  angle  of  attack  It  stipulates  the 
appearance  of  lift  on  the  tail  part  due  to  asymmetric  washing  the  cylindrical  part  of  the  body.  At  motion 
with  constant  velocity  and  depth  H  (or  the  pressure  Fq  =  pgH )  we  can  choose  the  constructive 
parameters  of  the  vehicle: 

-  position  of  gravity  center; 

-  cavitator  dimensions; 

-  deflection  angle  ofa^ ; 

-  gas-supply  value  of  the  artificial  cavity  Q  or  its  length  L(j  =  F(Q)  so  that  the  basic  conditions  of 

the  motion  stability  (equality  of  projection  of  all  forces  and  moments  acting  on  the  body  in  the  uniform 
rectilinear  motion)  are  fulfilled: 


=  G  “  Tsina^ , 

X  g  =T  cosa^ ,  (26) 

M ^  -f  M Q  ==  0. 


The  hydrodynamic  forces  on  the  cavitator  at  deflection  on  small  angle  can  be  determined  by 
formulae  [13] 


Y^  —  Xf^Q  cosof^  sinof^, 
Xc  =X^Q  cos^  a (j, 


(27) 


where  is  the  cavitator  drag  at  a(j  =  0.  For  a  disk: 


pv 

Xco=0,S2^So. 


where  ^Qis  the  area  of  the  cavitator  section  on  the  cavitating  edge;  =(Xp  is  the  cavitator 

angle  of  attack;  ap  is  the  positional  angle  of  the  cavitator  fixation;  is  the  body's  angle  of  attack; 

is  the  drag  of  washed  part  of  the  body  which  includes  the  friction  drag  of  the  side  surface  X p . 

At  this  flow  scheme  it  is  possible  to  save  the  traditional  principle  of  stabilization  and  control  due  to 
the  tail  fins  and  rudders,  but  with  an  additional  condition  -  the  cross  stability  preservation. 

Really,  at  presence  of  roll  angle,  %  the  lift  on  the  cavitator  deflected  on  angle  will  form  the 
side  force  =  Yp  sin  y ,  which  causes  to  the  body  yaw  (Fig.  21). 

The  cross  stabilization  of  the  object  can  be  obtained  by  following  ways: 
a)  due  to  the  location  of  mass  center  lower  than  a  line  connecting  the  points  of  application  of 

the  forces  (Fig.  22).  The  stabilizing  moment  My  arises  at  arising  the  roll  y  (Fig.  22).  In  this  case  it  is 
possible  to  stabilize  the  object  without  fins  at  all  at  sufficient  magnitude  of  My 


My  =G\.  sin/; 


(28) 
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b)  due  to  the  hydrodynamic  fins  of  roll  (Fig.  23)  creating  the  stabilizing  moment. 

A  possible  scheme  of  cross  stabilization  of  the  body  within  the  cavity  due  to  two  fins  is  shown  in 
Fig.  23. 

There  the  tail  part  of  the  vehicle  is  equipped  by  two  supercavitating  fins  creating  hydrodynamic 
lifts:  the  right,  and  left,  Y2  .  At  possible  angle  of  roll  of  the  vehicle  on  angle  \gamma  the  stabilizing 
moment  My  must  arise  due  to  a  difference  of  these  forces  caused  by  various  immersion  of  the  right 

and  left  fins  into  flow  through  the  free  cavity  boundary.  The  total  lift  of  the  two  fins  must  not 
exceed  10^15  of  the  total  lift,  Y^ ,  on  the  vehicle  tail 


7^+72  =0.157^. 

The  hydrodynamic  forces  on  fins  in  stable  position  arise  under  action  of  the  hull  slope  about  the 
cavity  axis  at  gravity  influence  and  also  flow  bend  in  the  back  cavity  part  caused  by  cavity  floating-up 
effect. 


Stabilization  in  horizontal  plane  is  achieved  due  to  using  a  number  of  factors: 

-  stabilizing  influence  of  the  hydrodynamic  forces  of  washed  part  of  the  hull  located  past  the  mass 
center  of  supercavitating  object  (SCO); 

-  application  of  neutral  stability  cavitators  (disk)  relatively  to  angles  of  deviation  in  the  horizontal 
plane; 

-  using  the  schemes  of  a  self-stabilization  by  roll: 

-  low  location  of  the  mass  center, 

-  V-shaped  system  of  fins. 


Stabilization  of  SCO  in  vertical  plane  is  reached  due  to  the  following  factors: 

-  the  cavitator  with  deviation  angle  having  stability  about  angular  deviations  in  vertical  plane  (disk,  cone 

j8>110“)[14]; 

-  Stabilizing  influence  of  the  washed  hull  part  located  past  the  SCO  mass  center; 

-  stabilizing  influence  of  the  V-shaped  system  consisting  of  two  fins  located  on  the  tail  end  of  washed 
part  of  SCO. 


The  vehicle  completely  placed  in  the  cavity  is  shown  in  the  scheme  in  Fig.  20.  The  supporting 
hydrodynamic  forces  are  created  by  deflecting  statically  stable  cavitator  [14],  Jc,  and  planing  tail  part 

of  the  vehicle,  7^ . 

The  low  location  of  a  point  of  the  hydrodynamic  force,  7^ ,  application  hampers  the  execution  of 
cross  self-stabilization  scheme  by  lowing  the  mass  center  me  below  than  a  line  connecting  the 
points  of  the  hydrodynamic  force  application  on  the  cavitator,  ,  and  on  the  tail,  ,  of  the  body  (it  is 
shown  by  dotted  line  in  the  scheme). 

The  considered  stabilization  schemes  do  not  exclude  the  application  of  means  of  the  active  control 
of  vehicle  for  it  stabilization  during  motion. 
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For  SCO  control  may  be  used  general  aerohydrodynamics  principle  -  to  realize  the  object  control  by 
using  elements  creating  hydrodynamic  side  forces  as  wings,  flaps,  rudders,  jets. 

In  SC  flow  scheme  the  cavitator  is  a  convenient  element  for  side  force  creation  owing  formulae  (27). 

SCO  control  in  horizontal  plane 

•  by  cavitator  deflection  in  horizontal  plane; 

•  by  cavitator  rotation  in  corresponding  side  according  scheme  (Fig.  21); 

•  by  SCO  hull  rotation  in  corresponding  side  by  using  active  fins  (Fig.  23). 

SCO  control  in  vertical  plane 

•  by  cavitator  deflection  in  vertical  plane  according  scheme  in  Fig.  20  and  formula  (27). 


5.2.  Optimization  of  fin  number 

Traditional  stabilization  schemes  of  bodies  of  revolution  with  large  aspect  ratio  require  presence  of 
two  pairs  of  fins: 

-  the  first  pair  to  stabilize  motion  in  horizontal  plane; 

-  the  second  pair  to  stabilize  motion  in  vertical  plane  [4]. 

Aerodynamic  schemes  for  stabilization  and  control  were  developed  to  minimize  the  drag  of  aircraft 
and  rockets.  They  have  three  elements  located  by  120"^  or  T  -shaped  and  also  two  elements  at  V  - 
shaped  location  [4]. 

The  most  of  the  hydrodynamic  high-speed  vehicles  of  known  designs  have  two  pairs  of  fins  and 
rudders  for  the  motion  stabilization  reliability,  control  convenience  [6]  including  supercavitating  ones 

[9]. 


5.3.  Optimization  of  fin  shape 

Use  of  the  rudders  and  fins  on  supercavitating  objects  has  essential  features: 

1)  two-phase  regime  of  flow  around  the  part  or  whole  fin  installed  past  the  artificial  supercavity; 

2)  incomplete  washing  the  fin  at  possible  air  layer  on  the  supercavitating  object  hull  in  the  fin  mounting 
place; 

3)  high  overloads  at  water  entry  and  take  off  of  the  fins  at  oscillations  of  the  cavity  boundary  or  the 
body  in  the  supercavity. 

Presence  of  the  two-phase  flow  promotes  the  flow  separation  from  the  frontal  edge  of  the  fin  and 
cavity  formation.  It  results  in  abrupt  reduction  of  the  fin  lift. 

The  air  layer  presence  on  the  hull  in  the  fin  mounting  place  also  causes  to  the  lift  loss  not  only  due 
to  the  loss  of  the  fin  interference  with  the  hull.  In  the  case  of  the  plane  wall  this  loss  is  equal  to 

reduction  of  the  effective  aspect  ratio  X  in  two  times  according  to  formula  for  Cy  : 


(29) 
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High  overloads  at  abrupt  change  of  medium:  water-gas-water  require  increased  strength  and  increasing 
the  fin  profile  thickness. 

All  these  features  of  flow  around  the  rudders  and  fins  on  the  supercavitating  body  of  revolution  were 
investigated  theoretically  and  experimentally  at  the  IHM  UNAS.  These  research  results  were 
development  of  two-phase  profile  stable  for  variable  loads  [12,  13]  and  recommendations  for  the  fin 
shape  [14]. 

All  the  rudders  has  wedge  profile  of  the  cross  section  =  3°  6° )  (Figs.  24,  25). 

The  experimental  results  show  that  the  wedge  profile  gives  more  stable  flow  characteristics  for 
regimes  of  presence  of  gas  and  water-air  layers  on  the  body  hull.  In  this  case  the  fins  of  small  aspect 
ratio  A  <  1  are  more  preferable,  because  they  have  no  separations  in  great  range  of  angles  of  attack. 
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Results  of  Selected  Experiments  Involving  Supercavitating  Flows 
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SUMMARY 

For  much  of  the  last  decade,  the  Naval  Undersea  Warfare  Center  (NUWC)  Division,  Newport,  Rhode  Island, 
has  conducted  basic  research  and  development  involving  supercavitating  projectiles.  Under  this  program,  the 
theory  of  high-Mach-number  underwater  flows  has  been  investigated  and  first-principles  modeling  of  cavity 
development  and  projectile  dynamics  and  stability  have  all  been  addressed. 

To  support  these  analytical  efforts,  a  sophisticated  experimental  program  has  similarly  matured.  The  NUWC 
Division  Newport  Supercavitating  High-Speed  Bodies  (SHSB)  Test  Range  has  been  designed  to  safely  test 
underwater  gun-launched  projectiles  traveling  in  excess  of  the  speed  of  sound  in  water.  This  range  was  installed  as 
an  upgrade  to  a  facility  originally  designed  as  a  tow  tank  for  testing  tactical  scale  undersea  vehicles.  Currently  the 
test  range  is  17  m  long  and  approximately  4  m  deep.  Armor  plates  positioned  ^-1.5  m  apart  ensure  that  even 
unstable  projectile  trajectories  are  confined  to  the  range. 

This  lecture  describes  the  experimental  facility  and  the  tests  performed  there  through  the  end  of  the  author’s 
tenure  at  nuWC  circa  December,  1998.  A  description  of  the  test  range,  its  instrumentation  suite,  and  the  extensive 
photographic  capabilities  developed  to  capture  these  high-speed  projectiles  are  discussed.  A  summary  of  the 
experimental  milestones  through  December,  1998,  is  also  presented. 


INTRODUCTION 

An  underwater  test  range  was  constructed  in  the  NUWC  tow  tank  and  has  been  used  in  over  50 
supercavitating  high-speed  projectile  tests  in  support  of  the  Supercavitating  High-Speed  Bodies  (SHSB) 
program.  This  program  involves  basic  research  into  very  high-speed  undersea  projectiles.  Application  of 
supercavitation  drag  reduction  at  munitions  scales  can  result  in  projectiles  capable  of  supersonic  velocities 
(exceeding  1500  m/s  in  water)  over  short  ranges.  The  tests  were  executed  by  the  SHSB  Test  Team  at 
NUWC  Division,  Newport,  Rhode  Island,  USA. 

Important  milestones  in  this  program  included  the  successful  demonstration  of  20-mm  gun-launched 
underwater  high-speed  projectiles  at  the  Langley  Tow  Tank  in  Hampton,  Virginia  in  1994  and  the 
construction  and  test  of  an  underwater  test  range  for  30-mm  gun-launched  subsonic  and  supersonic 
projectiles  at  NUWC  in  1996.  The  NUWC  facility  uses  a  30-mm  underwater  gun  launcher  and  is  fully 
instrumented  to  provide  the  high-speed  data  and  images  necessary  to  conduct  a  comprehensive  research 
program. 

The  experiments  described  here  were  performed  in  the  NUWC  building  1246  Tow  Tank  using  a  high¬ 
speed  underwater  gun  launcher  developed  by  NUWC  and  General  Dynamics  Armament  Systems  (GDAS, 
formerly  Lockheed  Martin  Armament  Systems).  This  launcher  was  integrated  with  the  NUWC-developed 
test  range  and  instrumentation  package. 

The  overall  objective  of  this  experimental  program  is  a  better  understanding  of  supercavitating  high¬ 
speed  flight  and  stability  in  flows  over  a  range  of  cavitation  numbers,  and  over  underwater  Mach  numbers 
from  near  zero  through  and  exceeding  unity.  Quantitative  measurements  are  made  to  determine  the 
projectile  velocity  time  history,  projectile  drag,  projectile  trajectory,  and  spatial  and  temporal  characteristics 
of  the  cavity.  Qualitative  observations  result  in  a  better  understanding  of  projectile  stability  and  the  cavity 
structure,  including  external  shock  waves. 


^  These  lecture  notes  are  closely  based  on  a  previous  publication  by  Hrubes,  et  al,  (1998).  The  co-authors  of  that 
publication,  J.  Dana  Hrubes,  C.W.  Henoch,  C.M.  Curtis,  and  P.J.  Corriveau  were  essential  to  development  of  the 
information  presented  herein.  They  were  supported  in  this  effort  by  the  ^UWC  Supercavitating  High-Speed  Bodies 
Test  Team. 


Paper  presented  at  the  RTO  A  VT  Lecture  Series  on  ‘'Supercavitating  Flows  held  at  the  von  Kdrmdn 
Institute  (VKI)  in  Brussels,  Belgium,  12-16  February  2001,  and  published  in  RTO  EN-010. 
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NUWC  TEST  FACILITY 

The  SHSB  test  facility  is  located  at  NUWC  Division  Newport,  The  tow  tank  is  49.4  m  long  by  6,1  m 
wide.  The  depth  varies  from  5.5  to  7.0  m.  Its  proximity  to  the  research  team  makes  it  an  ideal  site  for  land- 
based  high-speed  undersea  munitions  and  launcher  testing.  The  range  development  task  resulted  in 
modification  of  this  tank  for  the  current  program  as  well  as  for  future  SHSB  programs. 

The  test  hardware  required  to  conduct  the  SHSB  experiments  was  integrated  with  the  test  facility  as 
depicted  in  the  schematic  diagram  shown  in  figure  1.  The  underwater  launcher  is  aimed  to  fire  projectiles 
through  30.5  cm  diameter  holes  in  an  array  of  armor  baffle  plates.  Those  projectiles  that  traverse  the  entire 
range  are  caught  in  a  projectile  catcher.  If  a  projectile  deviates  more  than  about  15  cm  from  the  nominal 
trajectory,  the  armor-plated  baffle  system  stops  the  projectile  and  absorbs  the  energy  so  that  it  does  not 
present  a  safety  hazard. 

Major  hardware  items  include  the  underwater  launcher  system  and  mounting  frame,  projectiles,  armor 
baffle  plates,  and  a  projectile  catcher.  Instrumentation  includes  witness  screens,  sensors  and  transducers, 
cameras  (with  enclosures  and  supports),  video  and  analog  data  recorders,  signal  conditioners,  a  data 
acquisition  and  control  computer,  integrated  circuitry,  incandescent  lamps,  strobe  lamps,  a  laser  illumination 
system,  and  a  launcher  alignment  system. 

UNDERWATER  LAUNCHER  AND  MOUNTING  FRAME 

The  submerged  gun  launcher,  or  underwater  firing  fixture  (UFF),  currently  consists  of  a  3,05m  long,  30- 
mm  smooth-bore  barrel.  The  barrel  diameter  was  chosen  to  accommodate  the  chamber  pressures  required  to 
launch  projectiles  in  excess  of  1500  m/s.  Prior  to  installing  the  smooth-bore  gun,  a  2.34  m  long,  30  mm  rifled 
GAU-8  Mann  barrel  was  used.  Figure  2  illustrates  the  gun  assembly. 

The  gun  is  mounted  in  a  box  frame;  this  inner  frame  rides  on  rollers  fixed  to  four  rails,  two  above  the 
frame  and  two  below.  These  rails  are  mounted  inside  an  outer  frame  that  can  be  lowered  in  and  out  of  the 
water  while  maintaining  lateral  position,  and  rests  at  the  same  position  for  every  test  firing.  The  inner  frame 
rests  against  a  heavy  recoil  plate  that  is  hung  aft  of  the  frame.  On  firing,  the  inner  frame  moves  aft  along  the 
rails  within  the  outer  frame,  transferring  no  significant  forces  to  the  outer  frame.  The  inner  frame  pushes  the 
recoil  absorption  plate.  The  recoil  velocity  is  decreased  by  acceleration  of  the  mass  of  the  plate,  including  the 
considerable  added  mass  associated  with  fluid  loading,  while  damping  absorbs  the  recoil  energy,  A 
waterproof,  pneumatically-operated  breech  with  remote  safe-and-arm  features  is  screwed  onto  the  end  of  the 
launcher  barrel.  High-pressure  vents  prevent  damage  to  the  barrel  if  it  is  fired  when  accidentally  flooded.  The 
gun  launcher,  mounted  in  the  frame,  is  shown  in  figure  3. 

To  mitigate  the  effects  of  combustion  gas  ejection  on  the  projectile  cavity,  the  launcher  bore  is  fitted  with 
a  0.61m-long  muzzle  brake  section  of  larger  diameter,  which  allows  the  muzzle  gases  to  expand  before 
ejection  into  the  free  field.  This  decreases  the  pressure  impulse  on  the  projectile  cavity,  helping  it  to  develop 
without  transient  collapse.  The  large-diameter  muzzle  brake  also  allows  the  cavity  to  develop  behind  the 
projectile  without  impinging  on  the  face  of  the  muzzle,  further  mitigating  high  transient  launch  pressures.  In 
addition,  the  muzzle  brake  contains  a  sliding  decelerator  cylinder  with  a  21 -mm  hole  to  allow  passage  of  the 
projectile.  The  remaining  parasitic  launch  components  are  trapped  by  the  decelerator,  which  exits  the  muzzle 
brake  well  after  projectile  passage. 

A  remote  gun  control  unit  allows  the  gun  to  be  fired  safely  and  initiates  the  computerized  sequence 
critical  to  launch  and  data  acquisition.  At  the  discretion  of  the  test  director,  the  firing  sequence  can  be 
aborted.  The  computerized  sequencer  starts  the  cameras  and  data  recorders  and  activates  capture  and  trigger 
mechanisms  for  cameras  and  stroboscopes. 

PROJECTILE 

Figure  4  is  a  photograph  of  the  most  successful  projectile  and  sabot  tested  through  December,  1998,  The 
projectiles  were  designed  in  three  phases,  A  concept  design  based  on  a  semi-empirical  model  provided  basic 
ballistics  and  hydrodynamics  information.  These  results  were  refined  using  a  mathematical  model  in  a 
preliminary  design  cycle.  Final  design  information  was  collected  in  a  drawing  package  that  included 
specifications  of  all  dimensions,  tolerances,  and  materials,  along  with  precise  estimates  of  mass  properties. 
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The  current  projectile  design  has  been  developed  through  evolution  over  several  years.  Projectile 
materials  have  included  maraging  steel,  tungsten,  and  titanium.  Coupling  materials  have  included  aluminum, 
steel,  titanium,  and  Ultem  plastic, 

PROJECTILE  CONTAINMENT  SYSTEM 

The  projectile  containment  system  includes  the  armor  plate  baffle  array  and  the  projectile  catcher.  Armor 
plates  roughly  1,22  m  square  by  2,54  cm  thick  with  30,5-cm  holes  are  suspended  every  1,52  m  in  the 
projectile  path  to  provide  effective  termination  of  the  projectile,  should  it  travel  off  course.  Each  plate  also 
has  a  2,5-cm  hole  above  the  30,5-cm  hole  to  allow  passage  of  a  laser  beam  during  plate  alignment 
procedures, 

A  steel  projectile  catcher  faced  with  a  1 ,22-m  square  baffle  plate  is  suspended  at  the  end  of  the  array  of 
armored  baffle  plates  to  stop  those  projectiles  that  traverse  the  entire  range.  The  bucket  is  filled  with  steel 
plates,  wood,  and  sand. 

Since  1998,  the  range  has  been  upgraded  to  extend  the  containment  system  (that  is,  the  armor  baffle 
plates)  to  the  end  of  the  tank,  for  a  total  length  of  approximately  45  m, 

INSTRUMENTATION,  CONTROL,  DATA  ACQUISITION,  AND  DATA  PROCESSING 

The  range  is  instrumented  to  acquire  both  quantitative  and  qualitative  data.  Various  launcher  pressures 
are  measured  to  assess  launcher  performance.  Field  pressures  are  measured  to  quantify  perturbations  due  to 
the  projectile,  including  any  shock-wave  system.  The  projectile  displacement  is  measured  using  induction 
coils  (for  magnetized  projectiles)  or  printed  circuit  break  screens.  Position,  velocity,  and  drag  are  deduced 
fi-om  these  measurements.  Accelerometers  measure  motion  of  selected  components  in  the  tank.  Induction 
coils  and  break  screens  are  used  to  trigger  components  of  various  high-speed  imaging  systems. 

Time  and  key  range  events  are  recorded  by  a  computer-based  data  acquisition  system  and  an  analog  tape 
recorder.  Standard  video  and  35-mm  cameras,  a  high-speed  motion  picture  film  camera,  and  high-speed 
intensified  video  imaging  systems  are  available  for  each  test.  Illumination  for  each  imager  is  provided  by 
incandescent  lamps,  a  copper  vapor  laser  illumination  system,  or  strobe  lamps, 

CONTROL  AND  DATA  ACQUISITION  COMPUTER  SYSTEM 

A  desktop  computer  provides  the  platform  for  the  data  acquisition  system.  Data  acquisition  software 
configures  two  high-speed  data  acquisition  boards,  which  control  the  data  acquisition  process  in  real  time. 
The  boards  can  each  acquire  up  to  1,25  million  samples  per  second,  on  up  to  eight  differential  channels.  Each 
board  has  two  analog  timers  and  two  digital  channels,  which  are  used  to  trigger  other  test  functions  such  as 
camera  shutters  and  the  movie  camera  start  signal,  and  which  provide  a  reliable  time  basis  for  events 
throughout  the  duration  of  the  test, 

ANALOG  DATA  RECORDER 

A  21 -channel  FM  analog  tape  recorder  is  used  as  a  backup  for  the  computer  data  acquisition  system.  In 
the  event  that  the  computer  fails  to  acquire  some  or  all  of  the  test  data,  the  recorder  is  used  to  replay  all  data 
channels, 

LAUNCHER  PRESSURE  AND  MUZZLE  VELOCITY  SYSTEMS 

Gas  pressure  at  various  locations  in  the  launcher  is  measured  by  means  of  blast  pressure  transducers 
mounted  in  small  ports  in  the  barrel.  Expected  peak  pressures  are  under  450  MPa  in  the  chamber  and  under 
70  MPa  at  the  muzzle.  Blast  transducers  are  placed  in  the  UFF  to  measure  chamber  pressure  and  pressure  at 
various  positions  in  the  barrel.  The  blast  transducer  is  a  low-sensitivity,  integrated-circuit,  piezoelectric 
transducer  with  an  output  of  0,0102  mV  per  MPa  and  with  high-pressure  capability  of  more  than  690  MPa, 
Two  such  sensors  are  screwed  into  the  barrel  velocity  measurement  holes  to  measure  projectile  velocity  just 
before  exit  into  the  muzzle  brake.  The  phasing  between  the  pressure  traces  allow  precise  estimation  of  the 
projectile  velocity. 
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UNDERWATER  ACCELEROMETERS  AND  FIELD-PRESSURE  TRANSDUCERS 

Field-pressure  sensors  are  mounted  on  a  vibration-isolated  rack  downstream  of  the  gun  muzzle  to 
measure  dynamic  pressure  perturbations  associated  with  passage  of  the  projectile  and  shock  system,  if 
present.  Acceleration  of  the  recoil  absorption  plate  and  the  first  baffle  plate  are  recorded  by  accelerometers 
mounted  on  those  structures. 

MOTION-DETECTION  COILS 

For  tests  where  a  magnetized  steel  projectile  can  be  used,  a  voltage  is  induced  by  the  magnetized 
projectile  passing  through  a  series  of  inductance  coils  for  non-invasive  velocity  measurement.  Velocity  of  the 
projectile  is  calculated  using  data  from  pairs  of  these  coils.  The  coils  are  45,7  cm  in  diameter  and  are 
mounted  on  a  plastic  post  with  the  two  active  ends  of  the  wire  coil  embedded  and  cabled  to  the 
instrumentation.  The  coils  can  also  be  used  to  trigger  camera  or  illumination  events, 

BREAK-SCREEN  MEMBRANES 

Alternative  velocity  measurements  are  made  using  flexible  mylar  membranes  on  which  continuous 
conductive  circuits  are  printed.  Each  circuit  is  closed  until  broken  by  the  projectile.  These  membranes 
double  as  witness  screens,  indicating  projectile  trajectory.  Appropriate  connecting  circuitry  was  designed  and 
assembled  to  produce  signals  for  recording  projectile  velocity  and  for  triggering  instrumentation.  When 
velocity  coils  are  not  used  or  the  projectile  is  non-magnetic,  break  screens  are  mounted  on  each  baffle  plate 
to  measure  displacement  and  velocity. 

WITNESS  SCREENS 

A  system  of  witness  screens  is  used  to  record  the  trajectory  of  each  projectile  during  its  passage 
downrange.  Either  mylar  break  screens  or  metal  foils  are  mounted  in  frames.  These  frames  are  bolted  to  the 
containment  baffles  at  known  locations  with  respect  to  the  nominal  projectile  trajectory.  Pitch  and  yaw 
information  can  sometimes  be  deduced  from  the  perforation  shape. 

GUN  AND  WITNESS-SCREEN  ALIGNMENT  SYSTEM 

A  laser  bore-sighting  technique  is  used  for  alignment  of  the  launcher  with  the  nominal  trajectory.  A  blue- 
green  laser  enclosed  in  a  waterproof  housing  is  mounted  securely  to  the  gun  barrel  and  co-aligned  with  the 
gun  bore  prior  to  each  range  alignment.  The  range  is  aligned  by  sighting  the  laser  through  2,54  cm  holes  in 
each  armor  plate.  The  estimated  cumulative  error  in  the  alignment  of  the  range  is  +/-1.2  cm  at  the  first  plate 
and  +/-1.8  cm  at  the  tenth  plate.  In  addition  to  range  alignment,  the  21 -mm  hole  in  the  muzzle  brake 
decelerator  is  aligned  with  the  gun  bore  with  an  estimated  accuracy  of  +/-0,03  cm. 

CAMERA  ENCLOSURES  AND  UNDERWATER  PLATFORMS 

Camera  enclosures  and  support  structures  were  fabricated  to  accommodate  the  cameras,  the  lights,  and 
other  necessary  instrumentation.  The  enclosures  are  attached  to  platforms  constructed  of  standard  perforated 
metal  framing,  and  are  suspended  at  the  desired  depth  and  raised  between  tests  for  camera  access.  Other 
instrumentation,  such  as  pressure  transducers,  are  also  attached  to  platforms.  Cameras  in  close  proximity  to 
the  gun  muzzle  are  equipped  with  isolation-damped  mountings  to  help  protect  the  instruments  from  shock 
loading.  Figure  5  illustrates  some  of  the  imager  configurations, 

IMAGING  AND  DATA  ACQUISITION 

Imaging  and  data  acquisition  at  extremely  high  rates  were  critical  to  the  success  of  this  test  program. 
This  information  has  played  a  crucial  role  in  post-test  analysis  leading  to  important  design  and  operational 
changes.  In  addition,  this  information  is  important  to  the  understanding  of  the  physics  of  supercavitating 
bodies. 

Imaging  systems  consisted  of  the  following  items:  (1)  Standard  video  (underwater  and  above  water,  full 
range  coverage,  incandescent  lighting);  (2)  A  high-speed  16-mm  motion  picture  camera  (10,000  frames/s, 
15-W  pulsed  copper- vapor  laser  illumination,  100  ns  pulse,  front  or  shadow-graph  lighting);  (3)  High-speed 
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gated,  intensified  video  (incandescent  or  laser  illumination);  (4)  35-mm  still  cameras  (front-lit,  50-mm  lens, 
3-|Uis  front-lit  stroboscope  illumination);  and,  (5)  35-mm  still  cameras  (50-mm  lens,  3-ias  shadow-graph 
stroboscope  illumination).  Each  test  used  a  variety  of  these  imaging  methods,  but  did  not  necessarily  use  all 
of  them. 

To  use  the  resulting  images  for  accurate  measurements  of  cavity  and  projectile  phenomena,  image 
distortion  must  be  assessed.  The  primary  distortion  issues  are:  (1)  Optical  distortion  due  to  the  flat  window  in 
front  of  the  lens  separating  mediums  of  different  indices  of  refraction;  (2)  Optical  distortion  of  the  image 
inside  of  a  gas  cavity  in  water;  (3)  Optical  distortion  due  to  movement  of  the  projectile  during  the  shutter  or 
illumination  period;  and,  (4)  Camera  lens  distortion.  Distortion  sources  1  and  2  result  primarily  from  the 
differences  in  the  indices  of  refraction  of  the  optical  media:  glass,  air,  and  water. 

TEST  RESULTS 

Over  50  projectiles  were  launched  on  the  SHSB  Test  Range  from  the  time  the  facility  was  completed 
through  the  end  of  the  author’s  tenure  at  NUWC  in  December,  1998.  Success  criteria  were  based  primarily 
on  projectile  performance  and  behavior.  Calculated  drag  coefficient,  stability  of  flight,  and  end-of-range 
residual  kinetic  energy  were  the  major  criteria.  Results  from  each  test  have  been  used  to  guide  an  evolution 
leading  toward  an  optimal  design  of  the  projectile  and  the  launch  package  for  the  particular  projectile 
configuration  of  interest.  The  primary  projectile  design  parameters  were  the  material  (mass  density),  length- 
to-diameter  ratio  (aspect  ratio),  cavitator  tip  diameter,  and  overall  shape  (tail  geometry,  contour). 

Figures  6  through  9  show  several  frames  grabbed  from  some  of  the  standard  video  cameras.  Such  single 
frames  proved  to  yield  a  significant  amount  of  important  information  regarding  the  projectile  flight. 

Figure  10  shows  a  sequence  of  shadow-graphs  taken  during  one  of  the  supersonic  flights  showing  the 
shock  wave  produced  in  the  water. 

Figures  11  and  12  show  two  shadow-graphs  captured  using  the  35-mm  camera  and  a  3-|is  stroboscope. 
These  two  images  compare  the  flight  of  a  normal  and  a  damaged  (hydrodynamically  buckled)  projectile  as  it 
passed  the  camera  approximately  2.5  m  from  the  gun  muzzle  exit. 

Figures  13  and  14  show  front-lit  images  captured  using  35-mm  cameras  and  3-|uls  stroboscopes  as  the 
projectile  reached  a  point  approximately  5.5  m  from  the  gun  muzzle  exit. 

SUMMARY 

A  gun-launched  underwater  SHSB  test  range  was  constructed  and  has  been  used  in  extensive 
experimentation  with  supercavitating  projectiles.  Key  results  from  this  program  have  included  the  following: 

>  Successful  design,  construction,  and  operation  of  an  indoor  test  range  capable  of  launching 
supercavitating  projectiles  at  velocities  exceeding  the  speed  of  sound  in  water.  In  addition,  an 
instrumentation  and  imaging  suite  has  been  integrated  that  provides  the  data  necessary  to  perform  basic 
research. 

>  Successful  demonstration  of  fully  submerged  launch  of  supersonic,  supercavitating  projectiles  at  muzzle 
velocities  up  to  1550  m/s  or  Mach  1.03. 

>  Underwater,  stable,  subsonic  and  supersonic  projectile  flight  has  been  demonstrated. 

>  Key  parameters  necessary  for  stable  launch  and  flight  have  been  identified. 

>  An  understanding  of  launch  dynamics  has  been  acquired. 

>  Effects  of  varying  projectile  parameters  and  cavitator  shape  on  subsonic  and  supersonic  ballistics  have 
been  investigated. 

>  Good  agreement  of  theory  with  experiment  has  been  demonstrated. 

>  A  tungsten  projectile  has  been  successfully  launched  underwater. 
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Figure  2.  Schematic  of  30-mm  gun  launcher  and  muzzle  brake  assembly 
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Figure  3,  Photograph  and  schematic  of  launcher  mounted  in  frame 
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Figure  4,  Successful  10:1  projectile  launch  package 
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Figure  5.  Various  platform  arrangements  for  high-speed  imaging  of projectile  flight 


Figure  6,  Projectile  cavity  -  clean  launch  (standard  front-lit  video  frame) 


Figure  7,  Projectile  cavity  -  clean  flight  through  instrumentation  platform  (standard  front-lit  video  frame 

looking  down) 
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Figure  8.  Projectile  cavity  -  unstable  flight  (standard  front-lit  video  frame) 


Figure  9.  Projectile  cavity  -  clean  flight  into  catcher  (standard  front-lit  video  frame) 
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Figure  10.  Projectile  in  supersonic  flight  (Mach  number  ^  1.03;  ^1549  m/s;  hwh-speed  shadow-araph 

film;  10,000 frames/s) 


Figure  11.  Projectile  in  cavity  -  clean  flight  (1200  m/s;  35-mm  shadow-graph) 
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Figure  12.  Projectile  in  cavity  -  damaged  condition  (35-mm  shadow-graph) 


Figure  13.  Projectile  in  cavity  -  clean  flight  (1200  m/s;  35-mm  front-lit  image) 
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Supercavities  in  Compressible  Fluid 


A.  D.  Vasin 

State  SRC  TsAGI,  Moscow,  Russia 
17,  Radio  str.,  Moscow,  Russia 


Summary 

The  basic  results  obtained  by  the  author  in  the  theory  of  supercavities  in  compressible  fluid  have  been 
presented.  Some  peculiarities  of  the  theoretical  methods  application  for  the  supersonic  flows  and  their 
difference  from  the  analogous  flows  in  air  have  been  noted.  The  basic  correlations  for  the  shock  waves 
in  the  water  are  considered. 

Axissymetric  supercavities  in  sub-  and  supersonic  compressible  fluid  have  been  researched  using  the 
asymptotic  method.  An  integro-differential  equation  for  the  cavity  profile  was  deduced.  The  outer 
solution  was  found  and  for  the  thin  cone-cavitators  the  solution  was  obtained  for  the  whole  area  of  the 
flow. 

Based  of  the  modem  numerical  methods  the  algorithm  of  calculation  of  axisymmetric  cavities  in  sub-  and 
supersonic  compressible  fluid  flow  has  been  worked  out.  The  results  of  calculation  of  axysimmetric 
supercavities  downstream  of  a  disk  within  the  range  of  the  Mach  numbers  0<M<1.4  have  been 
represented.  As  a  result  of  the  analysis  for  the  different  Mach  numbers  the  following  was  defined:  the 
cavitation  number,  the  cavitation  drag  ratio,  the  mid-section  radius,  the  cavity  shape,  the  distance  of 
shock  wave  from  a  disk  (for  supersonic  flow).  The  conical  flows  in  a  supersonic  water  stream  have  been 
calculated  by  the  numerical  method. 

The  results  obtained  by  the  author  have  been  compared  with  the  known  experimental  and  theoretical 
results  of  other  investigations. 


Introduction 

The  axisymmetric  and  three-dimensional  supercavities  in  incompressible  fluid  have  been 
intensively  studied  since  the  early  1950’s.  A  large  amount  of  works  have  been  published  on  three- 
dimensional  supercavities  in  incompressible  fluid.  There  were  about  several  hundred  of  them.  It  should 
be  noted  that  there  have  been  a  few  publications  on  the  three-dimensional  supercavities  in  a  compressible 
fluid  (in  contrast  to  the  case  of  incompressible  fluid).  This  situation  is  a  result  of  both  the  absence  of 
practical  interest  to  this  problem  before  1980  and  the  complexity  of  the  problem  itself.  The  only  work 
was  Gurevich’s  work  [1]  that  was  published  in  1947.  In  this  work  the  expansion  law  for  a  cavity 
downstream  of  a  body  was  examined  for  zero  cavitation  number  and  generalized  to  include  the  subsonic 
case. 


Since  the  early  1980’s  in  the  USSR  and  in  the  USA  the  interest  in  supercavities  in  a  compressible 
fluid  has  increased.  The  necessity  to  come  up  with  the  supercavities  theory  in  a  compressible  fluid 
appeared.  The  following  works  have  been  made  based  on  the  slender  body  theory.  These  are  the  works: 
Yakimov  [2,3],  the  author  [4,5]  and  Serebryakov  [6,7].  On  the  basis  of  the  early  numerical  method  ATev 
[8]  has  calculated  the  cavity  past  a  thin  cone.  The  theoretical  investigations  on  two-dimensional 
supercavities  in  compressible  fluid  were  carried  out  by  Nishiyama  [9]. 

The  slender  body  theory  has  a  limited  application  for  calculation  of  supercavities  in  compressible 
fluid.  For  blunt  cavitators  such  as  a  dusk  or  a  blunt  cone,  this  theory  does  not  provide  a  way  to  obtain  the 
complete  data  for  the  cavitation  flow,  for  example,  the  cavity  shape  immediately  downstream  of  the 
cavitator,  and  the  cavitation  drag.  The  linear  equation  for  the  potential  of  compressible  fluid  flow  past 
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slender  axisymmetric  bodies  is  inapplicable  on  the  transonic  velocity  range.  Moreover,  for  the  case  of 
supersonic  flow  the  slender  body  theory  faces  some  major  difficulties  which  is  shown  by  the  author’s 
investigations. 

The  recent  development  of  the  numerical  methods  and  widespread  use  of  computers  have  made  it 
possible  to  calculate  compressible  cavitation  flows  efficiently.  It  should  be  noted  that  the  numerical 
calculations  have  been  carried  out  by  Zigangareeva  and  Kiselev  [10]  and  by  the  author  [1 1,12]. 


1.  The  application  of  the  slender  body  theory  for  the  investigation  of  supercavities 
in  subsonic  flow 

The  case  of  subsonic  cavitation  flow  past  a  thin  cone  has  been  considered  in  chapter  2  of  lecture 
#1.  The  Riabouchinsky  scheme  has  been  applied  (Fig.  3  in  lecture  #1).  An  integro-differential  equation 
for  the  cavity  profile  has  the  form  of  correlation  (2.6)  in  lecture  #1.  In  lecture  #1  we  have  considered  the 
case  when  the  parameter  of  the  cavity  thinness  has  the  same  order  as  the  parameter  of  the  cavitator 
thinness  £  equal  to  the  ratio  of  the  cone  radius  to  its  height.  For  the  whole  area  of  the  flow  the  solution 
has  been  obtained  by  the  method  of  expansion  into  asymptotic  rows  (rows  have  the  form  of  correlations 
(2.6)  in  lecture  #1).  The  first  approximation  of  the  cavity  profile  is  represented  by  an  ellipsoid  of 
revolution  (equation  (2.9)  in  lecture  #1).  The  second  approximation  is  determined  from  the  equation 
which  was  obtained  after  the  equalization  of  members  at  [13]. 


Fig.  1  Cavity  profile  in  subsonic  flow  for  the  cone  0=5°;  the  broken  curve  corresponds  to  the 
first  approximation,  the  continuous  curve  corresponds  to  the  second  approximation 


In  Fig.  1  the  broken  curve  corresponds  to  the  first  approximation  of  the  cavity  profile  R(x)  past 
the  cone  with  the  apex  half-angle  equal  to  5°.  The  total  length  L  equals  200  (the  geometric  dimensions 
are  scaled  by  the  radius  of  the  cone  base,  the  description  of  the  geometric  dimensions  is  given  in  chapter 
2  of  lecture  #1).  The  continuous  curve  corresponds  to  the  second  approximation  of  the  cavity  profile. 
From  Fig.l  it  is  evident  that  the  second  approximation  is  close  to  the  first  one,  i.e.  the  second  members  of 
asymptotic  row  are  smaller  than  the  first  ones. 

Besides,  for  the  cavities  past  the  thin  cones  the  cavitation  numbers  a  are  determined  at  the 
different  Mach  numbers  M  (CJ  =  2{Pq  —  )/  pV^  ,  where  Pq  is  the  free  stream  pressure.  Pj,  is  the 

pressure  within  the  cavity,  p  is  the  fluid  density,  Vo  is  the  free  stream  velocity;  M=  V(/ao,  where  ao  is  the 
free  stream  speed  of  sound).  The  dependences  (j(M)  are  determined  at  the  constant  cavity  length  Lk  and 
the  total  length  L  equal  to  200. 
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In  Fig.2  the  dependences  (y(M)  are  shown  at  various  cone  apex  half-angles  a  (curves  1-3 
correspond  to  a=15°,  10"^  and  5°  respectively).  Thus,  for  the  given  cone  at  the  constant  value  of  L  or  Lk 
the  cavitation  number  increases  with  the  Mach  number  and  the  cavity  profile  remains  invariable. 

After  implementation  of  the  transformations  analogous  to  the  ones  in  chapter  2  of  lecture  1  we 
can  determine  the  expression  for  the  pressure  coefficient  on  the  thin  cone  surface  [13].  Integrating  the 
pressure  coefficient  on  the  cone  surface  we  obtain  the  cavitation  drag  coefficient  (normalized  by  the 

area  of  the  cone  base  kRI  ,  where  Rn  is  the  radius  of  the  cone  base).  In  Fig.  3  the  dependences  Cx(M)  are 
shown  at  various  cone  apex  half-angles  (curves  1-3  correspond  to  a=15°,  10"^  and  5°  respectively). 


Fig.  3  Dependence  Cx  on  M;  curves  1-3  correspond  to  a=15°,  10%  5° 
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The  character  of  the  dependences  Cx(M)  (Fig.3)  corresponds  to  one  of  the  dependences  a(M) 
(Fig.2).  This  is  a  consequence  of  the  law  of  conservation  of  momentum  applied  to  the  cavity  middle- 
section  plane.  The  law  of  conservation  of  momentum  can  be  written  in  the  following  form  [14] 


R 


k 


(1.1) 


where  Rk  is  the  radius  of  the  cavity  mid-section  normalized  by  the  radius  of  the  cone  base,  k  is 
the  coefficient  which  value  is  close  to  1  at  the  small  cavitation  numbers.  In  the  first  approximation  we 
can  neglect  the  dependence  of  k  on  the  Mach  number.  The  solution  for  the  thin  cones  has  shown  that  at 
the  constant  value  of  Lk  or  L  the  value  of  Rk  remains  the  same  at  the  variation  of  the  Mach  number.  Then 
according  to  formula  (1.1)  the  dependences  Cx(M)  and  g(M)  must  satisfy  the  following  correlation 


(m) 


(1.2) 


where  the  constant  is  the  function  of  a  and  Lk.  The  calculations  have  shown  that  correlation  (1.2)  is 
satisfied  with  sufficient  accuracy  at  the  Mach  numbers  on  the  interval  0<M<0.8  [13].  The  cavity  past  a 
thin  cone  in  incompressible  fluid  (M=0)  has  been  considered  as  a  particular  case.  The  value  of  the  cone 
apex  half-angle  equals  15"^.  For  this  cone  the  results  obtained  based  on  the  slender  body  theory  have  been 
compared  with  the  results  of  the  numerical  calculation  [15]  for  incompressible  fluid.  The  comparison  has 
shown  good  agreement  of  these  results  [13]. 

Let  us  consider  the  case  when  the  parameter  of  the  cavity  thinness  is  far  less  than  the  parameter 
of  the  cavitator  thinness.  In  this  case  we  neglect  the  cavitator  dimensions  in  comparison  with  the  cavity 
dimensions.  In  order  to  determine  the  outer  solution  we  assume  that  the  radius  of  the  cavitator  equals 
zero.  Let  us  place  the  origin  of  coordinates  in  the  middle  of  the  cavity  length  and  the  geometric 
dimensions  normalize  by  the  semi-length  L^/2.  In  this  case  integro-differential  equation  (2.6)  in  chapter  2 
of  lecture  #1  takes  the  form  [4,13] 
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u{-\)  u{\) 

^  =  2CJ 

1+x  1-x 


=  R\  i?(±l)=0,  i?(o)=e, 


(1.3) 


where  =  27?^  I L^—M X  is  the  small  parameter  equal  to  the  inverse  amount  of  the  cavity 
aspect  ratio  A-. 

We  seek  the  outer  solution  in  the  form  of  expansion  into  asymptotic  rows  with  the  small 
parameter  £i.  For  the  squared  cavity  radius  and  the  cavitation  number  these  rows  have  the  form 
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>  1 
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V  ^  J 

V  ^  J 

_ 

(1.4) 


After  substitution  of  (1.4)  in  (1.3)  and  conservation  of  the  two  members  of  the  rows  integro- 
differential  equation  (1.3)  is  transformed  to  two  differential  equations.  Solving  the  differential  equations 
we  obtain  the  expression  for  the  cavity  profile  and  the  dependence  of  the  cavitation  number  on  the  cavity 
aspect  ratio  and  the  Mach  number  [4,13] 


In  4 


-  ln[(l 


2  In  A 


2  ,  X 

<7  =  — rln - , 

^  VeVl-M^ 

where  e  is  the  base  of  natural  logarithms. 


(1.5) 


The  first  approximation  of  the  cavity  profile  is  an  ellipsoid  of  revolution  (as  in  incompressible 
fluid).  From  the  first  expression  (1.5)  it  follows  that  the  added  member  to  an  ellipsoid  is  small  at  the 
small  cavitation  numbers,  for  example,  then  A=14.66  and  o^0.02  (M=0)  the  difference  between  the 
cavity  shape  and  an  ellipsoid  of  revolution  does  not  exceed  1%.  In  general  the  cavity  aspect  ratio  is 
dependent  upon  the  cavitation  and  Mach  numbers.  From  the  second  expression  (1.5)  it  follows  that  at  the 
constant  value  of  the  cavity  aspect  ratio  the  cavitation  number  increases  along  with  the  Mach  number. 
The  analogous  dependence  is  obtained  in  the  case  of  the  subsonic  cavitation  flow  past  a  thin  cone.  As  the 
cavitation  number  decreases  the  influence  of  fluid  compressibility  on  the  cavity  aspect  ratio  becomes 
insignificant. 

Thus,  the  investigation  carried  out  on  the  basis  of  the  slender  body  theory  has  shown  that  in 
subsonic  flow  we  can  neglect  the  influence  of  the  Mach  number  on  the  cavity  shape:  the  cavity  shape  is 
described  by  an  ellipsoid  of  revolution  with  sufficient  accuracy  (as  in  incompressible  fluid).  An  ellipsoid 
of  revolution  is  obtained  from  the  outer  solution  (1.5)  (when  we  neglect  the  cavitator  dimensions  in 
comparison  with  the  cavity  dimensions)  and  from  the  solution  for  the  thin  cones  ((2.9)  in  lecture  #1) 
(when  the  parameter  of  the  cavity  thinness  has  the  same  order  as  the  parameter  of  the  cavitator  thinness). 
The  Mach  number  mainly  influences  the  value  of  the  cavitation  drag  of  the  cavitator  (the  cavitation  drag 
coefficient  increases  along  with  the  Mach  number).  At  the  constant  cavity  length  the  cavitation  number 
increases  along  with  the  Mach  number  according  to  the  law  of  conservation  of  momentum. 


2.  The  application  of  the  slender  body  theory  for  the  investigation  of  snpercavities 
in  snpersonic  flow 

Let  US  consider  the  cavitation  flow  past  a  thin  cone  in  supersonic  stream.  We  apply  the 
Riabouchinsky  scheme  (Fig.  3  in  lecture  #1).  The  linearized  equation  for  the  perturbed  velocity  potential 
in  the  cylindrical  coordinate  system  is  written  as  following  [16] 
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where  (p  =  (p'^  IVqR^  is  the  dimensionless  perturbed  velocity  potential,  (p^  is  the  perturbed 
velocity  potential. 

The  geometric  dimensions  are  scaled  by  the  radius  of  the  cone  base  (the  description  of  the 
geometric  dimensions  is  given  in  chapter  2  of  lecture  #1).  For  supersonic  flow  the  perturbed  velocity 
potential  that  satisfies  equation  (2.1)  can  be  written  in  the  form  of  integral  [16] 


(P  = 


1  q{x^  )dx^ 

Ik  q  y  -  {m^  -  l)r^ 


(2.2) 


where  q(xi)  is  the  intensity  of  sources  and  sinks  on  the  axis  of  symmetry.  Near  the  surfaces  of 
the  thin  cavitator  and  the  cavity  potential  (2.2)  that  satisfies  the  kinematic  boundary  condition  has  the 
following  asymptotic  representation  [17] 


(p  =  —  S\x)\n 

4k 


(m^  -i)?> 

4x^ 


2;r  ^  X  “  Xj 


(2.3) 


where  5’^(x)  is  the  derivative  of  the  dimensionless  area  of  the  cross  section  with  respect  to  x 
coordinate. 

For  supersonic  flow  the  dynamical  boundary  condition  on  the  cavity  surface  has  the  same  form  as 
for  subsonic  flow  [5]  and  is  written  as  following 


2^+r^T 

dx  ^  ^ 


=  <T 


(2.4) 


Substituting  (2.3)  in  (2.4)  we  obtain  the  integro-differential  equation  for  the  cavity  profile  past  a 
thin  cone  in  supersonic  flow 


u'^  ^  u"  (m^  -  i)m  f  Mf(x, )  - 
4u  2  4x^  ^  x-x,  ' 
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u''{x^)  - u''{x) 

d^)C  ^ 

X-Xj 


=  CJ 


u  =  ^  =  R^  ^  u[  (o)  =  0 


(2.5) 


We  assume  that  the  cone  has  the  same  thinness  order  as  the  cavity.  The  thinness  order  of  the 
cone  e  equals  the  ratio  of  the  radius  of  the  cone  base  to  its  height.  We  seek  the  solution  for  the  whole 
area  of  the  flow  in  the  form  of  expansion  into  asymptotic  rows  with  the  small  parameter  e.  The  rows 
have  the  form  of  correlations  (1.4)  if  we  substitute  £  with  £\.  The  boundary  conditions  are  written  in  the 
same  form  as  for  subsonic  flow  [7,13] 

x  =  /:  i?  =  l,  R'  =  £ 

X  =:  /  +  ^  J 
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After  substitution  of  the  asymptotic  rows  in  (2.5)  and  conservation  of  the  two  members  of  rows 
integro-differential  equation  (2.5)  is  transformed  to  two  differential  equations.  The  first  differential 
equation  with  the  boundary  conditions  is  written  as  follows 


d^Rl 


~  “2cjj 


dx^ 


dRl 

dx 


x=r 


■21 


The  solution  of  equation  (2.6)  has  the  form 


RI  =  cJj  (a  “  xX^  “  b) 


(2.6) 


(2.7) 


From  expression  (2.7)  it  follows  that  an  ellipsoid  of  revolution  is  the  first  approximation  of  the 
cavity  shape.  The  analogous  result  has  been  obtained  in  subsonic  flow  (expression  (2.9)  in  lecture  #1). 
The  second  approximation  is  determined  from  the  differential  equation  which  was  obtained  after 
equalization  of  members  at 

In  Fig.  4  the  broken  curve  represents  the  first  approximation  of  the  cavity  profile  past  the  cone 
with  the  apex  half-angle  equal  to  5°.  The  total  length  equals  200.  The  continuous  curve  represents  the 
second  approximation  of  the  cavity  profile. 


Fig.  4  Cavity  profile  in  supersonic  flow  for  the  cone  a=5®;  the  broken  curve  corresponds  to  the 
first  approximation,  the  continuous  curve  corresponds  to  the  second  approximation 


Figure  4  is  analogous  to  Fig.  1  that  illustrates  the  cavity  profile  past  the  same  cone  in  subsonic 
flow.  From  Fig.  4  it  follows  that  as  distinct  from  subsonic  flow  (Fig.  1),  in  supersonic  flow  the  second 
approximation  of  the  cavity  profile  essentially  differs  from  the  first  one,  and  the  second  members  of 
asymptotic  row  are  not  smaller  than  the  first  ones.  Besides,  the  unreal  shape  of  the  cavity  contradicts 
with  the  physical  laws  of  cavitation  flows. 

The  analysis  of  this  effect  has  shown  that  the  slender  body  theory  is  not  valid  for  the  flow  past 
the  edge  of  the  cone.  In  the  supersonic  flow  the  Prandtl-Meyer  stream  arises  at  the  edge.  The  stream 
must  turn  at  the  angle  that  is  dependent  on  the  pressure  within  the  cavity  or  the  cavitation  number.  The 
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incline  of  a  free  stream  line  is  less  than  the  cone  apex  half-angle.  It  is  impossible  to  satisfy  this  condition 
within  the  range  of  the  slender  body  theory.  The  first  peculiarity  of  the  slender  body  theory  application 
to  the  supersonic  cavitation  flow  is  its  discrepancy  with  the  boundary  condition  at  the  cavitator  edge. 

In  order  to  determine  the  solution  it  is  necessary  to  consider  the  supersonic  flow  around  the  cone, 
obtain  the  Mach  number  at  its  edge  and  match  the  Prandtl-Meyer  stream  with  the  cavitation  flow.  It  is 
very  difficult  to  carry  out,  as  the  cavity  shape  and  the  cavitation  number  are  not  known  beforehand. 

Let  us  determine  the  pressure  coefficient  on  the  surface  of  the  thin  cone  in  supersonic  flow.  The 
expression  for  the  pressure  coefficient  has  the  form  [16] 


C 


p 


.9^ 

3x 


^  dr 


(2.8) 


where  -  Pjl  p  is  the  pressure  coefficient.  Peon  is  the  pressure  on  the  cone 

surface. 

After  differentiating  expression  (2.3)  the  components  of  the  perturbed  velocity  on  the  cone 
surface  are  written  as  following 


d(p  -\)e^ 

dx  2  4 


(2.9) 


After  substitution  of  (2.9)  in  (2.8)  for  the  pressure  coefficient  we  obtain  the  following  expression 


In 


(m"  -ly 


+  1 


(2.10) 


Formula  (2.10)  coincides  with  the  expression  that  defines  the  pressure  coefficient  on  the  thin 
cone  in  supersonic  flow  of  air  [16].  The  pressure  coefficient  is  connected  to  the  cavitation  drag 
coefficient  by  the  following  dependence 


/ 

=  2s  j  (x)dx  +  a  (2.1 1) 

0 

where  Q  is  the  cavitation  drag  coefficient  normalized  by  the  area  of  the  cone  base;  Pj  (x)=  Ex 
is  the  radius  of  the  cone  cross  section. 


The  pressure  coefficient  is  constant  on  the  cone  surface  and  expression  (2.1 1)  takes  the  form 


C  =C.  +CJ 


(2.12) 
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We  can  consider  the  coefficient  Cp  to  be  the  cavitation  drag  coefficient  at  the  zero  cavitation 
number  C^o.  The  formula  is  written  as  follows 


C,  -  +  a 


(2.13) 


Expression  (2.13)  is  the  dependence  of  the  cavitation  drag  coefficient  on  the  cavitation  number  at 
the  constant  Mach  number. 

Let  us  consider  the  case  when  the  parameter  of  the  cavity  thinness  is  far  less  than  the  parameter 
of  the  cavitator  thinness.  A  similar  case  was  considered  for  subsonic  flow  in  chapter  1.  Let  us  place  the 
origin  of  coordinates  in  the  middle  of  the  cavity  length  and  normalize  the  geometric  dimensions  by  the 
semi-length  L/1.  Integro-differential  equation  (2.5)  takes  the  form 


^ -\)u  \u''{x^)-u''{x)  ^ 
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u'^  u" .  (m 


where  I  =-\  I X  is  the  small  parameter  equal  to  the  inverse  amount  of  the  cavity 

aspect  ratio  A. 

For  determination  of  the  outer  solution  we  neglect  the  cavitator  dimensions  in  comparison  with 
the  cavity  dimensions  (the  radius  of  the  caivtator  equals  zero  in  (2.14)).  We  seek  the  outer  solution  in  the 
form  of  expansion  into  asymptotic  rows  with  the  small  parameter  e\.  For  the  cavity  radius  squared  and 
the  cavitation  number  these  rows  have  the  form  (1.4).  After  substitution  of  (1.4)  in  (2.14)  and 
conservation  of  the  two  members  of  the  rows  integro-differential  equation  (2.14)  is  transformed  to  two 
differential  equations.  Solving  the  differential  equations  we  obtain  the  expression  for  the  cavity  profile 
and  the  cavitation  number  dependence  on  the  cavity  aspect  ratio  and  the  Mach  number 
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ln4  +  ln|(l  +  x)^^''^'^^(l-xy^ 
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(2.15) 


The  comparison  of  the  dependences  (2.15)  with  the  analogous  ones  (1.5)  obtained  for  subsonic 
flow  shows  that  in  supersonic  flow  the  first  approximation  of  the  cavity  shape  is  an  ellipsoid  of 
revolution  (as  in  incompressible  fluid).  The  numerator  of  the  second  member  in  the  asymptotic  row 
(2.15)  can  be  presented  as  the  sum  of  two  functions  fi(x)  mdfzfx) 

/,  (x)=  xMn  4  -  lnl(l  +  xy'^"^(l  - 
fi  (•^)=  ln[(l  +  x/"'”'*(l  - 

The  function //(xj  corresponds  to  the  second  approximation  of  the  cavity  profile  in  subsonic  flow 
(1.5).  In  case  of  supersonic  flow  the  odd  function^(Xy)  is  added  to  the  even  function/ifXy)  and  the  cavity 
becomes  asymmetric  relatively  to  the  middle  of  its  length.  The  cavity  asymmetry  is  explained  by  the  fact 
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that  in  supersonic  flow  the  influence  of  sources  and  sinks  spreads  downstream  only.  The  expression  for 
f2(x)  shows  that^(i:y)>0  at  x<0  mdf2(x)<0  atx>0,  i.e.  the  cavity  is  thicker  in  the  head  than  in  the  back  part 
and  the  mid-section  displaces  ahead. 

The  calculations  have  shown  that  at  the  cavitation  numbers  that  have  the  order  10'^  the  second 
approximation  of  the  cavity  shape  in  (2.15)  is  close  to  the  first  one  and  the  difference  does  not  exceed 
several  percent.  From  the  second  expression  (2.15)  it  follows  that  the  cavity  aspect  ratio  is  dependent 
upon  the  cavitation  and  Mach  numbers.  As  the  cavitation  number  decreases  the  influence  of  the  fluid 
compressibility  on  the  cavity  aspect  ratio  becomes  insignificant. 


3,  The  application  of  the  numerical  methods  for  calculation  of  supercavities  in 
subsonic  flow 

The  modem  numerical  methods  enable  us  to  calculate  the  cavitation  flows  in  compressible  fluid 
efficiently.  The  author  has  worked  out  the  algorithm  of  calculation  of  axisymmetric  cavities  in  sub-  and 
supersonic  compressible  fluid  flow  over  a  wide  range  of  cavitation  numbers  [1 1,12]. 

Let  us  consider  axisymmetric  subsonic  cavitation  flow  past  a  disk  in  accordance  with  the 
Riabouchinsky  scheme;  in  this  scheme  the  cavity  is  closed  by  a  disk  of  the  same  dimensions  as  the 
cavitator  disk  (Fig.  5) 


Fig.  5  Flow  schematic  and  computation  domain.  1  is  the  forward  shock,  2  is  the  trailing  shock 


In  view  of  the  flow  symmetry,  we  will  examine  the  flow  in  a  meridional  plane.  The  problem 
consist  in  determining  the  shape  of  the  cavity  boundary  MN  that  satisfy  the  constant  velocity  and 
impermeability  conditions  for  a  given  cavity  length  Lj,  (see  Fig.  5  where  AM  is  the  disk-cavitator,  NB  is 
the  closing  disk,  CFED  is  the  external  boundary).  The  geometric  dimensions  are  scaled  by  the  disk 
radius.  The  external  boundary  CFED  consists  of  three  parts:  CF  and  ED  are  parts  of  the  circles  with 
radius  120  and  centers  at  the  points  A  and  B  respectively;  the  segment  FE  is  a  parallel  to  the  axis  of 
symmetry  and  located  at  a  distance  of  120  from  the  latter.  As  the  main  equation  we  use  the  equation  of 
continuity 


or 


(3.1) 


where  Vx  and  v,-  are  the  velocity  components  in  the  x  and  r  directions  respectively.  The  flow 
velocity  and  liquid  density  are  scaled  by  the  free  stream  velocity  Vq  and  density  po  respectively.  In  the 


16-11 


compressible  case  equation  (3.1)  is  essentially  nonlinear,  and  we  will  apply  the  finite-difference  method 
to  solve  it.  The  density- velocity  relationship  is  taken  from  the  Bernoulli  equation 


P  = 


1  , 

2 


)  ,«  =  7.15 


(3.2) 


In  order  to  make  the  formulation  of  the  boundary  conditions  at  the  cavity  surface  more 
convenient,  it  makes  sense  to  map  the  computational  domain  in  x,  r  coordinates  onto  a  unit  square  in  r\ 
coordinates,  conformity  of  the  points  is  shown  in  Fig.  5.  After  mapping  equation  (3.1)  takes  the  form 
[18] 
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where  If  and  F  are  the  contravariant  velocity  components  in  the  ^  and  i]  directions,  and  J  is  the 
Jacobian  of  the  mapping.  We  consider  the  flow  to  be  potential  and  write  the  velocity  components  in  the 
following  form  [18] 
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where  dJ  is  the  flow  velocity  potential  and  .4],  A2,  A3  are  metric  coefficients.  After  mapping  onto 
477  plane  equation  (3.2)  takes  the  form 
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(3.4) 


The  boundary  condition  is  the  following:  the  tangential  velocity  is  constant  on  the  cavity 
boundary  MN,  the  impermeability  condition  is  imposed  on  the  segments  CA,  AM,  NB  and  BD,  the 
potential  on  the  external  boundary  is  equal  to  the  free  stream  potential. 
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Thus,  in  order  to  determine  the  cavitation  flow  it  is  necessary  to  solve  equation  (3.3)  onto  a  unit 
square  with  the  given  boundary  conditions.  The  dependence  of  the  density  on  the  velocity  (3.4)  is  added 
to  equation  (3.3).  The  entire  computational  domain  (that  is  the  unit  square  in  the  plane)  is  divided  by 
a  network  with  steps  and  Aq  along  and  q  directions. 

The  non-linear  system  of  equations  obtained  as  a  result  of  the  discretization  was  solved  using  the 
iteration  method  with  approximate  factorization  [18].  Before  proceeding  to  the  calculations  the  first 
approximation  for  the  cavity  shape  between  the  points  M  and  N  was  preassigned  and  the  computational 
network  corresponding  with  the  given  cavity  was  constructed  using  an  algebraic  mapping  technique  [18]. 
The  velocity  on  the  cavity  surface  Vk  was  determined  on  each  iteration  stage  using  the  values  of  the 
potentials  0n,  0m  at  the  points  N  and  M  from  the  correlation 


sn  is  the  length  of  the  arc  measured  from  the  disk  edge  M  to  the  point  N  on  the  closing  disk.  The 
potential  at  the  point  on  the  cavity  surface  corresponding  to  5  is  given  by  the  expression 


(3.5) 


where  5  is  the  arc  length  measured  from  the  point  M  to  the  given  point  on  the  cavity  surface. 
This  expression  was  used  for  specifying  the  boundary  conditions  on  the  segment  MN. 

The  iteration  procedure  turned  out  to  be  convergent;  the  discrepancy  diminished,  and  the 
potential  increment  vanished  as  the  number  of  the  iteration  cycles  increased.  However,  in  general,  the 
obtained  solution  did  not  satisfy  the  impermeability  condition  on  the  cavity  surface.  In  order  to  satisfy 
the  impermeability  condition  the  cavity  shape  was  varied  using  the  following  way  [11].  The  normal  flow 
velocity  on  the  cavity  surface  was  represented  in  the  form  -  d0/dn=d(p/dn+dx/dn  where  (p  is  the 
perturbed  velocity  potential,  x  is  the  coordinate  of  a  point  on  the  cavity  surface,  n  is  the  normal  to  the 
surface,  and  dx/dn=dr/ds.  The  cavity  shape  must  satisfy  the  impermeability  condition  d0/dn  =0  or 


dr  _  d(p 
ds  dn 


(3.6) 


In  [11]  it  is  shown  that  for  subsonic  flow  in  view  of  cavity  symmetry  about  the  mid-section  the 
iteration  process  of  solving  the  system  of  two  first  order  differential  equations  converges  precisely  to 
relation  (3.6).  The  system  has  the  form 


dr  _  d(p  dx 
ds  dn  ’  95 
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J 


(3.7) 


According  to  equations  (3.7)  the  front  half  of  the  cavity  had  to  be  corrected. 

The  numerical  analysis  was  performed  for  the  constant  cavity  length  Lj^=l 99.96  that  corresponds 
with  the  cavitation  number  0.02  for  incompressible  fluid.  The  results  of  the  numerical  calculations  were 
checked  on  the  satisfaction  of  the  mass  and  momentum  conservation  laws  and  were  compared  with  the 
results  obtained  by  the  slender  body  theory.  The  numerical  calculations  show  that  in  subsonic  flow  the 
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cavity  shape  is  close  to  an  ellipsoid  of  revolution  and  the  dependence  a(X,  M)  is  described  by  the  the 
second  expression  (1.5)  with  sufficient  accuracy.  Moreover,  the  test  calculations  were  performed  to 
compare  with  results  [15]  for  incompressible  fluid  (M=0,  0^0.02)  and  results  [10]  (M=0.5  0^0.16).  The 
comparison  has  shown  a  good  agreement.  For  subsonic  flow  the  cavity  shape  in  the  vicinity  of  the  disk  is 
shown  in  Fig.  4  in  lecture  #1.  The  continuous  curve  represents  the  calculations  [15]  for  incompressible 
fluid.  The  author’s  numerical  results  are  shown  by  points  for  different  Mach  numbers.  In  Fig.  5  in 
lecture  #1  we  compare  the  cavity  profiles  in  compressible  and  incompressible  fluid  for  the  same 
cavitation  number  0^0.0235.  The  continuous  curve  corresponds  to  the  cavity  profile  in  compressible 
fluid  calculated  by  the  numerical  method  for  M=0.8;  the  broken  curve  corresponds  to  the  cavity  in 
incompressible  fluid  calculated  by  Logvinovich  formula  [14]. 


4.  The  application  of  the  numerical  methods  for  calculation  of  supercavities  in 
supersonic  flow 

Let  US  consider  axisymmetric  supersonic  cavitation  flow  past  a  disk  in  accordance  with  the 
Riabouchinsky  scheme.  The  proposed  flow  scheme  is  presented  in  Fig.  5.  In  case  of  supersonic  flow  the 
shock  waves  appear  (see  Fig.  5,  curve  1  is  the  forward  shock  formed  upstream  of  the  disk,  and  curve  2  is 
the  trailing  shock  emanating  from  the  closing  disk  edge).  The  forward  shock  is  the  most  intense  and 
nearly  normal  in  the  vicinity  of  the  symmetry  axis. 

However,  the  shocks  appearance  does  not  break  the  condition  that  the  flow  is  potential.  In  water 
over  a  wide  range  of  pressures  a  shock  adiabat  agrees  with  the  static  one  expressed  by  the  Tait  equation 
[19]  special  investigation  on  the  analysis  of  the  shock  equations  was  carried  out  [20].  The  analysis 
has  shown  that  we  can  assume  that  the  normal  shock  in  water  is  isentropic  and  the  flow  is  potential  if 
Mach  number  does  not  exceed  the  value  2.2.  In  [20]  it  is  shown  that  we  can  determine  the  density  from 
the  Bernoulli  equation  (3.2)  in  the  whole  area  of  the  supersonic  flow  (at  the  known  flow  velocity). 

Thus,  the  main  equations  for  the  calculation  of  the  supersonic  cavitation  flow  are  equations  (3.3) 
and  (3.4)  as  in  case  of  subsonic  flow.  We  will  apply  the  finite-difference  method  to  solve  these  equations 
[12].  As  distinct  from  the  subsonic  flow,  in  the  supersonic  flow  the  boundary  conditions  on  the  external 
boundary  are  the  following:  the  potential  is  equal  to  the  free  stream  potential  only  on  the  part  of  the 
external  boundary  where  the  normal  velocity  directed  along  the  external  normal  is  less  than  the  velocity 
of  sound.  On  the  part  of  the  external  boundary  where  the  normal  velocity  is  more  than  the  velocity  of 
sound  the  potential  is  determined  by  interpolation  of  values  in  the  nearest  nodes  of  the  computational 
network.  As  distinct  from  the  subsonic  flow,  we  apply  the  artificial  viscosity  so  that  the  difference 
scheme  will  be  stable  in  the  supersonic  area  [18,21].  The  artificial  viscosity  is  introduced  as  a 
modification  of  density  expression  [12].  The  modification  is  equivalent  to  upstream  displacement  of  the 
computation  domain  nodes. 

The  non-linear  system  of  equations  obtained  as  a  result  of  the  discretization  was  solved  using  the 
iteration  method  with  approximate  factorization  [12]  (as  in  case  of  subsonic  flow).  The  iteration 
procedure  turned  out  to  be  convergent;  the  discrepancy  diminished,  and  the  potential  increment  vanished 
as  the  number  of  the  iteration  cycles  increased.  However,  in  general,  the  obtained  solution  did  not  satisfy 
the  impermeability  condition  on  the  cavity  surface.  In  case  of  subsonic  flow  the  impermeability 
condition  was  satisfied  by  varying  the  cavity  shape  with  the  help  of  equations  (3.7)  which  are  first  order 
differential  equations,  and  since  at  subsonic  flow  velocities  the  cavity  is  symmetric  with  respect  to  the 
mid-section,  a  single  boundary  condition  sufficed  and  only  the  front  half  of  the  cavity  had  to  be 
corrected.  However,  at  supersonic  flow  velocities  the  cavity  is  asymmetric  and  its  shape  must  be 
corrected  using  second  order  differential  equations  subject  to  the  boundary  conditions 


5  =  0:  r  =  l,  x  =  0 
s  =  s^:  r  =  l,  x  =  L^ 
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The  cavity  shape  was  corrected  from  the  disk-cavitator  edge  towards  the  closing  disk  edge.  The 
system  of  differential  equations  was  derived  by  differentiating  (3.7)  with  respect  to  5 


av_  a 

d-x_  drdh- 

1- 

- 

a,v' “  aJ 

1  a« ) 

1’  a.s--  “  ds  ar 

[dsj 

Note  that  the  second  derivative  (fr/dx^  has  a  singularity  near  the  disk  edge,  an  accurate 
determination  of  the  second  derivatives  in  (4.1)  presents  considerable  difficulties  in  this  area.  The 
calculation  of  the  second  derivatives  near  the  disk  edge  was  avoided  by  using  equations  (4.1)  for  2<x<Lk- 
2,  and  in  the  vicinity  of  the  cavitator  and  closing  disk  the  cavity  shape  was  corrected  using  equations 
(3.7)  (as  in  subsonic  flow).  As  a  result  of  the  numerical  solution  the  obtained  cavity  shape  satisfied  both 
the  constant  velocity  condition  (3.5)  and  the  impermeability  condition  (3.6). 

The  numerical  analysis  was  performed  for  the  constant  cavity  length  L^^^l 99.96  that  corresponds 
with  the  cavitation  number  0.02  for  incompressible  fluid.  Calculations  of  supercavities  downstream  of  a 
disk  within  the  range  of  Mach  numbers  1<M<1.4  have  been  performed.  As  a  result  of  the  analysis  for 
different  Mach  numbers  the  following  characteristics  were  defined  -  the  cavitation  number,  the  cavitation 
drag  ratio,  the  mid-section  radius,  the  aspect  ratio,  the  cavity  shape,  and  the  shock’s  distance  from  a  disk. 

The  results  of  the  numerical  calculations  of  the  supercavities  in  supersonic  flow  satisfy  the  mass 
and  momentum  conservation  laws.  For  the  supersonic  flow  the  cavity  shape  defined  by  the  numerical 
calculation  is  close  to  an  ellipsoid  of  revolution.  It  agrees  with  the  author’s  results  obtained  with  the  help 
of  the  slender  body  theory  (see  chapter  2).  However,  the  results  on  asymmetry  of  the  cavity  shape  (mid¬ 
section  displacement  relative  to  the  middle  of  the  cavity  length)  do  not  agree.  While  the  numerical 
calculation  yields  a  displacement  directed  downstream,  in  chapter  2  (the  first  expression  (2.15))  an 
opposite  displacement  was  obtained.  The  behavior  of  the  dependence  of  (7  on  A  and  M  is  also  different: 
for  constant  Lk  the  calculated  aspect  ratio  and  a  increase  with  the  increase  in  the  Mach  number  (as  in 
subsonic  flow),  whereas  the  second  expression  (2.15)  yields  the  opposite.  The  discrepancy  is  due  to  the 
fact  that  the  search  for  the  second  approximation  to  the  cavity  shape  and  the  dependence  a  (X,  M)  carried 
out  in  chapter  2  overstepped  the  limits  of  the  slender  body  theory  for  supersonic  flow.  In  fact,  the  first 
approximation  (an  ellipsoid  of  revolution)  is  not  a  slender  body  in  the  front  part  where  the  shock  arises. 
The  shock  is  not  described  by  the  small  perturbation  theory.  This  is  the  second  peculiarity  of  the  slender 
body  theory  application  to  the  supersonic  cavitation  flows  that  should  be  noted. 

The  cavity  profile  in  the  vicinity  of  the  disk  is  shown  in  Fig.  6. 


^ .  T  “■ 


Fig.  6 


The  front  of  the  cavity 
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The  continuous  curve  represents  the  calculation  for  incompressible  fluid  [15].  The  author’s 
numerical  results  for  supersonic  flow  are  shown  by  points  for  different  Mach  numbers.  It  can  be  seen 
that  in  supersonic  flow  the  cavity  in  initial  regions  is  narrower  than  in  incompressible  flow.  Narrowing 
of  the  cavity  is  related  to  the  Prandtl-Meyer  stream  at  the  disk  edge. 


Fig.  7  Cavity  profile 

In  Fig.  7  we  compare  the  cavity  profile  in  supersonic  flow  and  incompressible  fluid  for  the  same 
cavitation  number  0^0. 0308.  The  continuous  curve  corresponds  to  the  numerical  method  for  M=1.2,  the 
broken  curve  corresponds  to  the  cavity  in  incompressible  fluid.  The  maximum  asymmetry  to  the  cavity 
shape  was  observed  for  the  Mach  number  equal  to  1.1  (this  case  is  illustrated  in  Fig.  8) 


1” 


Fig.  8  Cavity  profile 


In  Fig.  8  curve  I  corresponds  to  the  numerical  calculation,  curve  2  corresponds  to  an  ellipsoid  of 
revolution  (the  origin  is  on  the  disk  edge).  From  Fig.  8  it  is  evident  that  in  the  first  approximation  the 
cavity  profile  is  close  to  an  ellipsoid  of  revolution  in  supersonic  flow. 
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The  positions  of  the  forward  shock  and  the  sonic  line  (where  the  local  Mach  number  equals  1) 
were  determined  by  numerical  calculation.  It  was  found  that  in  case  of  supersonic  cavitation  flow  past  a 
disk  the  distance  between  the  forward  shock  and  the  disk  surface  is  much  greater  that  in  case  of 
continuous  supersonic  air  flow  [12]. 


ii  =  IJ 


Fig.  9  Position  of  the  forward  shock  for  M=l.l.  1  is  the  forward  shock, 
2  is  the  sonic  line  and  3  is  the  cavity  front  profile. 


As  an  example,  in  Fig.  9  the  position  of  the  forward  shock  is  shown  for  the  Mach  number  equal 
to  1.1.  Curve  1  corresponds  to  the  forward  shock;  curve  2  corresponds  to  the  sonic  line:  curve  3 
corresponds  to  the  cavity  front  profile.  The  Mach  number  dependence  of  the  cavitation  drag  coefficient 
of  a  disk  at  zero  cavitation  number  Cxo  is  shown  in  Fig.  10  [12]. 


Fig.  10  Dependence  of  Cxo  on  M 


Based  on  the  numerical  calculations  we  can  conclude  that  the  passing  through  the  speed  of  sound 
does  not  result  in  a  substantial  variation  in  the  cavity  shape  as  compared  with  subsonic  flow.  In 
agreement  with  the  slender  body  theory,  the  cavity  shape  in  supersonic  flow  is  close  to  an  ellipsoid  of 
revolution. 
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5,  Shocks  in  a  supersonic  water  stream 


We  will  consider  an  oblique  shock  in  a  supersonic  water  flow,  the  double  line  in  Fig.  1 1,  where  /3 
is  the  angle  between  the  direction  of  the  undisturbed  velocity  Fq  and  the  shock,  6  is  the  angle  of 
deviation  of  the  flow  behind  the  shock,  Vno  and  are  the  normal  and  tangential  components  of  the 
velocity  ahead  of  the  shock,  and  v„  i  and  v^i  are  the  velocity  components  behind  the  shock. 


Fig.  11  Oblique  shock  and  diagram  of  supersonic  flow  past  a  cone  OA 


The  basic  relations  for  the  shock,  namely,  the  mass  and  momentum  conservation  equations  can 
be  written  as  follows  [22] 


PoV„o  =  PlV„i 

(5.1) 

Po^L  +Po  =PlV«l  +Pl 

(5.2) 

(5.3) 

where  Pq,  Po  are  the  pressure  and  the  density  ahead  of  the  shock,  and  subscript  1  denotes  the 
quantities  behind  the  shock. 

The  equation  of  the  shock  adiabatic  curve  must  be  added  to  equations  (5.1)-(5.3).  It  is  well 
known  [19]  that  at  the  pressures  lower  than  3*10^  MPa  the  shock  and  the  static  adiabatic  curves  coincide 
and  can  be  expressed  by  the  Tait  equation 


P,-Po=^l 


'Pl'" 
Vpo  / 


B  =  «  =  7.15 

n 


(5.4) 


where  ao  is  the  speed  of  sound  in  the  free  stream  ahead  of  the  shock. 
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If  on  the  shock  front  the  pressure  exceeds  the  value  3  - 10^  MPa,  the  equation  of  the  shock 
adiabatic  curve  can  be  written  in  the  form  [19] 


Pi“Po=^ 


Pl 

Po 


d  =  4\6MPa,  k  =  629 


(5.5) 


Behind  the  shock  the  speed  of  sound  \af 

(5.4) 


dP!  dp) 


can  be  determined  from  the  static  adiabat 
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(5.6) 


The  expressions  for  determining  the  flow  velocities  ahead  of  the  shock  Fq  and  behind  it  V\  have 
the  form 


+  V, 
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+  V 


2 

Tl 


The  dependences  of  the  ratio  of  densities  po/pi  on  the  free  stream  Mach  number  (M=F(/ao) 
come  from  equations  (5.1)-(5.3),  (5.4)  and  (5.5)  and  can  be  written  as  follows 
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(5.7) 


We  apply  the  first  expression  (5.7)  when  on  the  shock  front  the  pressure  does  not  exceed  the 
value  3*10^  MPa  {Msinp<22),  the  second  expression  (5.7)  corresponds  to  the  pressure  that  exceeds  this 
value. 


Let  us  consider  a  particular  case  that  corresponds  to  the  normal  shock  {p=90^).  For  this  case  the 
following  correlations  are  satisfied 


sin/3  =  l 


The  quantity  of  perturbed  velocity  u  behind  the  shock  is  determined  from  the  expression 


u  =  V,-V, 


(5.8) 
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The  following  is  the  way  how  we  can  calculate  the  flow  parameters  behind  the  normal  shock. 

The  value  of  the  pressure  on  the  shock  front  P\  is  given,  then  from  (5.4)  or  (5.5)  the  ratio  of  densities 

pi/po  is  calculated.  From  expressions  (5.7)  the  Mach  number  and  velocity  Fq  are  determined ,  from  (5.1) 

the  value  of  velocity  behind  the  shock  V\  is  found.  Then  from  equations  (5.6)  and  (5.8)  the  speed  of 

sound  behind  the  shock  a\  and  perturbed  velocity  u  are  determined.  With  the  help  of  formulas  (5.1), 

(5.2),  (5.4)-(5.8)  the  author  has  calculated  the  flow  parameters  behind  the  normal  shock  on  the  pressure 

Pi  interval  490MPa<Pi<7840  MPa  [20].  The  results  of  this  calculation  have  been  compared  with  the 

results  [23]  obtained  from  the  mass,  momentum  and  energy  conservation  equations  which  were  solved  by 

the  method  of  successive  approximations.  The  flow  parameters  calculated  by  the  author  (Fq?  t/,  ai),  and 

/  / 

determined  in  [23]  at  the  same  values  Pi  ( Fq  )  are  presented  in  the  table. 


Table 


Px, 

MPa 

Vo,  m/s 

Vq',  m/s 

u,  m/s 

u^,  m/s 

a\,  m/s 

a\'  m/s 

490 

1967 

1975 

249 

251 

2221 

2230 

980 

2310 

2335 

424 

426 

2734 

2755 

1470 

2586 

2630 

568 

567 

3142 

3175 

1960 

2823 

2880 

694 

689 

3491 

3535 

2450 

3033 

3110 

808 

798 

3798 

3855 

2940 

3223 

3320 

912 

898 

4075 

4140 

3430 

3394 

3510 

1011 

990 

4343 

4405 

3920 

3550 

3690 

1104 

1075 

4605 

4650 

4900 

3836 

4020 

1277 

1235 

5088 

5100 

5880 

4095 

4325 

1436 

1380 

5527 

5505 

6860 

4333 

4610 

1583 

1510 

5931 

5880 

7840 

4554 

4885 

1722 

1625 

6309 

6240 

From  the  table  it  is  evident  that  the  results  obtained  by  the  author  is  close  to  the  results  obtained 
in  [23].  Consequently  we  can  use  expressions  (5.4)  and  (5.5)  for  calculation  of  the  shock  adiabatic  curve. 
It  should  be  noted  that  T.  Nishiyama  in  [9]  applied  the  equations  identical  to  the  relations  for  a  normal 
shock  in  air  for  calculation  of  a  normal  shock  in  water.  In  [24]  it  is  shown  that  the  equations  in  [9]  are 
not  applicable  for  calculating  the  shocks  in  water  and  they  contradict  with  the  well-known  experimental 
and  theoretical  results. 
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Let  us  continue  the  consideration  of  the  oblique  shock.  Expressions  for  the  flow  turning  angle  6 
and  the  Mach  number  Mj  =  Fj  !  behind  the  shock  can  be  determined  from  equations  (5.1)-(5.3)  and 
(5.6)  and  the  geometric  relations  in  Fig.  1 1. 


M, 

Pi 


M  sin  p 


,  >+l)/2 

Ho 


Sin 


ip-e) 


(5.9) 


The  flow  turning  angle  0  was  calculated  at  Mach  numbers  on  the  interval  1.2<M<5  [25].  The 
calculation  was  performed  as  follows.  For  the  chosen  value  of  M  the  interval  of  shock  angle  (3  (from 
Mach  angle  equal  to  arcsin  1/M  to  71/2)  was  divided  into  200  parts;  for  the  chosen  values  of  M  and  (3  the 
ratio  of  densities  po/pi  was  determined  from  (5.7)  by  half-division  method.  The  value  of  po/pi  was 
substituted  in  the  first  equation  (5.9)  and  the  value  of  9  was  determined.  The  Mach  number  Mi  was 
determined  from  the  second  equation  (5.9).  In  Fig.  12  we  have  reproduced  the  calculation  results  in  the 
form  of  graphs  of  0  versus  (3  at  various  M  (continuous  curves  1-8,  the  Mach  numbers  equal  1.2;  1.4;  1.6; 
2;  2.5;  3;  4;  5  respectively). 


Fig.l2  Dependence  of  9  on  curves  1-8  correspond  to-M=1.2;  1.4;  1.6;  2;  2.5;  3;  4  and  5; 
curve  9  and  10  correspond  to  Mi=l  and-0=0*  respectively 

The  chain  curve  9  separates  the  domains  of  supersonic  flow  behind  the  shock  (Mi>l)  and 
subsonic  flow,  the  domains  of  supersonic  flow  are  located  to  the  left  curve  9.  The  broken  curve  10 
corresponds  to  the  maximum  (critical)  angles  0*.  The  domain  to  the  right  of  curve  10  corresponds  to  a 
detached  shock.  If  the  apex  angle  of  the  wedge  exceeds  the  value  of  20*  then  the  flow  around  this  body 
has  the  curved  detached  shock.  In  Fig.  13  curve  1  represents  the  graph  of  the  critical  angle  0*  as  a 
function  of  M  for  a  wedge. 
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Fig.l3  Dependence  of  6*  on  M;  curves  1  and  2  correspond  to  flow 
past  a  wedge  and  cone  respectively 


6.  Conical  flows 

Let  US  consider  the  axisymmetric  conical  flow  formed  behind  a  shock  (Fig.  1 1)  [25];  the  line  OA 
is  the  profile  of  the  cone  and  a  is  its  apex  half-angle.  The  spherical  coordinate  system  (p,  r  with  the 
origin  that  lies  at  the  apex  of  the  cone  and  with  x-axis  directed  along  the  symmetry  axis  is  introduced. 
The  angle  (p  is  measured  from  the  x-axis,  r-coordinate  equals  the  radius- vector  drawn  from  the  origin,  OB 
is  the  intermediate  conical  surface,  Fr  is  the  component  of  the  velocity  directed  along  the  radius-vector, 
V(p  is  the  component  of  the  velocity  directed  along  the  perpendicular  to  the  radius-vector. 

The  basic  condition  of  the  conical  flow  concludes  that  the  flow  parameters  must  be  constant 
along  the  straight  lines  drawn  from  the  apex  of  the  cone.  Consequently,  any  partial  derivative  of  the  flow 
parameters  with  respect  to  r  -  coordinate  equals  zero.  The  equations  that  define  the  kinematic  parameters 
of  the  conical  flow  have  been  obtained  from  the  continuity  and  Euler  equations  [22] 


dV^  JaX+aXctg(p-V^V^^  ^ 

d(p  ’  d(p 


where  a  is  the  speed  of  sound  at  the  given  point  of  the  flow. 

For  the  velocity  components  and  Fri  the  boundary  conditions  on  the  shock  are  written  as 

follows 


V^,=-V,sinl3^,  V^,=V,cosl3, 

Pi 


(6.2) 


The  boundary  conditions  on  the  cone  surface  have  the  form 


^=0,  (p=a 


(6.3) 
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where  Vcon  is  the  quantity  of  the  velocity  on  the  cone  surface. 

The  speed  of  sound  in  the  region  behind  the  shock  is  determined  from  the  Bernoulli  equation 


_l_ 
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n  - 1 


_1_ 
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n  “  1 


(6.4) 


The  dependence  of  the  density  on  the  speed  of  sound  has  the  form 


a 


V  ^  J 


(6.5) 


The  pressure  in  regions  behind  the  shock  is  calculated  from  the  static  adiabatic  curve  at  the 
known  value  of  the  density 


p,= 


Pi  (2] 


(6.6) 


The  conical  flow  behind  the  shock  has  been  calculated  in  the  following  way.  The  system  of 
equations  (6.1),  the  boundary  conditions  (6.2)  and  (6.3)  and  equation  (6.4)  were  reduced  to  the 
dimensionless  form.  The  quantity  of  the  velocity  was  normalized  by  the  free  stream  speed  of  sound  ao 
and  we  obtained  the  Mach  number  M  as  the  dimensionless  parameter.  The  Mach  number  was  specified 
on  the  interval  1<M<5.  For  the  chosen  M  the  interval  of  shock  angle  /3  (from  Mach  number  to  nil)  was 
divided  into  200  parts.  Then  for  the  chosen  values  of  M  and  /3  from  (5.7)  and  (6.1)-(6.4)  the  apex  half¬ 
angle  of  the  cone  a  was  calculated.  The  system  of  differential  equations  (6.1)  was  solved  by  the 
numerical  Runge-Kutta  method.  As  the  boundary  condition  we  applied  condition  (6.2)  and  the  step  of 
angle  change  a<P  was  equal  to  0.25°.  The  condition  (6.3)  was  used  to  determine  the  end  of  counting.  The 
segment  [tpi,  (jOj+i]  was  determined  on  which  the  value  of  F(p  reversed  sign.  Then  on  this  segment  the 
value  of  a  that  corresponds  to  the  condition  F^=0  was  found.  As  a  result  of  these  calculations  for  the 
fixed  values  of  M  we  have  obtained  the  dependences  oc(P),  Mcon(P),  Vcon(P)  i^con^KoJ^com  where  Ucoii  is 
the  speed  of  sound  on  the  cone  surface). 

From  the  dependences  a(P)  the  maximum  angles  a  corresponding  to  the  critical  cone  angles  0* 
were  determined  for  all  values  of  M.  If  the  cone  apex  half-angle  a  exceeds  the  value  of  0*  then  the 
supersonic  flow  around  this  body  has  the  curved  detached  shock  and  the  conical  flow  behind  the  shock  is 
absent.  In  Fig.  13  curve  2  represents  the  graph  of  0*  as  a  function  of  M  A  comparison  of  the  results  in 
Fig.  13  with  the  results  for  air  [22]  shows  that  in  supersonic  water  flow  past  a  wedge  or  cone  the  critical 
angles  are  significantly  less  than  those  in  an  air  flow  past  the  same  bodies. 

For  the  visual  representation  the  found  values  of  /3,  a,  Vcon  and  Mcon  were  treated  and  the 
dependences  P(M),  Vcon{M)  and  Mcon{M)  were  obtained  for  the  fixed  values  of  a.  The  treatment  was 
performed  by  interpolation.  The  values  of  cone  angles  a  were  chosen  equal  to  5°,  10°,  15°,  20°,  25°  and 
30°.  Using  the  value  of  the  velocity  on  the  cone  surface  Vcon  the  pressure  coefficient  Cp  was  calculated 
from  equations  (6.4),  (6.5)  and  (6.6). 

In  Fig.  14  we  have  plotted  graphs  of  the  angle  /?  of  inclination  of  the  shock  as  a  function  of  M  at 
cone  angles  5°<a<30°  (curves  1-6). 
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Fig.  14  Dependence  of  j8on  M;  curves  1-6  correspond  to  0=5°,  10°,  15°,  20°,  25°  and  30°;  curve  7 
corresponds  to  detachment  of  the  shock  from  the  apex  of  the  cone;  curve  8  corresponds 
to  Mcon=^\  curve  9  corresponds  to  the  Mach  line  {sinp=\IM) 

The  broken  curve  7  corresponds  to  detachment  of  the  bow  shock  from  the  apex  of  the  cone.  The 
chain  curve  8  separates  the  domains  of  supersonic  {Mcon>\)  and  subsonic  flows  on  the  cone,  the 
supersonic  domain  is  located  below  curve  8.  The  broken  curve  9  corresponds  to  the  Mach  angle 
{sinp^MM).  From  Fig.  14  it  is  evident  that  the  bow  shock  for  the  cone  0=5°  is  Mach  shock,  it  is  close  to 
the  Mach  line.  We  can  assume  that  the  flow  around  this  cone  is  described  by  the  small  perturbation 
theory. 


Fig.  15  Dependence  of  Cp  on  M;  curves  1-6  correspond  to  o=5°,  10°,  15°,  20°,  25°  and  30°;  curve 
7  corresponds  to  the  detachment  of  the  shock  from  the  apex  of  the  cone;  curve  8 

corresponds  to  Mc<,„=l 
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In  Fig.  15  we  have  plotted  graphs  of  the  pressure  coefficient  Cp  as  a  function  of  M  for  various 
cone  angles  (curves  1-6).  The  broken  curve  7  and  the  chain  curve  8  have  the  same  meaning  as  those  in 
Fig.  14;  the  supersonic  domain  is  located  below  curve  8.  In  case  of  supersonic  flow  around  the  cone  the 
drag  coefficient  equals  the  pressure  coefficient  Cp  at  0^0  (see  chapter  2). 


Fig.  16  Dependence  of  Cxo  on  M  for  the  cone  a  =5°;  curve  1  corresponds  to  numerical 
calculation;  curve  2  corresponds  to  calculation  from  formula  (2.10) 


Let  us  compare  the  drag  coefficient  of  the  cones  at  {Cxo=Cp)  obtained  in  this  chapter  with  the 
ones  calculated  based  on  the  slender  body  theory  (2.10).  In  Fig.  16  and  Fig.  17  the  dependences  Cxo{M) 
are  shown  for  the  cones  0^5°  and  o^lO"^  respectively.  Curve  1  corresponds  to  the  values  of  Cxo  obtained 
in  this  chapter,  curve  2  corresponds  to  the  values  of  Cxo  calculated  by  formula  (2.10). 


Fig.  17  Dependence  of  Cxo  on  M  for  the  cone  a  =10®;  curve  1  corresponds  to  numerical 
calculation;  curve  2  corresponds  to  calculation  from  formula  (2.10) 


From  Fig.  16  it  follows  that  for  the  cone  the  results  of  the  numerical  calculation  obtained  by 
formulas  (6.1)-(6.6)  are  close  to  the  results  obtained  by  formula  (2.10)  at  the  Mach  numbers  1.1<M<3. 
This  conclusion  agrees  with  Fig.  14  which  shows  that  the  bow  shock  for  the  cone  is  close  to  the 
Mach  line. 
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From  Fig.  17  we  can  see  the  significant  discrepancy  between  the  values  of  Qo  calculated  by 
formulas  (6.1)-(6.6)  and  the  ones  calculated  by  formula  (2.10).  We  cannot  consider  the  cone  a=10°  to  be 
a  slender  body  in  supersonic  water  flow.  The  numerical  calculation  shows  (Fig.  14,  15)  that  at  the  Mach 
numbers  on  the  interval  1<M<L2  this  cone  has  a  detached  shock  and  the  velocity  on  the  cone  surface 
exceeds  the  speed  of  sound  if  the  Mach  number  is  greater  than  1.46.  This  flow  is  not  described  by  the 
small  perturbation  theory.  The  third  peculiarity  of  the  slender  body  theory  application  to  the  supersonic 
cavitation  flow  is  restriction  of  its  results.  For  the  drag  coefficient  of  thin  cone-cavitators  this  theory 
provides  the  exact  values  if  the  cone  apex  half-angle  does  not  exceed  5°. 


7.  The  comparison  of  the  theoretical  results  with  the  experimental  data 

In  the  experimental  works  [26,  27,  28]  the  cavitation  flows  formed  at  the  high  speed  body  motion 
in  water  have  been  investigated  on  the  Mach  number  interval  0.1<M^.93  (the  body  has  a  disk-cavitator). 
From  the  treatment  of  the  experimental  data  we  can  conclude  that  in  subsonic  flow  on  the  whole  range  of 
the  Mach  numbers  the  cavity  is  symmetrical  with  respect  to  the  mid-section  and  the  cavity  profile  is  close 
to  an  ellipsoid  of  revolution.  This  conclusion  agrees  with  the  author’s  results  obtained  with  the  help  of 
the  slender  body  theory  and  the  numerical  methods.  In  Fig.  18  the  continuous  curve  represents  an 
ellipsoid  of  revolution;  the  points  correspond  to  the  experimental  data  [28]  obtained  on  the  Mach  number 
interval  0.3<M<0.93;  the  cavitation  numbers  have  the  order  lO  '^^lO'^. 


Fig.  18  Cavity  profile;  the  continuous  curve  corresponds  to  an  ellipsoid  of  revolution,  the  points 

correspond  to  the  experimental  data  [28] 


In  [26,  27]  the  experimental  values  of  the  cavity  dimensions  obtained  on  the  Mach  number 
interval  0.1<M<0.7  and  the  cavitation  number  interval  10''^<(7<10'^  have  been  compared  with  the 
asymptotic  dependences  at  cT-^O  [29].  The  asymptotic  formulas  for  the  cavity  mid-section  radius  and  the 
cavity  length  scaled  by  the  disk  radius  are  written  as  follows  [29] 


(7.1) 


In  Fig.  19  the  continuous  curve  represents  the  asymptotic  dependence  of  the  mid-section  radius 
on  the  cavitation  number  (7.1);  points  1  correspond  to  the  experimental  data  [26,  27]  (the  Mach  numbers 
are  marked  above  the  abscissa  axis);  points  2  correspond  to  the  author’s  calculations  [20]. 
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Fig.  19  Dependence  of  Rk  on  O;  the  continuous  curve  corresponds  to  dependence  (7.1);  points  1 

correspond  to  the  experimental  data  [26,  27];  points  2  correspond  to  calculations  [20] 


In  Fig.  20  the  continuous  curve  represents  the  asymptotic  dependence  of  the  cavity  length  on  the 
cavitation  number  (7.1);  points  1  correspond  to  the  experimental  data  [26,  27];  points  2  correspond  to  the 
author’s  calculations  [20]. 


Fig.  20  Dependence  of  Lk  on  o;  the  continuous  curve  corresponds  to  dependence  (7.1);  points  1 
correspond  to  the  experimental  data  [26,  27];  points  2  correspond  to  calculations  [20] 


From  the  examination  of  Fig.  18-20  we  can  conclude  that  the  theoretical  results  agree  with  the 
experimental  data. 

In  the  United  States  and  in  the  Institute  of  Hydromechanics  (Ukraine)  the  tests  are  being  carried 
out  on  the  supersonic  body  motion  in  water.  The  quantitative  experimental  data  are  not  presented, 
however,  in  1998  a  photograph  of  supersonic  cavitation  flow  with  a  detached  shock  was  published  [30]. 
Also,  the  announcement  was  made  in  [30]  that  in  the  United  States  on  July  17,  1997  the  underwater 
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Speed  record  was  set  (for  the  first  time  in  water  the  speed  of  a  body  exceeds  the  speed  of  sound).  The 
contour  of  the  shock  on  the  photograph  shows  that  the  Mach  number  is  equal  to  1.1  (or  the  speed  of  a 
body  exceeds  1600m/s).  In  general,  the  image  of  the  flow  on  the  photograph  corresponds  to  the  author’s 
theoretical  result  for  the  Mach  number  equal  to  1.1  (Fig.  9). 


Conclusions 


The  high  speed  cavitation  flow  in  water  has  some  peculiarities.  The  cavity  has  remarkable 
characteristics;  it  promotes  not  only  the  motion  in  water  with  small  drag  but  also  screens  the  body  from 
shocks.  On  the  cavity  surface  the  constant  velocity  and  the  constant  pressure  conditions  are  satisfied, 
consequently  the  shocks  are  absent.  The  bow  shock  forms  before  the  cavitator  or  on  its  apex  (in  case  of 
thin  cones),  in  the  domain  of  cavity  closure  the  trailing  shock  forms.  For  this  scheme  of  flow  the  sharp 
change  of  the  flow  parameters  does  not  take  place  on  the  transonic  velocity  range  (0.7<M<1.2).  As 
distinct  from  water,  in  air  on  the  transonic  velocity  range  the  shocks  form  on  the  body  surface  and 
aerodynamic  characteristics  of  body  change  considerably.  In  water  on  the  transonic  velocity  range  the 
parameters  of  the  cavitation  flow  change  smoothly  as  the  Mach  number  increases.  The  passing  though 
the  speed  of  sound  does  not  result  in  a  substantial  variation  in  the  cavity  shape  as  compared  with 
subsonic  flow.  In  spite  of  the  small  asymmetry  of  the  shape  about  the  mid-section  the  cavity  shape  in 
supersonic  flow  is  close  to  an  ellipsoid  of  revolution  as  it  was  before. 

Water  is  rather  law-compressible  fluid  as  compared  with  air.  In  water  many  physical  effects  tied 
up  with  compressibility  essentially  differ  from  those  in  air.  We  can  assume  that  the  normal  shock  in 
water  is  isentropic  and  the  flows  are  potential  at  the  Mach  numbers  on  the  interval  1<M<2.2.  At  the 
same  Mach  numbers  the  ratio  of  densities  pj/po  on  the  shock  front  in  water  is  far  less  than  that  in  air.  As 
a  result  the  distance  between  the  forward  shock  and  the  cavitator  surface  in  water  is  much  greater  than  in 
case  of  continuous  supersonic  air  flow.  In  supersonic  water  flow  past  a  wedge  or  a  cone  the  critical 
angles  are  significantly  less  than  those  in  an  air  flow  past  the  same  bodies.  The  flow  turning  angle  for  the 
Prandtl-Meyer  stream  in  water  is  far  less  than  that  in  air  at  the  same  Mach  numbers.  All  the  factors 
mentioned  above  (the  small  losses  of  mechanical  energy  in  the  shocks,  the  considerable  distance  between 
the  forward  shock  and  the  cavitator  surface,  the  small  deflection  of  flow  in  the  stream  about  the  cavitator 
edge)  weakly  prevent  from  the  cavity  expansion.  In  supersonic  flow  at  the  Mach  numbers  on  the  interval 
1<M<  \A  we  do  not  observe  the  considerable  narrowing  and  change  of  the  cavity  shape  as  compared  with 
subsonic  flow.  The  cavity  expands  in  accordance  with  the  law  of  conservation  of  energy  in  a  liquid. 

The  slender  body  theory  has  a  limited  application  for  the  investigation  of  the  supersonic 
cavitation  flows.  First  of  all,  in  case  of  the  thin  cone-cavitators  the  solution  obtained  for  the  whole  area 
of  the  flow  is  not  valid  for  the  flow  past  the  cone  edge.  In  the  supersonic  flow  the  Prandtl-Meyer  stream 
forms  at  the  edge.  The  stream  must  turn  at  the  angle  that  is  dependent  upon  the  pressure  within  the  cavity 
or  the  cavitation  number.  The  incline  of  free  stream  line  is  less  than  the  cone  apex  half-angle.  It  is 
impossible  to  satisfy  this  condition  within  the  limits  of  the  slender  body  theory.  Secondly,  for  the  outer 
solution  the  search  for  the  second  approximation  to  the  cavity  shape  went  beyond  the  limits  of  the  slender 
body  theory.  In  fact,  the  first  approximation  (an  ellipsoid  of  revolution)  is  not  a  slender  body  in  the  front 
part  where  the  shock  forms.  The  shock  is  not  described  by  the  small  perturbation  theory.  Thirdly,  for  the 
drag  coefficient  of  thin  cone-cavitators  this  theory  provides  the  exact  results  if  the  cone  apex  half-angle 
does  not  exceed  5°. 

As  distinct  from  the  supersonic  flow  the  slender  body  theory  is  more  applicable  for  investigation 
on  subsonic  water  flow.  For  example,  the  author  has  determined  the  cavitation  parameters  in  subsonic 
flow  around  thin  cones  with  apex  half-angle  equal  to  5°,  10°  and  15°.  These  results  satisfy  the 
momentum  conservation  law  and  for  the  particular  case  of  incompressible  fluid  (M=0)  agree  with  the 
numerical  calculations.  For  the  case  when  the  parameter  of  the  cavity  thinness  is  far  less  than  the 
parameter  of  the  cavitator  thinness  the  outer  solution  was  found  for  subsonic  flow.  The  comparison 
between  the  results  of  outer  solution  and  the  results  of  numerical  calculation  has  shown  good  agreement. 
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1.  sc  vehicle  as  a  result  of  tendencies  of  high  speed  vehicle  development 


In  practice,  the  vehicle  development  is  stipulated  by  a  useful  effect  that  is  attained  upon  the  vehicle 
operation. 

The  useful  effect  for  transport  ships  consists  in  cargo  transportation.  Thus,  the  ship  efficiency  as 
vehicle  efficiency  will  be  determined  by  commercial  effectiveness  [22] 


PV 
N  ’ 


where  P  is  the  payload,  V  is  the  velocity,  N  is  the  power. 

The  velocity  and  range  are  determining  parameters  for  objects  used  for  military  and  rescue  purposes. 
In  this  case  one  can  see  that  the  hydrodynamic  drag  reduction  positively  influences  on  all  main 
characteristics  and  increases  the  commercial  effectiveness  coefficient  owing  to  consumed  power 
decrease  or  increase  of  the  velocity  and  range. 

For  surface  vehicles,  we  clearly  see  a  tendency  of  decreasing  the  waterline  area  and  wetted  surface  of 
the  hull  due  to  dynamic  means  of  maintenance  of  the  hull  on  the  water  surface.  There  are  ships  with 
small  waterline  area  SWATHS,  hydrofoil  ships,  hovercrafts,  ekranoplanes  and  hydroplanes. 

In  this  case  the  energy  consumption  to  realize  the  dynamic  means  of  maintaining  the  hull  on  the  water 
surface  may  be  related  to  the  controlling  effect  for  the  drag  reduction. 

One  can  see  in  Fig.  1  that  the  velocity  and  specific  power  of  the  vehicles  increases  at  exiting  the  hull 
from  the  water. 

The  same  way  of  reduction  of  the  wetted  surface  of  the  hull  due  to  developed  artificial  or  vapor 
cavitation  -  supercavitation  [10,  11,  15]  may  be  used  for  underwater  motion. 

Calculations  shows  it  is  possible  to  obtain  a  twenty-fold  advantage  in  the  hydrodynamic  drag  when 
the  velocity  is  equal  to  100  m/sec,  and  cavitation  number  a  =  0.01,  and  1000-fold  advantage  may  be 
obtained  when  the  cavitation  number  a  =  10^  [  1  !]• 


cr  = 


Pq-Pc 

pv^  n 


where  is  the  hydrostatic  pressure,  is  the  cavity  pressure,  which  is  equal  to  the  saturated  water 
vapor  pressure  =  p^  at  vapor  cavitation. 


Paper  presented  at  the  RTO  AVT  Lecture  Series  on  ‘'Supercavitating  Flows  ”,  held  at  the  von  Kdrmdn 
Institute  (VKI)  in  Brussels,  Belgium,  12-16  February  2001,  and  published  in  RTO  EN-010. 
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Comparing  the  efficiency  of  the  different  methods  of  the  hydrodynamic  drag  reduction  with  efficiency 
of  the  artificial  and  vapor  supercavitation,  one  can  see  its  advantage  and,  hence,  perspective  of  its  use 
[22].  Moreover,  a  vapor  layer  between  the  water  and  hull  unites  many  methods  of  the  drag  reduction: 

•  Reduction  of  water  adhesion  to  the  surface  or  slippage; 

•  Effect  of  the  movable  surface  (the  gas  flow  velocity  in  the  clearance  may  be  equal  to  the  water  flow 
velocity); 

•  Change  of  the  physical  constants  of  BL  (here,  the  medium  density  reduction); 

•  Gas  blowing  into  the  boundary  layer  (BL). 

Here,  -  in  the  case  of  the  artificial  cavitation,  the  gas  is  blown  through  the  solid  surface  of  the  object. 

-  in  the  case  of  vapor  supercavitation,  the  gas  arrives  from  the  supercavity  surface. 

However,  use  of  the  supercavitation  flow  schemes  requires  respectively  high  specific  power  of  the 
vehicle.  So,  when  the  velocity  is  equal  to  100  m/sec,  and  cavitation  numbers  cr  =  0.05  ^  0.01,  specific 

available  power  will  be  of  order  ^  =  2000- 4000  H.p./t  This  is  compared  with  specific  power  of  the 

planing  ships  in  the  universal  diagram  of  Gabrielly-Karman  [22]  (Fig.  2)  . 


2.  Features  of  supercavitation 


First  of  all,  the  supercavitation  flow  regime  gives  limitations  for  shape  and  dimensions  of  the  hull  of 
an  underwater  vehicle.  They  must  correspond  to  the  calculated  supercavity  shape.  Therefore, 
formalization  of  the  hull  geometry  will  be  performed  by  comparing  the  vehicle  volume  and  surface  with 
the  supercavity  volume  and  surface  or  with  shapes  of  hulls  of  Reichhardt  series  having  the  constant 
pressure  [19]. 

In  this  case  dimensions  of  the  vehicle  having  a  shape  of  a  body  of  revolution  will  be  restricted  by 
limiting  dimensions  of  the  supercavity.  They  are  determined  by  known  formulae  for  main  supercavity 
dimensions  [1] 


where  cavitation  number  G  =  2{pq—  p^)l pV^is  a  main  parameter  of  the  supercavitation  flows, 
Pq,  are  pressures  in  the  stream  and  in  the  cavity,  respectively,  and  (l  +  (j)  is  the  coefficient 

of  this  cavitator  in  the  form  of  a  disk  with  diameter  is  the  drag  coefficient  when  cr  =  0  . 

We  should  note  that  the  supercavitation  motion  regime  requires  enough  high  motion  velocity  that  is 
sufficient  to  form  a  supercavity  where  the  vehicle  hull  is  inscribed  completely.  This  is  explained  by 
structure  of  the  formulae  for  main  supercavity  dimensions  (1): 

^  =  V  ,„1 

Dn  ipo-Pc’  Po-pJ  cr' 


(2) 
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The  object  calculated  for  given  regime  and  inscribed  into  the  calculated  supercavity  will  need  the 
attainment  of  this  calculated  velocity  in  the  unseparated  flow  regime.  During  acceleration  some  difficult 
problems  arise.  These  are: 

”  energetic  problem  connected  with  overcoming 
the  high  hydrodynamic  drag  of  the  vehicle  in  unseparated  flow; 

™  problem  on  ensuring  the  motion  stability  in 
non-calculated  flow  regime. 

The  second  essential  feature  of  the  supercavitation  motion  is  a  necessity  to  take  into  account  the 
energy  expenditure,  volume  and  mass  to  ensure  artificial  regime  of  supercavitation,  i.e.  gas  blowing  into 
the  cavity.  This  is  inevitable  upon  the  object  acceleration  up  to  the  calculated  velocity  and  maintaining 
the  supercavity  in  sub-vapor  supercavitation  regimes  when  the  pressure  in  the  cavity  is  higher  that  the 
pressure  of  saturated  water  vapors.  The  necessity  of  the  gas-supply  into  the  cavity  disappears  at 
attainment  of  vapor  supercavitation  regimes  when  the  supercavity  is  filled  by  water  vapor. 

The  problem  of  interaction  between  the  propeller  and  supercavity  is  sensitive  to  the  velocity  and 
pressure  perturbations  caused  by  working  propeller.  This  may  result  in  additional  washing  the  hull  and 
increasing  the  gas-supply  rate. 

In  the  general  case  the  supercavitating  vehicle  motion  may  be  considered  as  one  consisting  of  three 
phases  : 

-  phase  1  -  the  vehicle  acceleration  up  to  the  calculated  velocity; 

-  phase  2  -  motion  with  constant  velocity; 

-  phase  3  -  motion  on  inertia. 

The  known  applications  of  the  supercavitation  motion  are  used  to  attain  the  maximal  motion  range  in 
phase  2  or  in  phase  3.  In  this  case  phase  1  is  not  essential  to  pass  the  distance,  but  has  decisive 
significance  in  the  propulsive  sense,  since  requires  development  of  the  highest  power  exceeding  multiply 
the  power  necessary  for  motion  with  constant  calculated  velocity. 


3.  Energy  of  SC  vehicles  in  stationary  motion 


Energy  of  SC  vehicles  in  the  stationary  motion  will  be  determined  by  their  hydrodynamic  drag  in 
steady  flow.  Since  the  vehicle  hull  will  place  in  a  vapor  or  gas  cavity,  the  main  component  of  the 
hydrodynamic  drag  is  the  cavitator  drag.  It  is  determined  by  formula 


R 


X 


Rll 

2 


(3) 


where  p  is  the  fluid  density,  V  is  the  motion  velocity,  is  the  cavitator  drag  coefficient  (for  disk 

kD^ 

=  0.82(1  +  (j) ,  where  G  is  the  cavitation  number),  is  the  cavitator  area. 

Additional  hydrodynamic  drags  can  arise  owing  to  using  the  schemes  of  supercavitation  flow  with 
partial  or  periodic  washing  the  tail  part  of  the  object.  Fig.  3  shows  possible  schemes  of  supercavitation 
flow  around  SCO: 

a)  scheme  of  flow  with  forming  two  cavities; 

b)  stationary  planing  along  the  inner  cavity  surface; 
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c)  periodic  impact  interaction  with  the  cavity  walls; 

d)  aerodynamic  interaction  with  vapor-splash  medium  of  the  cavity. 

In  the  general  case  the  total  hydrodynamic  drag  of  SCO  may  be  represented  with  taking  account  of 
the  cavitator  drag  (  3)  in  the  form 


-  Kn  +  ^xF  >  (4) 

where  7?^^  is  the  additional  hydrodynamic  drag  of  friction  upon  washing  the  hull.  It  may  be  equal 
=  0.017?^^  at  the  flow  scheme  d)  (Fig.  3)  and  7?^„  =  0-57?^^  at  the  flow  scheme  a)  (Fig.  3). 

When  V  =  Const ,  the  propeller  thrust  T  must  equalize  the  drag  (4) 

T  =  K.  (5) 

If  the  propeller  is  one  of  rocket  type,  its  thrust  will  be  equal 

T  =  mjQj,  (6) 


where  m^  =  dm  /  dt  is  the  mass  rate  of  the  fuel,  is  the  specific  impulse  of  the  fuel. 

For  steady  motion  when  =  Const, 

T  =  ^Qf  (7) 


Using  the  formulae  (3)  -  (7),  we  obtain 


V  = 


(8) 


Introducing  the  passed  distance  S  in  the  form 


S  =  Vt. 


(9) 


and  define  the  volume  due  to  the  fuel 


Wf-  =  I p f  =  const. 


(10) 
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we  obtain  for  the  passed  distance  that 


S  = 


~  V  P  fQf^  ’ 


(11) 


where 


2W. 

- ^ —  =z  Cj  =  Const ,  p .  is  the  fuel  density. 

C.pSn 


One  can  see  in  the  expression  (11)  that  to  attain  the  maximal  range  S  it  is  necessary  to  apply  fuels 
with  maximal  specific  impulse  and  density  p^ . 

The  vehicle  velocity  is  obtained  from  expressions  (3)  and  (5) 


V 


1  ^ 

Sn 

V  "  / 

(12) 


We  can  see  from  here  that  the  velocity  is  proportional  to  ratio  {T  !  . 

We  can  obtain  the  estimation  of  maximal  range  from  the  assumption  that  whole  cavity  volume  is  filled 
by  the  vehicle  hull,  and  the  hull  is  filled  by  fuel  with  density  p^  and  specific  impulse  . 

As  since  the  cavities  have  a  shape  close  to  an  ellipsoid  with  known  diameter  and  length  (1),  it  is 
possible  to  calculate  the  supercavitry  volume  with  taking  account  of  the  relation  =  XD^  (1) 


ff,  =0.1\kRIL^. 


(13) 


The  SCO  drag  will  be  equal  [1] 


R.  =c. 


pV^ 


S„=kS^AP, 


(14) 


2  ^ 
where  =nR^  is  the  cavity  mid-section  area,  AP  =  ^  2 —  pressure  difference, 

k  =  0.96 . 


The  fuel  mass  in  the  cavity  volume 


m,.=p,W^=Q.l\nR]L^p^.. 


(15) 
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Time,  when  the  propeller  is  maintaining  the  necessary  thrust,  or  the  motion  time  is 


(16) 


where  Q^-  =m^-  is  the  total  impulse  of  the  fuel. 


Hence,  the  maximal  range  of  the  motion  S  will  be  equal 

P/  Qf  L 

S  =  tV  =  (17) 

p  V  a 


or  in  the  dimensionless  form 


S  =  —  =  l.4a-'^^.  (18) 

4  P  V 

If  we  assume  that  metal  fuel  of  high  efficiency  is  used  ( /  p  =  2.7;  /  F  =  30;  cr  =  0.01;  =  10  m), 

then  the  maximal  range  will  be  equal  to 


5  =  1.4  100*30*2.7  =  11340 

or  in  dimensional  form  5^  =  1 1 3400  m. 

When  the  solid  rocket  fuel  on  the  basis  of  nitrocellulose  and  nitroglycerin  -  JPN  with  density 
p  ^  =  1 .6;  /  F  =  1 1  is  used,  then  the  maximal  range  will  be  equal 


5  =  1.4  100  1.6  11  =  2464, 

5  =  ^4  =  24640  m. 

Calculation  of  maximally  attainable  range  is  represented  in  graphic  form  in  Fig.  4.  Here,  the  range  S  is 
represented  as  a  dependence  on  velocity  V  and  aspect  ratio  of  the  hull  (cavity)  X  =  L^  I for  specific 
impulses  of  the  fuels  =  230  sec  and  =  600  sec,  depth  i/  =  10  m,  L^=  10  m.  If  it  is  assumed 

that  the  strengthening  (design)  restriction  of  the  hull  aspect  ratio  is  A  <  20,  then  the  maximal  restriction 
on  the  motion  range  of  SCO  is  =  70  km  and  on  the  velocity  =  200  m/sec. 


3.1.  Underwater  vehicle  propellers 


Underwater  vehicle  propulsion  is  intended  to  transform  chemical  energy  of  the  fuel  into  thermal 
energy.  The  latter  transforms  into  mechanical  energy  ™  work  for  overcoming  the  hydrodynamic  drag 
(3). 


When  the  motion  is  uniform,  the  thrust  T  of  the  propeller  must  equalize  the  hydrodynamic  drag  R 


T  = 


R. 


In  this  case  the  useful  power  of  the  underwater  vehicle  propulsion  will  be  equal  to 


(19) 


N  =  TV.  (20) 

The  propulsion  effectiveness  is  estimated  by  its  total  efficiency  tj  representing  the  ratio  of  useful  power 
N  and  all  consumed  power 


TV 

n  =  -rr,  (21) 

Iq 

where  I  is  the  mechanical  equivalent  of  heat;  q  is  the  heat  rate  per  time  unit. 

The  coefficient  7]  characterizes  the  propulsion  perfection  and  is  dependent  of  the  fuel  characteristics. 
In  practice,  the  specific  rate  of  the  fuel  is  of  importance.  It  is  quantity  of  the  fuel  consumed  per  time  unit 
at  unit  power.  It  is  usually  measured  in  g/kilo- Watt-hour.  Since  q  =  q'm^ ,  where  ^is  the  caloric 

ability  of  the  fuel;  is  the  fuel  rate  per  a  second. 

Using  (21),  we  obtain  the  relation  for  the  specific  rate  of  the  fuel  and  efficiency  7] 


.  _  Thj.  ^  1 

~rv~T^' 


(22) 


One  can  see  from  (22)  that  the  specific  rate  of  the  fuel  4/  depends  both  on  the  propulsion  characteristics 
7]  and  on  the  fuel  characteristics  q .  For  diesels 

4/  =215  g/kW  •  h,  for  turbines  q  ^  =  340  g/kW  •  h. 

We  well  know  specific  powers  of  different  propulsions  used  in  the  underwater  vehicles  [4].  There  are 

diesel  propulsions  -  45^90W/kg  |10^30W/m^| 
electro-accumulators  -  60  ^  100  W/kg  |  200  | 

atomic  propulsions  -  25  ^  200  W/kg  |  1 1 .3  | 

high-speed  diesels  -  1.33  kW/kg  |  224kW/m^  | 

gas  turbines  -  5.7  kW/kg  |  1700kW/m^| 

It  is  known  as  well  that  the  turbine  or  piston  propulsion  volume  does  not  exceed  50%  of  the  vehicle 
volume,  whereas  the  fuel  part  in  rockets  exceeds  90%. 
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It  is  essential  that  the  necessary  specific  power  for  supercavitating  vehicles  is  calculated  by  formula 


R.v  R.v 

0.67  k  '  4 


(23) 


When  G  =  0.01,  4  =  10m,  =  715  kW/m^  at  F=  100  m/sec;  =  5720  kW/m^  at  F=  200 

m/sec. 

These  values  exceed  on  2  ™  3  orders  the  analogous  values  for  diesel,  electric,  atomic  propulsions. 
Therefore,  the  gas-turbine  and  jet  propulsions  with  the  metal  fuel  and  using  outboard  water  as  a  oxidizer 
and  a  cooler  of  the  combustion  products  are  considered  perspective  ones  for  the  supercavitating  vehicles 
at  increased  motion  velocity.  Such  propulsions  were  investigated  experimentally,  and  their  high 
efficiency  was  confirmed  [19]. 

At  that,  the  increase  of  the  velocity  of  SCO  motion  compared  with  vehicles  at  unseparated  flow  up  to 
100  -  200  m/sec  do  attractive  the  rocket  schemes  with  solid  fuel  in  view  of  the  propulsion 
efficiency  increase 

(Fig.  5) 


np 


V, 


(24) 


Fig.  5  represents  a  graph  of  dependence  of  the  propulsive  efficiency  for  the  jet  propeller  with  solid 
fuel  on  the  motion  velocity  at  Vj  =  2040  m/sec. 

Reaction  ^/+  water  gives  high  temperature  10800K.  Therefore,  water  must  be  supplied  into  the 
propeller  in  plenty.  In  this  case  the  propulsion  temperature  reduction  will  occur  according  to  the 
theoretical  dependence  on  water  gram-molecules  n  (Fig.  6a). 

It  is  well  known  that  to  accelerate  the  reaction  it  is  necessary  to  fluidize  the  metal  and  to  transform 
the  water  into  vapor.  The  calculation  of  the  thermal  processes  is  performed  at  condition  that  the 
temperature  of  the  reaction  products  was  reduced  to  1250K.  A  scheme  of  the  propulsion  working  on  fuel 
Al  with  using  the  outboard  water  is  shown  in  Fig.  6b.  In  the  presented  propulsion,  the  heat  from 
combustion  chamber  is  transmitted  to  aluminum  to  form  a  melt  at  temperature  about  950K  and  to  water 
to  form  vapor.  The  combustion  products  arrive  on  the  turbine  and  after  the  turbine  to  outboard.  In  this 
case  the  propulsion  efficiency  will  depend  essentially  on  the  excess  pressure  in  the  combustion  chamber 
on  the  different  depths.  This  is  shown  in  graph  in  Fig.  7. 

The  graph  in  Fig.  7  gives  the  dependence  of  the  specific  output  power  of  the  propulsion  with  the  fuel 
-  aluminum  +  sea- water  for  different  depths  H=  305  ^  1525  m.  For  supercavitation  motion  regimes,  the 
vapor  exhaust  will  occur  into  the  supercavity  at  pressure  P  =  0.02  kg/cm^.  This  corresponds  to  the 
saturated  vapor  pressure  at  temperature  15°C.  This  pressure  corresponds  to  the  air  pressure  on  height  23 
km  above  sea  level  and  ensures  ideal  conditions  for  work  of  propulsions  with  opened  cycle  independently 
on  the  object  motion  depth. 

A  scheme  of  the  turbo-rotor  propeller  for  supercavitating  vehicle  was  considered  to  increase  its 
efficiency  at  the  Institute  for  Fluid  Mechanics.  Propellers  with  one  or  two  turbo-rotors  (Fig.  8,  a,b,c)  were 
tested  there.  It  is  shown  in  the  scheme  that  the  gas  turbine  and  screw  with  three  blades  working  in 
supercavitation  regime  were  combined  on  one  disk  of  the  rotor.  There  also  are  shown  section  of  the 
turbine  blades  and  supercavitating  screw  sections. 
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Photographs  in  Fig.  9  a,b,c  show  models  of  the  turbo-rotors  in  the  hydro-tunnel  and  a  picture  of  flow 
around  the  working  turbo-rotors  in  the  hydro-tunnel  when  the  free  stream  velocity  V=  10  m/sec  at  using 
the  gas  turbine  with  compressed  air  and  at  pressure  to  6  kg/cm^. 

Preliminary  experiments  with  turbo-rotor  propellers  showed  real  possibility  of  the  propeller  thrust 
increase  on  20  %  compared  to  the  rocket  scheme,  although  theoretical  estimations  point  to  possibility 
of  double  increase  of  the  thrust.  Therefore,  possibility  of  attainment  of  optimal  conditions  for  work  of  the 
turbine  and  supercavitating  screw  still  will  have  to  be  realized. 


3.2  Fuel  for  SCO 


We  can  see  from  the  previous  analysis  that  the  fuel  for  high-speed  SCO  must  satisfy  the  heightened 
requirements  to  the  specific  characteristics  0 1  and  .  The  specific  characteristic  -  power/volume  is 
the  more  important  than  the  power/mass. 

Work  [21]  considers  schemes  of  turbo-prop  of  the  hydro-jet  propeller  working  on  unitary  solid  fuel 
(Fig.  10,  a),  on  two-component  fuel  (Fig.  10,  b)  and  on  hydro-reacting  fuel  on  the  basis  of  reaction 
between  the  magnesium  and  sea-water  (Fig.  10,  c). 


Calculations  showed  that  ratios  of  specific  rates  of  the  fuel  transported  on  the  board 
wide  velocity  range  20  ^  100  m/sec  have  constant  values 


m  f 

^fa=—  in 


m  (schem  b)  m  f.,  (schem  c) 

- -  =  0.42;  - ^  =  0.37. 

m^^{schem  a)  mj'^{schem  a) 

The  relations  show  that  the  hydro-reacting  fuel  on  the  vehicle  board  must  be  in  1.15  times  less  than 
the  two-component  one  (scheme  b)  and  in  2.7  times  less  than  the  solid  unitary  fuel  (scheme  a). 

In  rocket  systems,  where  the  fuel  mass  predominates,  and  weight  and  volume  of  the  nozzle  and 
combustion  chamber  are  comparatively  small,  the  propulsive  characteristics  of  the  system  will  be 
determined  by  the  fuel  characteristics  -  its  specific  impulse  Qf  and  density  p^ . 

The  investigations  showed  that  the  chemical  fuels  using  metals  and  sea-water  as  oxidizer,  ballast  and 
cooler  are  the  most  effective  for  underwater  vehicles.  This  is  stipulated  that  the  metals  ensures  maximal 
energy  at  reaction  with  water  [  19,  21] 


Al  +  sea-water  ^  3143  kW  hour/m^  (1.18  kW  hour/kg), 

Mg  +  sea-water  ^  1891  kW  hour/m^  (1.05  kW  hour/kg), 

Li  +  sea-water  ^  1092  kW  hour/m^  (2.09  kW  hour/kg). 

Reactions  and  main  parameters  are  presented  in  Table  [  19,  21]  Fig.  1 1 . 

In  practice,  Al  is  the  best  fuel,  since  it  is  proof  and  cheap.  Aluminum  melting  temperature  is  950K, 
and  the  combustion  temperature  in  reaction  with  H^O  reaches  10800K. 

Perspective  of  the  fuels  for  the  underwater  vehicles  is  frequently  estimated  by  theoretical  value  of 
specific  work  of  the  jet  flow  (kW  h/m^).  It  is  determined  at  fixed  value  of  the  balanced  expansion  and 
quantity  of  the  injected  sea-water  sufficient  to  decrease  the  combustion  product  temperature  to  1250K. 
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Dependence  of  the  approximate  theoretical  values  of  the  specific  power  with  respect  to  mass  Pj  and 
volume  P2  for  Al  at  reaction  with  water 


2Al  +  nH^0,  (25) 

where  n  is  the  number  of  gram-molecules  upon  expansion  of  the  combustion  products  from  206.9  to 
10.14  kN/m^ ,  is  presented  in  Fig.  12. 


4.  Calculation  of  supercavitating  model  motion  range  at  inertial  motion 


Drag  of  a  supercavitating  model  completely  enveloped  by  a  cavity  is  equal  to  a  cavitator  drag  and 
calculated  by  formula 


R. 


pv" 


^xn^n  5 


(26) 


where  p  is  the  fluid  density;  V  is  the  model  velocity;  is  the  cavitator  drag  coefficient  (for  disk  = 
0.82  (  1  +  cr),  where  a  is  the  cavitation  number);  is  the  cavitator  area. 


When  cavitation  number  is  small,  it  is  possible  to  consider  as  constant  one.  Then  the  equation  of 
motion  of  the  model  with  mass  m  has  the  form 


dV 

dt 


-kV^ 


(27) 


where  k  = 


PC^nSn 

2m 


Its  solution  gives  dependence  of  motion  time  on  velocity  in  the  form 


t(V)  =  - 


_L__L 

V  K 


and  dependence  of  passed  range  S  on  the  velocity  in  the  form 


1  F 

5(F)  =  -ln-^ 
k  V 


(28) 


(29) 


where  F„  is  the  starting  velocity  of  the  model. 
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Hence,  the  model  moves  infinitely  long  and  passes  infinitely  great  distance.  It  is  necessary  to  define 
criterion  determining  the  finite  point  of  the  path  to  have  sense  of  the  range  calculation. 

Such  criteria  can  be: 

-  the  velocity  reduction  to  certain  value; 

-  decrease  of  the  model  momentum  to  certain  value; 

-  disappearance  of  clearance  between  the  model  and  cavity  walls. 

In  essence,  the  second  and  third  criteria  are  distinctive  from  the  first  one  only  by  way  of  the  final 
velocity  definition.  Thus,  it  is  possible  to  consider  the  final  velocity  definition  as  the  most  universal 

way  of  determination  of  the  motion  range  . 

The  range  depends  on  the  model  mass  m  and  cavitator  radius  determining  the  drag  for  given 
velocities  Vq  and  . 

As  the  model  must  be  located  in  the  cavity,  its  maximal  possible  mass  depends  on  the  material  density 
,  model  length  L  and  cross  cavity  dimensions  determined  by  the  cavitator  radius. 

Thus,  the  range  is  determined  by 

-  material  density; 

-  model  length; 

-  cavitator  radius. 


Calculations  necessary  to  determine  the  range  can  be  executed  due  to  the  program  SCAV  [23].  The 
model  shape  is  approximated  by  three  truncated  cones  (Fig.  13,  a)  in  this  program.  The  program 
computes: 

-  the  model  characteristics:  volume,  mass  center  location  and  moment  of  inertia; 

-  the  shape  and  dimensions  of  stationary  supercavity  past  a  disk  or  a  conic  cavitator  at  given  velocity 
and  depth  of  the  motion; 

-  the  clearances  between  the  model  and  cavity  boundary; 

-  the  value  of  impact  load  acting  to  the  model  at  water  entry; 

-  the  speed  reduction  of  the  supercavitating  model  moving  on  inertia; 

-  the  basic  dimensions  of  unsteady  cavity  (length  and  mid  -  section  diameter)  in  any  point  of  the 
distance. 

The  SCAV  program  (SuperCavity,  Version  1.3)  is  intended  to  automatize  designing  the  high-speed 
supercavitating  models. 

At  experimental  investigations  of  high-speed  motion  in  water,  the  model  shape  must  satisfy 
requirements  of  inscribing  into  a  natural  cavity  and  structural  stability  of  the  supercavitating  motion 
regime.  If  we  suppose  that  the  model  moves  rectilinearly  under  action  the  cavitation  drag  only, 
then  the  process  is  described  by  the  dimensionless  equation  of  model  motion  on  inertia 


dV 

dt 


Fr^ 


8m 


,  o  -  2//  _  /  X 

Fr^ 
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where  m  is  the  mass  of  model;  is  the  cavitation  drag  coefficient  when  (7  =  0,  is  the 

atmospheric  pressure;  i/is  the  immersion  depth. 

Fig.  13,  a  presents  a  copy  of  PC-screen  after  calculation  of  the  model  location  in  the  cavity.  The 
model  shape  and  starting  data  correspond  to  the  real  experiment.  The  vertical  scale  of  the  image  is 
increased  for  clearness. 

In  Fig.  13,  b,  graphs  of  changing  the  cavity  length  and  model  velocity  V  in  dependence  on  passed 
distance  x  are  shown.  The  calculation  was  executed  for  titanic  model  at  =  1.5  mm,  m  =  49.0  g, 
Vq  =  1000  m/s.  It  is  supposed  that  the  model  enters  in  water  in  point  x  =  0  and  then  moves  on  inertia. 
The  initial  rectilinear  part  of  the  graph  (x)  corresponds  to  the  interval  of  the  supercavity  formation. 
Quasistationary  magnitudes  of  (x)  are  plotted  by  dashed  lines  for  comparison. 


4.1.  Inertial  MOTION  WITH  PROPELLER 

Motion  of  the  model  with  propeller  has  two  features.  First,  thrust  acts  on  the  model.  It 
compensates  the  drag.  Second,  the  part  of  the  model  material  with  density  must  be  changed  by  fuel 

with  density  in  4  times  lower.  Therefore,  the  model  mass  with  propeller,  especially  in  the  path  end,  is 
lower  than  the  solid  model  mass. 

The  missile  thrust  can  be  determined  from  the  relation  behavior 

dm. 

where  is  the  propeller  thrust;  is  the  fuel  mass;  Qj  is  the  specific  impulse  of  the  fuel.  Usually,  its 
value  is  expressed  in  kgf/(kg/sec)  or  lbt7(lb/sec).  Numerical  magnitudes  are  equal  in  the  both  cases. 

Typical  magnitudes  of  Qj  are  in  range  from  200  to  500  kgf/(kg/sec).  Passing  onto  the  system  SI,  we 
obtain 


e;  =9.816,^=9.818, ‘£:?==9.8ie,  ” 


kg 


sec  kg 


sec 


Impulse  of  force  during  the  motion  time  is 


K^=Q'^m^.  (31) 

If  the  propeller  chamber  volume  is  equal  to  ,  then  the  model  mass  decrease  is 
Am^  =  (p^  —  Pf)W^  in  beginning  of  the  path; 


Am^  =  PiyW^  in  the  path  end. 
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As  a  result,  the  initial  impulse  is 


^1  =  No  -  (Pa  -  P  f  Wc  Wo  ■  (32) 

During  the  propeller  work  the  impulse  will  be  obtained  by  Eq.  (31),  and  general  available  impulse 
will  be 

Ko  =  K[pfQ'f-(P,-pfWo] 

The  expression  in  brackets  vanishes  at 


Kr=Q'f 


Pf 

Ph  ~  P  f 


(33) 


When  Vq  <  ,  the  initial  impulse  increases,  and  we  can  hope  that  the  range  increases.  On  the  contrary, 
when  Vq  >  ,  it  decreases,  and  we  can  wait  for  the  model  with  propeller  passes  smaller  distance  than 
solid  one. 


4.2  Influence  of  a  missile  propeller  on  the  model  motion  range 

Models  hi  -  h4  with  length  250  mm  and  with  length  150  mm  were  chosen  as  base-models  to 
research  influence  of  the  missile  propeller  on  the  model  motion  range  (Tablel). 

Table  1 

Characteristics  of  models  of  a  series  h 


N 

L 

Rn 

Re 

nio 

Me 

Wf 

Mf 

Am 

nif 

cm 

cm 

cm 

g 

g 

3 

cm 

G 

% 

% 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

hi 

25 

0.05 

0.7 

156 

115 

5.3 

98 

27 

6.3 

h2 

25 

0.15 

1.525 

749 

578 

21.0 

39 

22 

5.2 

h3 

15 

0.15 

1.225 

277 

227 

6.5 

12 

18 

4.3 

h4 

15 

0.15 

1.225 

111 

218 

7.5 

14 

21 

5.0 

Note:  mo  is  the  solid  model  mass;  me  is  the  mass  of  model  with  chamber;  is  the  chamber  volume; 
m  is  the  fuel  mass. 

It  was  accepted  that  the  chambers  having  truncated  cone  shape  were  made  in  models  to  dispose  the 
fuel.  A  diameter  of  the  frontal  base  of  the  chamber  was  accepted  equal  to  the  half-diameter  of  the 
model  in  the  place  of  the  chamber  base  disposition.  A  diameter  of  the  back  base  was  accepted  equal  to 
the  half-diameter  of  the  tail  part  of  the  model. 

As  a  result,  four  models  were  developed.  They  are  designated  as  models  of  a  series  h.  These  models 
characteristics  are  given  in  Tablel.  Their  schemes  are  shown  in  Fig.  14.  Models  h3  and  h4  differs  by  the 
chamber  dimension  only. 
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The  calculations  were  carried  out  by  using  the  program  CDILM.  We  varied  the  starting  velocity  of  the 
model  (1200,  1000,  800  and  600  m/s)  and  specific  impulse  of  the  fuel  (200,  400  and  600  kgf /(kg/sec)). 
The  fuel  density  was  accepted  equal  to  1.85  g/cm^  in  all  the  cases. 

Calculations  for  the  case,  when  the  fuel  density  was  equal  to  the  model  material  density  (7.85  g/cm^ ), 
and  its  specific  thrust  was  equal  to  zero,  were  performed  for  comparison.  This  case  corresponds  to  the 
case  of  the  solid  model  without  propeller. 

It  is  accepted  in  the  calculations  that  the  combustion  occurs  at  constant  velocity.  All  the  fuel  had 
burnt  during  the  motion  and  the  fuel  combustion  continued  1/2  sec  to  1/12  sec. 

Thus,  the  model  was  passing  the  greatest  part  of  the  path  at  the  operating  propeller. 

One  can  see  changing  the  model  material  on  the  fuel  does  not  give  an  gain  in  the  range  for  any  model 
at  specific  impulse  Qj  =  200.  The  most  effective  fuel  gives  some  gain  in  the  range  from  30%  at  high 
starting  velocity  to  150  %  at  low  one  (Fig.  15). 


5.  Interaction  between  the  propeller  and  supercavity 


Problems  on  interaction  between  the  propeller  and  a  supercavity  are  weakly  studied  direction  of  the 
hydrodynamics  and  enough  complex  for  theoretical  and  experimental  investigation. 

The  similar  problem  on  interaction  between  the  propeller  and  ship  is  known  in  shipbuilding  [16].  This 
interaction  may  be  both  positive: 

-  the  system  efficiency  increasing  at  creation  of  the  additional  thrust  on  the  hull  by  means  of  the  pressure 
redistribution  and  negative; 

-  the  entraining  force  increase  on  the  hull  and  the  interaction  efficiency  reduction  of  the  system  “hull- 
propeller”  in  dependence  on  construction  of  the  propeller  and  hull,  their  mutual  disposition  and  the 
propeller  work  regime. 

In  this  case  the  propeller  can  influence  on  the  cavity  shape  directly  by  changing  its  closure  conditions, 
free  surface  structure  and  gas-leakage  from  the  supercavity  at  its  presence  on  the  hull. 

The  following  types  should  be  noted  among  the  constructive  features  of  the  propellers: 

1.  Gas  jet. 

1.1.  Jet  with  condensable  phase. 

2.  Water  jet. 

3.  Screw. 

3.1.  Supercavitating  screw. 

4.  Turboprop. 


The  following  configurations  are  noted  among  the  configurations  of  propellers  about  the  supercavity: 
1 .  The  frontal  disposition  of  the  propeller  or  the 
towing  propeller  located  in  the  nose  in  front  of  the  supercavity. 

2.  Tail  disposition  of  the  propeller  or  the  pushing  propeller  past  the  supercavity. 
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5.1.  Description  of  parameters  governing  the  dynamics  of  cavity  entrainment 


The  supercavity  as  the  flow  form  created  by  free  streamlines  is  very  sensitive  to  the  external  pressure 
fields,  including  the  pressure  fields  formed  by  the  propeller. 

As  is  known  from  the  hydromechanics  [16],  the  propellers  always  forms  jets  of  gas  or  fluid  modeled 
by  distributed  sources  and  dipoles. 

The  scheme  with  ideal  propeller  [16]  (Fig.  16)  gives  a  typical  picture  of  change  of  the  flow 
parameters.  In  this  case  the  additional  fluid  is  not  injected  compared  to  the  case  of  the  jet  (Fig.  16),  and 
the  working  section  of  the  propeller  may  e  modeled  by  a  surface  of  dipoles  oriented  so  that  they  pumps 
the  fluid  from  the  zone  in  front  of  the  propeller  to  the  zone  past  the  propeller.  Thus,  the  pressure 
difference  from  —  AP  to  +  AP  is  created  in  the  working  section. 

It  is  clear  that  in  the  case  of  interaction  with  the  supercavity  the  frontal  zone  with  reduced  pressure 
—  AP  will  entrain  the  cavity,  and  the  cavity  will  be  displaced  from  the  zone  with  increased  pressure 
+  AP  .  It  is  necessary  to  consider  their  joint  influence  in  the  real  case  when  the  flow  is  formed  both  by 
the  hull  and  the  propeller. 

Since  the  propeller  must  only  compensate  the  impulse  loss  caused  by  the  hydrodynamic  drag  of  the 
hull  in  the  free  stream,  then  main  dimensionless  criterion  influencing  on  behavior  of  the  flow  around  the 
propeller  with  taking  the  hull  into  account 


T=^,  (34) 

K 

where  T  is  the  propeller  thrust,  R  is  the  hull  drag.  In  this  case  it  is  necessary  to  distinguish  three 
regimes. 

When  P  >  1 ,  it  is  the  acceleration  regime.  The  thrust  is  higher  than  the  hydrodynamic  drag  (the 
wake  past  the  body  has  the  positive  impulse); 

When  T  =  1 ,  it  is  the  steady  motion  regime  (the  wake  without  impulse); 

When  T  <  1 ,  it  is  the  deceleration  regime(  the  wake  past  the  body  has  the  negative  impulse). 

This  criterion  T  is  the  most  considerable,  because  the  main  consumption  of  the  impulse  and  energy 
is  included  in  the  propeller  thrust.  This  results  in  the  basic  change  in  the  environmental  fluid. 

It  is  necessary  together  with  this  (34)  to  take  into  account  the  local  flow  parameters  caused  by 
propeller  directly  in  the  cavity  closure  zone. 


5.2.  Cavity  closure  in  the  gas  jet  zone  of  the  propeller 


•  The  gas  jet  is  source  of  gas-supply  into  the  supercavity 


At  certain  conditions  of  gas  jet  outflow,  when  the  jet  outflow  velocity  Vj  is  lower  than  the  critical 
velocity  V jcr 


(35) 


the  gas  part  may  return  from  the  jet  boundary  layer  into  the  cavity  and  be  the  additional  gas-supply. 
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•  The  gas  jet  is  the  ejector  (sink)  sucking  out  the  gas  from  the  cavity 

This  regime  may  be  observed  when  V.  exceeds  the  critical  velocity 

Vj=^>Vjc„  (36) 

The  criterion  Vj^j^  depends  on  the  place  and  conditions  of  the  cavity  closure.  So  the  criterion  V.  (35), 
(36)  is  the  second  parameter  governing  the  dynamics  of  supercavity. 


5.3.  Interaction  between  the  cavity  and  propeller.  Tail  location  of  the  propeller 

Experiments  on  study  of  the  propeller  influence  on  the  cavity  were  carried  out  at  the  IHM  on  the 
special  installation  (Figs.  17,  18).  On  this  installation  the  supercavity  was  formed  by  means  of  the  ring 
cavitator  on  the  hull  with  diameter  =  52  mm  which  is  in  front  of  the  propeller  with  blades. 

Pictures  of  flow  around  the  model  at  different  regimes  of  the  propeller  work  at  continuous  gas-supply 
are  shown  in  photos  (Figs.  19,  20,  21). 


5.4.  Frontal  location  of  the  screw  propeller 


Investigation  of  the  propeller  screw  influence  on  the  cavity  was  carried  out  on  the  special  installation 
permitting  to  create  the  artificial  cavity  around  the  propeller  tail  cone  at  different  regimes  of  the  propeller 
screw  work.  A  ratio  of  the  screw  and  cavity  diameter  was  Z)^  =  (2  ^  3)Z)^  .  The  propeller  screw  is 

located  in  the  nose  part  in  front  of  the  cavity.  It  is  established  in  virtue  of  the  fulfilled  researches  that  the 
working  propeller  screw  considerably  changes  the  cavitation  characteristics  of  the  tail  cone  [  15]. 


Results  of  the  cavity  testing  for  the  working  propeller  screw  are  given  in  the  form  of  dependencies  of 


the  relative  parameters  of  the  artificial  cavity  as  function  of  the  screw  load  coefficient  K  =  where 

kXI 

is  the  thrust  coefficient,  and  is  the  relative  screw  tread. 


Changes  of  the  cavity  length  L  =L^I cavitation  number  a  =  0 ^  I air  rate  coefficient 
Q  =Qpl  Qq,  where  ,  a  and  are  the  isolated  cavity  parameters  at  absence  of  the  propeller  screws 

but  at  other  the  same  conditions,  are  given  in  Figs.  22,  23,  24,  respectively.  As  is  shown  in  the  graphs, 
the  cavity  length  considerably  decreases  when  the  propeller  screw  is  located  in  front  of  the  cavity.  It  is 
about  30%  of  the  isolated  cavity  length  even  at  zero  load  of  the  screw  and  the  same  air  rate.  In  this  case 
the  cavitation  number  increases  but  considerably  slower  than  the  cavity  length  changes.  This  is 
explained  to  that  the  propeller  screw  not  only  increases  the  pressure  downstream  and  strongly  swirls  the 
stream.  As  a  result,  the  cavity  boundary  is  destroyed.  To  reach  the  same  cavity  length  at  the  working 
propeller  screw  it  is  necessary  to  increase  in  some  times  the  air  rate.  So,  when  =  0 ,  the  consumable 

air  rate  must  exceed  in  2-3  times  the  corresponding  value  of  for  the  isolated  cavity,  and  when 
Kp  =  0,3 ,  it  is  necessary  to  increase  in  5  times  the  air  rate  (Fig.  24). 
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Properties  of  different  types  of  the  fuel 
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Supercavitating  Flows:  Small  Perturbation  Theory 
and  Matched  Asymptotics 

Professor  K.V.  Rozhdestvensky 

St. Petersburg  State  Marine  Technical  University 
Lotsrnanskaya  str.,  3 
190008,  St.Petersburg 
Russia 

Summary:  The  lecture  discusses  some  applications  of  the  theory  of  small  perturbations  as  applied  to  super¬ 
cavitating  flows.  In  this  context  the  linear  theory  is  viewed  as  an  outer  expansion  of  a  more  complete  nonlinear 
solution  of  the  flow  problem.  In  addition  to  comparing  linear  solutions  for  a  supercavitating  flat  plate  for  differ¬ 
ent  analogues  of  the  cavity  closure  models,  two  examples  are  considered  showing  how  to  account  for  the  presence 
of  local  flow  regions  where  the  perturbations  are  not  small.  In  the  first  example  a  local  asymptotic  solution 
of  the  nonlinear  flow  problem  in  the  vicinity  of  the  leading  edge  is  matched  to  the  classical  linear  solution  to 
provide  a  uniformly  valid  pressure  distribution  along  a  supercavitating  flat  plate.  In  the  second  example,  the 
local  nonlinear  perturbation  of  the  otherwise  slightly  perturbed  flow  is  due  to  a  spoiler  fitted  at  the  trailing 
edge  of  a  flat  plate. 


1.  Introduction 


In  a  nonlinear  steady  2-D  problem  formulation  for  a  potential  flow  past  a  supercavitating  body,  one  has  to  solve 
Laplace  equation  in  the  domain  occupied  by  the  fluid  with  the  following  conditions  on  the  flow  boundaries 


•  Slip  condition  on  the  wetted  part  of  the  body 


^  4- 

dx  (k-V  dx) 


V  =  yb{x), 


(1) 


where  (p  is  perturbation  velocity  potential,  y  =  yh{x)  is  a  function,  describing  the  contour  of  the  wetted 
part  of  the  body  in  Cartesian  coordinate  system,  j;-axis  being  directed  downstream.  Note,  that  here  all 
quantities  and  functions  are  non-dimensionalized  with  use  of  the  characteristic  length  of  the  body  and  the 
velocity  of  the  oncoming  flow. 


•  Dynamic  condition  on  the  cavity 

The  pressure  on  the  boundary  of  the  cavity  is  assumed  constant  wherefrom  the  corresponding  pressure 
coefficient  Cp  should  be  taken  equal  in  magnitude  and  opposite  in  sign  to  the  cavitation  number  a 

=  =  +  =  y  =  yc{x)  (2) 

where  y  =  yd^)  describes  the  cavity  contour,  determined  in  the  course  of  the  problem  solution. 


•  Kinematic  condition  on  the  cavity 

The  cavity  contour  is  a  streamline,  and,  therefore,  it  should  be  subject  to  a  slip  condition,  identical  to  (1). 

•  At  the  infinity  the  perturbation  velocities  should  vanish. 

In  what  follows  we  first  consider  a  steady  linearized  flow  problem  for  a  supercavitating  foiU  using  different  linear 
analogues  of  the  cavity  closure  schemes.  Used  in  particular  are  the  analogues  of  the  closed  cavity  termination 
models  (Riaboushinsky  model,  Efros-Gilbarg  model,  Tulin  single-spiral  vortex  model),  as  well  as  those  of  Wu- 
Fabula  and  Tulin  double-spiral  vortex  termination  models.  Then  two  examples  are  presented  showing  how  the 
linearized  (outer)  solution  can  be  supplemented  by  a  nonlinear  local  (inner)  solution  in  the  flow  regions  when  the 
perturbations  are  not  necessarily  small.  These  examples  include:  a  uniformly  valid  solution  of  a  flow  problem 
for  a  fiat  plate  at  an  angle  of  attack  (zero  cavitation  number)  and  of  that  for  a  plate  with  a  spoiler  at  the  trailing 
edge.  Both  examples  employ  the  method  of  matched  asymptotic  expansions  (MAE),  [2].  This  technique  consists 
in  finding  a  local  (inner)  solution  in  the  appropriately  stretched  coordinates,  blending  it  smoothly  to  the  outer 
(linear)  solution,  and,  eventually  obtaining  a  uniformly  valid  solution  by  additive  composition  of  the  inner  and 
outer  solutions. 


^The  term  “supercavitating” ,  as  understood  here,  implies  that  the  cavity  extends  beyond  the  trailing  edge  of  the  foil 

Paper  presented  at  the  RTOAVT  Lecture  Series  on  ‘'Supercavitating  Flows  ”,  held  at  the  von  Kdrmdn 
Institute  (VKI)  in  Brussels,  Belgium,  12-16  February  2001,  and  published  in  RTO  EN-010. 
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2.  Linear  solution  of  the  problem  of  a  supercavitating  flow  past  a  thin  foil  with 
different  closure  schemes 


Consider  a  linear  problem  of  a  steady  supercavitating  flow  past  a  flat  plate  with  different  closure  schemes.  In 
what  follows  all  quantities  and  functions  are  rendered  nondimensional  with  use  of  the  chord  c  of  the  plate  and 
the  velocity  of  the  incoming  ffow  Uo^  To  avoid  complicated  derivations  when  explaining  the  essential  points  of 
the  lecture,  one  assumes  that  the  cavity  detaches  from  a  sharp  leaxiing  edge  of  the  supercavitating  foil  of  zero 
thickness.  In  most  of  the  examples,  discussed  herein,  the  foil  is  represented  by  a  ffat  plate  at  at  an  angle  of 
attack. 

Assume  that  the  ffow  perturbations  are  small.  Expanding  previous  nonlinear  formulation,  one  easily  shows 
that  the  linear  flow  problem  for  the  perturbation  velocity  potential  cp  =  (f{x,y)  is  governed  by  the  following 
equations 


•  Laplace  equation 


d‘^(f  d‘^(f 

daP-  dy^ 


(j;,  y)  e  V; 


(3) 


•  Flow  tangency  condition  on  the  wetted  part  of  the  foil 


dip  ^  ^ 
dy  dx 


y  =  0  —  0,  X  e  (0, 1), 


or,  for  a  flat  plate  yo{x)  =  ~ax. 


dip 

—  =  -a, 
dy 


y  —  Q  —  X  ^  (0,  1), 


(4) 


where  a  is  angle  of  atta^:k  (in  radians); 

•  On  the  boundary  of  the  cavity 

As  the  linearized  pressure  coefficient  is  approximately  equal  to 


^  _  2(p-po)  _  ^d(p 

^  dx' 


and  the  cavitation  number  a  is  defined  as 


(5) 


a  = 


2(Pc  -  Po) 

pU2 


(6) 


where  Pc  and  Po  are  pressures  in  the  cavity  and  at  the  upstream  infinity.  Then,  the  perturbed  horizontal 
velocity  on  the  boundary  of  the  cavity  should  be 


dip  1 
dx  2 


y 


0  ±  0,  X  E  (0, 1)  and  x  E  (1, 1), 


where  I  is  the  cavity  length  measured  from  the  leading  edge  of  the  foil  and  related  to  the  chord  of  the  foil; 

•  Condition  at  infinity 

s/<p  =  i^+j^  -^0,  for  +  2/2  _  oo,  (8) 

ax  ay 

where  i  and  j  are  unit  vectors  of  the  axes  x  and  y  correspondingly. 

It  should  be  noted  that  the  linearization  implies  that  both  a  and  a  tend  to  zero  at  the  same  speed,  i.e.  (j  =  0(q;). 
In  order  to  use  powerful  methods  of  the  complex  functions’  theory  it  is  convenient  to  re-write  the  flow  problem 
formulation,  described  previously,  in  terms  of  complex  variables  and  functions.  Instead  of  the  perturbation 
velocity  potential  p  =  ip{xpy).  introduce  a  complex  potential  F  =  F{z)  =  ip{xpy)  +  i'(l^{xpy).  where  i  = 
is  an  imaginary  unit,  2;  ^  x  +  iy  and  '4^{xpy)  is  a  stream  function.  In  this  case  the  solution  of  the  problem  is 
reduced  to  finding  an  analytic  function  dF/dz  ^  w{z)  =  ti{x,  y)  —iv{x.  y)  in  the  domain  V  of  the  flow  with  the 
following  boundary  conditions  on  the  flow  boundaries 

•  On  the  wetted  part  of  the  plate 


=  -v{x,  y)  =  a,  z/  =  0  -  0,  x  E  (0, 1); 


(9) 
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•  On  the  cavity 


•  At  infinity 


^w{z)  =  ti{x,y)  =  -<j, 


2/  =  0  ±  0, 


j;  e  (OJ)  and  j;  e  (1 J); 


w{z)  0,  for  2;  ^  oc. 


(10) 

(11) 


2.1.  CavUy  closure  models  with  a  square  root  singularity 

In  the  nonlinear  formulation  this  type  of  the  cavity  closure  models  is  characterized  by  presence  of  a  stagnation 
point  in  the  region  of  cavity  termination,  i.e.  that  of  Riaboushinsky  and  Efros-Gilbarg  (see  Fig.  1(1)  and  Fig. 
1  (2)).  As  discussed  in  [1]  a  linear  analogue  for  all  such  models  contains  a  square  root  singularity  near  the  point 
of  the  cavity  termination.  Consider  a  corresponding  fiow  problem  solution  following  [1]. 

The  linearized  “physical”  complex  plane  2;  of  the  fiow  past  a  foil  with  a  trailing  cavity  of  finite  length  is  illustrated 
in  Fig.  2.  Note  that  in  this  plane  the  plate  plus  the  cavity  are  represented  by  a  slit  y  =  0  ±  0,  j;  6  [0, 1].  To  solve 
the  problem,  map  the  exterior  of  the  slit  in  the  complex  plane  2;  onto  the  upper  half  of  the  auxiliary  complex 
plane  Q  ^  ^  +  irj  (see  Fig.  2)  with  help  of  the  function 


c  =  -ia 


a  =  \/l  —  1. 


(12) 


The  inverse  function,  i.e.  z  ^  z{C)^,  can  be  written  as 


2;  = 


^2  ^  ^2 


(13) 


The  correspondence  of  the  points  in  2;  and  (  planes  can  be  seen  from  Fig.  2.  Note  that  the  point  z  ^  1.  which 
represents  the  closure  point  of  the  cavity  in  the  “physical”  plane,  passes  into  a  point  =  oc  in  the  auxiliary 
halfplane  =  C  <  In  feet,  for  2;  ^  I 


(14) 


On  the  other  hand,  the  infinity  of  the  “physical”  plane,  i.e.  z  =  oc  passes  into  the  point  C  =  “fe-  Eventually, 
the  wetted  part  of  the  slip  coincides  with  the  interval  ^  G  (0, 1)  whereas  the  upper  and  the  lower  boundary  of 
the  cavity  in  2;  plane  are  mapped  onto  the  negative  r/  =  0  —  0,  <  0  and  positive  r/  =  0  —  0,-^G(1,oc)  parts  of 

the  real  axis  in  the  auxiliary  plane. 

In  the  context  of  the  closure  models  it  is  important  to  specify  the  anticipated  behavior  of  the  complex  conjugate 
velocity  w{C)  in  the  vicinity  of  the  cavity  closure  point.  It  can  be  shown  that  the  linear  analogues  of  the  nonlinear 
closure  models,  containing  a  stagnation  point  within  the  cavity  termination  zone,  are  characterized  by  a  square 
root  singularity  of  the  perturbed  velocity  at  the  corresponding  closure  point  (i.e.  at  z  ^  1).  Assuming  that 


for  2;  ^  I  w{z)  ^  ^  (15) 

y/z  —  V 

Accounting  for  the  expression  (14),  it  means  that  in  the  auxiliary  plane 

^'[^(C)]  «  -7^  =  (16) 

lay  I 

where  A  is  a  real  constant  to  be  determined. 

It  is  convenient  to  solve  the  boundary  problem  for  the  function 

w*{z)  =  w{z)  -  1(T,  (17) 

For  this  function  ^uf{z)  =  0  on  the  boundary  of  the  cavity,  i.e.  on  r/  =  0  ^  0,  ^  <  0  and  1  <  ^  <  oc.  The 
latter  fact  simplifies  the  final  expression  for  the  solution.  Note  that  the  boundary  conditions  for  u;*(C)  on  the 
real  axis  of  the  auxiliary  complex  plane  C  are  mixed,  prescribing  ^w*{C)  on  one  part  of  the  axis  and  ^w*{C)  on 
another  part  of  the  axis,  see  Fig.  2. 

Assuming  a  quarter- root  singularity  0^(2;)  =  0(2(“^/^)  at  the  leading  edge  and  square  root  zero  0^(2;)  =  0[(1  ^ 
2;)^/^]  at  the  trailing  edge,  and  using  Keldysh- Sedov  formula,  one  can  derive  the  solution  for  the  complex 
conjugate  velocity  in  the  form 


/  .-N  1  « 

W'(C)  =  x<7  +  - 

Z  TT 


^ _ ^ 

1-4C-4 


d^  +  B 


+  A^ca-C)- 


(18) 
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Note  that  B  and  A  are  real  constants  to  be  determined,  and  the  last  term  in  the  formula  is  a  permissible  solution 
accounting  for  the  required  behaviour  of  the  function  u;(C)  for  lAC^. 

After  integration,  one  can  obtain 


w(C)  =  + 


+  A^/C(1-C)- 


The  solution  thus  obtained  contains  three  unknown  (real)  parameters  a,  B  and  A.  The  first  relationship  between 
these  parameters  can  be  obtained  by  applying  the  infinity  condition  (8).  For  —ia  the  conjugate  complex 
velocity  should  equal  zero,  i.e. 

w{—ia)  =  0,  (20) 

The  latter  complex  equation  is  equivalent  to  the  two  real  equations 

Uw{—ia)  =  0,  ^w{—ia)  =0.  (21) 

The  remaining  relationship  necessary  to  determine  all  three  unknowns  of  the  solution  can  be  obtained  from 
the  closure  condition,  which,  in  other  words,  is  a  requirement  that  the  cavity  should  have  finite  length.  The 
corresponding  equation  can  be  written  as 


^  ^[w{z)]dz  ^  ^  ^  w{z)dz  =  ^  ^  w{C)^dC  =  0, 


where  contour  Cz  encloses  the  slit  y  =  0  ±  0,  x  E  (0, 1)  and  is  passed  in  the  clockwise  direction,  and  the  contour 
encloses  the  point  C  =  and  is  passed  in  the  clockwise  direction.  The  derivative  d2;/dC  can  be  derived 
from  the  expression  (13)  in  the  form 

^  ^ _ 

dC  +  a2  (e  +  a2)2  ■  ^ 

Treating  the  equation  (22)  is  reduced  to  calculation  of  the  imaginary  part  of  the  residue  of  the  function 
w{Qdz / dC,  at  the  point  C  be. 


9^w(C)^dC  =  9|27riRes|^w(C)^ 


Calculating  the  residue  with  use  of  the  Taylor  series  of  tc(C)  hi  the  vicinity  of  C  = 

«^(C)  =  ^I  (C  +  ia)+0[(C  +  ia)^]  (25) 

(1^  lC=-?a. 

and  the  expression  for  the  derivative  of  the  inverse  mapping  function  z  =  z(C),  one  conies  to  the  following  form 
of  the  equation  (22) 

The  lift  coefficient  can  be  derived  by  integrating  the  pressure  over  the  slit  in  the  “physical”  plane,  so  that 


-=29t^w{z)  dz  =  23?  ^  w(C)  ^  dC- 


Similarly  to  the  previous  derivations  lea<iing  to  the  equation  (22) ,  the  calculation  of  the  lift  coefficient  is  reduced 
to  that  of  the  real  part  of  the  residue  of  the  function  u;(C)d2;/dC,  which  yields 

a,  =27rZa3?{^|  }  (28) 

I  dC  \C=~ia) 


The  results  obtained  for  the  case  of  a  fiat  plate  at  an  angle  of  attack  a  have  quite  a  simple  form.  After  some 
algebra  the  expression  for  the  lift  coefficient  becomes 


Cy  =  T^al  ^ 


V~i 

vr^ 


The  relationship  between  cavitation  number  and  length  of  the  cavity  is  given  by  the  formula 

_  _  a  _  2  _  2 

a  a  y/l  -  I  ’ 
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Note  that  both  of  the  proceeding  formulae  imply  that  I  >  1,  Using  the  expressions,  describing  parametric 
dependences  of  the  lift  coefficient  and  the  ratio  a/ a  on  the  nondimensional  length  of  the  cavity  L  one  can 
obtain  the  following  formula 


Cj 

a 


'f  =  < 


(31) 


2.2.  Wu-Fabula  closure  model 


The  solution,  corresponding  to  Wu-Fabula  cavity  closure  model  (see  Fig.  1(4)),  can  be  easily  derived  from  the 
previous  solution  by  requiring  a  “smooth”  termination  at  the  point  a;  =  L  or  =  oc.  This  is  achieved  by  putting 
the  real  constant  A  equal  to  zero.  The  corresponding  linearized  “physical”  plane  is  shown  in  Fig.  3.  The 
resulting  expressions  for  the  lift  coefficient  and  the  ratio  a  =  a/ a  versus  nondimensional  length  of  the  cavity 
are  given  by  the  formulae 


_  ttVT 
«  -  1  ’ 


(32) 


a  2 

O:  "I"  y/l  —  1 


(33) 


2.3.  Tulin  double  spiral-vortex  cavity  closure  model 

In  the  double  spiral- vortex  model  introduced  by  Tulin  (Fig.  1(3))  it  is  assumed  that  the  cavity  termination  is 
followed  by  a  wake  extending  to  the  downstream  infinity,  [1].  Therewith,  the  cavity  pressure  turns  abruptly 
into  that  of  unperturbed  flow.  The  corresponding  linearized  flow  problem  formulation  is  shown  in  Fig.  4.  Note, 
that  the  linearization  implies  that  the  abscissas  of  the  cavity  termination  points  on  the  upper  and  the  lower 
“banks”  of  the  cut  are  identical.  To  formulate  the  relevant  boundary  problem  for  the  perturbed  conjugate 
complex  velocity,  map  the  exterior  of  the  semi-infinite  cut  in  the  “physical”  plane  2:  onto  the  lower  half  plane 
<  0  of  the  auxiliary  plane  This  can  be  done  by  means  of  the  function 

C  =  -Xz  (34) 


where  the  selected  branch  of  the  root  transfers  the  point  z  =  1  +  i(0  —  0)  into  the  point  C  —  l  +  i(0  +  0).  The 
correspondence  of  the  points  in  2)  and  C  complex  planes  is  indicated  in  Fig.  4.  Note,  that  the  termination  points 
of  the  cavity  2;  =  ^  +  i(0  =F  0)  are  mapped  respectingly  into  the  points  C  =  4:5,  where  5  =  \/l.  The  boundary 
conditions  for  the  conjugate  complex  velocity  w(C)  on  the  real  axis  of  the  auxiliary  plane  are  shown 

in  Fig.  4.  Using  Keldysh-Sedov  formulae  to  solve  this  mixed  boundary  problem,  one  can  derive  the  following 
expression 


a 

2^ 


w{Q  =  - 

TT 


th  r  rT~  di 

V  C  Jo 


i _ 

$  -  1  C  - 1 


B 


■+ 


(35) 


where  Z?  is  a  real  constant  to  be  determined.  Integrating,  one  obtains 


w{C) 


(36) 


where 


^(C,6  = 


f  _ ^ 

J  n-H- 


21n^^i±^4I+ 
4  \/2 


c-i 


(37) 


Requiring  that  the  perturbations  vanish  at  the  infinity,  one  obtains  B  ^  0.  After  some  axiditional  algebra  the 
expression  for  w{C)  acquires  the  following  form 


w{C)  =  ia^l  ™ 


27r  L  y  (  -|-  ^5+1 


,j_+b 

c-U 


(38) 
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Finally,  the  expression  for  the  lift  coefficient  is  obtained  as 

^  =  ab\/b(y/b  +  1  —  —  1),  (39) 

a  '  a 

where  b  =  y/1,.  The  ratio  a  versus  I  is  described  by  the  following  formula 

1  =  ^  =  l\Vb(Vl^+  v/m)  -  In  "(^1  (40) 

(T  (T  nl  ' 

The  previous  two  expressions  can  be  viewed  as  a  parametric  dependence  of  the  lift  coefficient  upon  cavitation 
number  and  angle  of  attack,  or  rather  as  Cy/a  as  a  function  of  a /a  for  the  linear  supercavitating  flow  past  a 
flat  plate  with  a  Tulin  double  spiral- vortex  cavity  closure  scheme.  Note  that  in  order  to  find  the  relationship 
between  the  cavitation  number  a  and  the  length  I  of  the  cavity,  it  was  assumed  herein  that  the  total  drag  of 
the  cavity + wake  system  should  be  equal  to  zero.  The  latter  statement  can  be  formally  expressed  as 


i  /  w'(C)^dC  =  o. 


The  corresponding  calculation  is  reduced  to  finding  the  resudue  of  the  integrand  at  the  infinity  in  the  auxiliary 
plane  C- 

Plotted  in  Fig.  5  are  curves  of  lift  coefficient  related  to  angle  of  attack  versus  cavitation  number  related  to 
angle  of  attack,  i.e.  Cy/a  =  f{a/a)  for  different  linear  analogues  of  the  cavity  closure  scheme  for  the  case  of  a 
fiat  plate.  Presented  in  the  Figure  are  the  results: 

1.  For  Tulin  open  closure  scheme  featuring  two  double-spiral  vortices, 

2.  For  a  cavity  scheme  with  a  square-root  singularity  of  perturbation  velocity  at  the  cavity  termination 
points,  and 

3.  Wu-Fabula  cavity  closure  scheme  (no  singularity  at  the  cavity  termination  point) 

Plotted  in  the  same  Figure  are  experimental  points,  obtained  by  Bolotin  and  E.B.  Anoufriev  for  a  series 
of  segment  foils  with  different  relative  thickness  4.2,5  and  6%,  [3].  It  should  be  noted  that  in  the  case  of  the 
developed  cavitation  starting  from  the  lea<iing  edge,  the  flow  past  the  segment  foil  is  equivalent  to  that  of  the 
fiat  plate.  It  follows  from  the  comparison  of  test  data  with  the  calculated  results  that  the  correlation  is  fair  not 
only  for  the  case  of  developed  cavitation  (long  cavities),  but  also  for  the  transitional  regime  when  1  <  I  <  1.5. 
Tulin  double-spiral  vortex  scheme  provides  satisfactory  results  for  the  lift  coefficient  of  fiat  plate  up  to  a /a  ^  6, 
i.e.  practically  up  the  boundary  of  supercavitation.  The  experimental  points  are  seen  to  be  located  between 
the  schemes  1)  and  2).  Wu-Fabula  scheme  allows  to  obtain  the  magnitudes  of  Cy/a  only  for  a /a  <  2,  i.e.  for 
sufficiently  long  cavities.  For  a /a  close  to  2,  Wu-Fabula  scheme  gives  somewhat  excessive  magnitudes  of  the 
lift  coefficient. 

2,4-  The  case  of  zero  cavitation  number  -  analogy  with  a  fully  wetted  foil 

The  simplest  albeit  practical  case  corresponds  to  zero  cavitation  number.  Therewith  the  cavity  becomes  semi¬ 
infinite.  The  “physical”  flow  domain  in  z-plane  is  transformed  onto  an  auxiliary  lower  half-plane  =  r;  <  0 
with  the  mapping  function  (  =  discussed  previously.  As  before,  one  can  easily  construct  the  solution  of 

the  ensuing  boundary  problem  for  w{C)  with  use  of  the  Keldysh- Sedov  formula.  Restricting  the  analysis  to  the 
case  of  a  fiat  plate,  one  comes  to  the  following  simple  formula 

w(C)  =a(i-  J-^) >  (42) 


which  satisfies  the  requirement  that  the  perturbed  velocity  should  vanish  at  the  infinity.  The  latter  property  of 
(42)  can  be  easily  verified.  In  fact  for  large  z  ^  oc,  C  ^  oc 


^I^  =  i[i-4  +  o(l)],  .(0-4^0,  (43) 

In  particular,  the  perturbed  velocity  distribution  on  the  wetted  (lower)  side  of  the  plate  ((^  ^  ^  —  iO,^  6  (O5 1)) 
becomes 

ui^,0-0)  =  -a.hf^,  (44) 
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Referring  to  the  classical  theory  of  a  thin  foil,  one  can  conclude  that  the  above  result  coincides  with  the  perturbed 
velocity  distribution  on  the  lower  side  of  a  flat  plate  placed  in  a  uniform  flow  in  (^-plane.  This  suggests  a  concept 
of  an  equivalence,  existing  between  the  original  supercavitating  flow  in  2;  plane  and  a  flctitious  non-cavitating 
(fully  wetted)  flow  in  (^-plane,  which  was  first  indicated  by  Tulin. 

It  should  be  noted  that  since  the  fluid  domain  has  been  mapped  entirely  into  the  lower  part  of  the  C-plane,  the 
region  =  r;  >  0  has  no  physical  significance.  Mathematically,  it  can  be  regarded  as  the  second  Riemann 
sheet  of  the  ^^-plaiie,  or  as  the  domain  of  the  cavity.  Owing  to  the  fact  that  on  the  boundary  of  the  cavity  in  ( 
plane  the  real  part  of  the  conjugate  complex  velocity  u;(C)  is  zero,  one  can  use  the  Schwartz  reflection  principle 
to  continue  u;(C)  across  the  real  axis  ^  ^  (excluding  the  cut  ^  6  (0, 1)),  provided  ti  is  an  odd  function  of  r/. 
To  ensure  that  u;(C)  =  ^(^,  r/)  +  ic(^,  r/)  is  analytic  in  the  entire  C-plane,  it  follows  from  the  Cauchy-Riernarm 
equations  that  v  should  be  an  even  function  of  r/.  Thus,  the  appropriate  reflections  into  the  upper  half-plane  of 
C  are  given  by 

(45) 

Tj)  =  v{^,  -Tj)  (46) 

The  reflected  boundary- value  problem  shown  is  mathematically  identical  to  the  lifting  problem  of  a  fully  wetted 
thin  foil.  In  both  cases  a  Kutt a- Zhukovsky  condition  should  be  imposed  at  the  trailing  edge,  and  the  perturbation 
velocity  should  vanish  at  the  infinity.  Thus,  the  solution  of  the  supercavitating  flow  problem  (a  ^  0)  in  the 
complex  plane  z  written  in  auxiliary  complex  variable  C  is  identical  to  that  of  a  fully  wetted  foil  in  C,~plane.  This 
analogy  enables  to  obtain  the  coefficients  of  hydrodynamic  forces  and  moments  of  the  supercavitating  foil  from 
those  of  a  flctitious  fully  wetted  foil.  For  example,  to  obtain  the  lift  coefficient  Cy  of  the  supecavitating  flat 
plate,  one  has  to  integrate  the  pressure  coefficient  along  the  wetted  part  of  the  plate,  i.e. 


pU'^c 


f  Cp{x,  0  —  0)  dx*  =  —  2  f  ti{x,  0  —  0)  i\x. 

Jq  Jq 


Passing  over  to  the  integration  in  (^-plane  {x  ^  one  derives  from  the  previous  line 


(47) 


a 


ti{x,  0  —  0)  i\x 


«(l,0-0)^d|  = 


=-7‘ 


7/(^,  0  —  0)^  d^ 


(48) 


Accounting  for  the  adopted  reflection  of  u  into  the  upper  half-plane  Q,  one  can  re-write  (48)  in  the  following 
way 

Cy^~4  [  0  -  0)C  dC  =  2  /  [u{^,  0  +  0)  -  0  -  0)]C  dC  = 

Jo  Jo 

[  [Cp(C,  0  -  0)  -  Cp(C,  0  +  0)]CdC  =  ,  (49) 

Jo 

where  (7^^  is  a  coefficient  of  the  longitudinal  hydrodynamic  moment  of  a  flctitious  fully  wetted  foil  of  length 
in  (^-plane.  This  coefficient,  calculated  with  respect  to  the  lea<iing  edge  of  the  flctitious  plate,  is  defined 
as 

9  M.  9  M. 

(50) 


^  _  2M^  _  2M^ 


pU^(^  pU‘^^/c^ 

Similarly,  one  can  show  that  the  coefficient  of  the  longitudinal  hydrodynamic  moment  of  a  supercavitating  foil 
((7  =  0)  is  equal  to  the  coefficient  of  the  third  moment  of  the  flctitious  fully  wetted  foil. 


Cm=  !  Cp{x,  0  -  0)xih;  =  ^  [Cpit  0  -  0)  -  Cp{t  0  +  0)]e'^ 


dC 


It  can  also  be  shown  that  the  drag  coefficient  for  the  supercavitating  foil  can  be  found  as 

c  -  — 


(51) 


(52) 


This  useful  equivalence  was  first  established  by  Tulin  and  Bur  kart  in  1955.  For  a  supercavitating  flat  plate 
((7  =  0)  at  a  given  angle  of  attack  a  the  corresponding  calculations  give 


_  7ca 


2 


32 


(53) 


It  is  interesting  that  the  lift  coefficient  for  the  supercavitating  flat  plate  is  four  times  less  than  that  of  the  fully 
wetted  plate  and  two  times  less  that  for  the  case  of  a  flat  plate  gliding  on  the  surface.  In  comparison  to  the 
fully  wetted  flat  plate,  here  the  centre  of  pressure  is  shifted  from  the  quarter-chord  point  to  a  position  5/16 
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of  the  chord  downstream  from  the  leading  edge.  Note  that  the  drag  coefficient  of  the  supercavitating  plate  is 
seen  to  be  equal  to  Cya,  i.e.  the  total  force  is  normal  to  the  plate.  This  is  different  from  the  fully  wetted  case, 
where,  according  to  D’Alembert  paradox,  the  vector  of  the  force,  acting  upon  the  foil,  is  strictly  vertical  due 
to  the  suction  force  at  the  leading  edge  and  the  resulting  drag  is  zero.  In  the  supercavitating  case  there  is  no 
suction  force,  since  the  square  root  singularity  of  the  equivalent  fully- wetted  flow  in  the  C-plane  is  reduced  to  a 
quarter- root  singularity  in  the  physical  z-plane. 


3.  Uniformly  valid  asymptotic  solution  of  the  problem  for  the  flow  past  a  super¬ 
cavitating  flat  plate 


The  linear  theory  reveals  a  quarter-root  singularity  of  the  perturbation  velocity  at  the  leading  edge  of  a  super¬ 
cavitating  foil.  This  defficiency  can  be  corrected  by  a  special  consideration  of  the  local  region  of  the  flow  near 
the  leading  edge,  as  first  done  in  [4] . 

3 A,  Linear  solution  as  a  leading  order  outer  expansion 

Consider  the  perturbation  velocity  distribution  along  the  wetted  (lower)  side  of  the  supercavitating  (a  =  0)  fiat 
plate,  following  from  (44).  In  the  auxiliary  variable  ™  C  ^  (0?  1)  t>he  horizontal  component  of  w  equals  to 


^a(c  0  —  0)  =  3Rw(C) 


(54) 


As  follows  from  the  mapping  function  (  =  —^/z  the  real  variables  x  and  ^  are  related  to  each  other  as 

^  =  =pyT,  for  y  =  0  ±  0  (55) 

so  that  on  the  wetted  side  of  the  supercavitating  plate  x  E  (0, 1),  y  =  0  —  0  the  expression  (54)  can  be  re-written 
in  terms  of  “physical”  x  coordinate 


ti{x.  0  —  0)  ™  ~a 

This  expression  shows  explicitly  the  quarter-root  singularity  of  the  perturbation  velocity  (pressure) 
vicinity  of  the  leading  edge  of  the  wetted  side  of  the  supercavitating  fiat  plate.  In  fa<:t,  for  j;  ^  0  +  0 

u{x,  0  —  0)  ™  —  -  Cp{x,  0  —  0)  ^  ~(xxr^^^ 


(56) 
in  the 

(57) 


Considering  this  linear  theory  solution  as  an  outer'  expansion  of  a  complete  solution  of  a  nonlinear  problem  for 
a  flow  past  a  supercavitating  flat  plate  for  a  ^  0,  i.e. 

u{xA  —  0)  =  u3{x,  a)  =  m/^(j;)  +  0(q;^),  tii{x)  =0(1)  (58) 


one  can  note  that  this  asymptotic  expansion  loses  uniform  validity  for  sufficiently  small  x  when  the  product 
aui{x)  acquires  the  order  of  0(1).  This  takes  place  at  distances  from  the  lea<iing  edge  of  the  order  of  x  =  O(a^). 
Fot  the  purpose  of  further  analysis,  one  would  need  to  have  the  expression  for  the  ordinates  of  the  upper 
boundary  of  the  cavity  from  the  linear  theory.  Recalling  that  for  2;  =  j;  -h  i(0  +  0),  j;  >  0  the  ^  and  x  coordinates 
are  related  as  ^  =  —^/xA  <  0?  one  arrives  at  the  following  outer  expression  for  the  vertical  component  of  the 
conjugate  complex  perturbation  velocity 


t){x.  0  +  0)  =  ^w(j;)  =  tA{x.a)  =  —a(^l  — 


—a  +  avi{x,  0  +  0)  +  0(0;^),  Vi  =  0(1)  (59) 

The  outer  expansion  for  the  ordinates  of  the  upper  boundary  of  the  cavity,  measured  with  respect  to  the  plate 
can  be  determined  with  use  of  the  following  formula 


y^Xx,0  + 


v^{x,  0  +  0)  dj;  +  O(a^)  =  ay^{x,  0  +  0)  +  O(a^). 


(60) 


Integrating  this  expression  with  account  of  the  formula  for  ?;J(j;,  0  +  0)  gives  the  following  expression  for  the 
outer  contour  of  the  upper  boundary  of  the  cavity 


y^Xx,0  +  0)^ay^{x,0  +  0) 


^[(1  +  2y/x)  X  +  y/x  -  hl(y^l  +  y/x  + 


(61) 
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3.2.  Inner  expansion  in  the  vicinity  of  the  leading  edge 

As  follows  from  the  preceediiig  estimates,  the  linear  solution  is  not  valid  in  the  vicinity  of  the  leaxiing  edge  of  the 
supercavitating  plate,  having  dimensions  of  the  order  of  0(q;^).  As  a  result  of  this  nonuniformity  the  pressure 
on  the  wetted  side  at  the  leaxiing  edge  becomes  unrealistically  infinite.  This  also  means  that  within  the  initial 
characteristic  scale  of  the  order  of  the  length  of  the  plate  the  stagnation  point,  located  close  to  the  leaxiing  edge 
is  invisible.  In  order  to  the  fiow  near  this  edge  in  more  detail,  introduce  local  (stretched)  coordinates 


^  =  4- 


Z  ^  X  +iY  ^  —r 


In  these  inner  variables  for  a  ^  0  the  training  edge  of  the  plate  recedes  to  the  infinity  and  the  inner  fiow 
becomes  as  shown  in  Fig.  6.  For  zero  cavitation  number  this  fiow  is  completely  characterized  by  the  distance  s 
of  the  stagnation  point  from  the  leading  edge  of  the  plate.  The  inner  problem  is  solved  with  use  of  the  velocity 
hodograph  method  and  conformal  mappings. 

Introduce  the  hodograph  variable 

r=^  =  ^.  (63) 

w*  q 

where  a)  is  the  conjugate  complex  velocity  (of  relative  fiuid  motion)  in  the  inner  region  of  the  fiow, 

q  =  |  i//|  and  0  ^  —  arg  tc4  To  be  able  to  determine  the  fiow  pattern  in  the  nearfield  using  hodograph  complex 
plane,  one  requires  additionally  an  estimation  of  the  behaviour  of  the  angle  0  of  the  tangent  to  the  (upper) 
boundary  of  the  cavity  at  the  downstream  infinity.  Essentially,  this  is  equivalent  to  estimating  of  the  one-term 
irmer  limit  of  the  one-term  outer  expansion.  Repla^dng  the  outer  variables  in  the  expression  (61),  by  the  inner 
variables,  i.e.  x  =  and  y  =  a^T,  and  expanding  for  X  =  0(1)  and  a  ^  0,  one  obtains 

y{x)  =  y{a^X)\  =yf{X,a)  = 


-X^/^  +  +  0(a6)' 

3  5  14 


wherefrom  the  one-term  inner  expansion  of  the  cavity  contour  in  the  form 

y  =  =  1x3/4  +  0(a2)  (65) 

3 

The  inclination  of  this  curve  for  X  ^  oc  tends  to  zero,  so  that  one  can  assume  that  ^  =  0  at  the  downstream 
infinity.  The  hodograph  plane,  shown  in  Fig.  7,  is  then  transformed  onto  an  auxiliary  plane  (  in  such  a  way 
that  the  images  of  the  plate  and  the  cavity  be  found  on  the  real  axis  3/^  ^  see  Fig.  7. 

C  =  i(r-  +  t).  (66) 

To  complete  the  procedure  of  obtaining  the  inner  solution  it  is  necessary  to  relate  the  complex  potential  of 
relative  motion  of  the  fiuid 

—  (p  ^  Til/;,  (67) 

where  (p  and  are  correspondingly  the  velocity  potential  and  stream  function  (of  relative  motion)  with  the 
function  by  means  of  an  intermediate  complex  plane  C-  The  complex  potential  plane  shown  in  Fig.  7,  is 
transformed  onto  ^-plane  with  help  of  the  function 

-  jpTr.  m 

where  Ai  is  a  real  constant.  Using  formulae  (63)  and  (66),  one  comes  to  the  following  relationship 

w*  =  c  ±  -  1,  (69) 

where  the  plus  sign  is  used  for  \^\  <  1,  and  the  minus  sign  should  be  taken  for  >  1. 

The  relationship  between  Z  and  through  complex  variable  C  can  be  derived  in  the  following  way 


Cl 
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Using  formulae  (68)  and  (69)  in  combination  with  (70)  and  integrating  from  the  leaxiing  edge  to  the  stagnation 
point,  one  finds 

=  (71) 

Making  use  of  (70)  one  can  find  the  following  relationship  between  Z  and  ^  on  the  plate  and  the  cavity  in 
the  following  form 


•  On  the  plate,  for  0  <  X  <  a,Y=0-0 

X_24r  1  1  3i 

7  “  17L2(^- 1)2  1  “  3  (^-1)3  ^81 


(72) 


•  On  the  plate,  for  a  <  X  <  oc,Y=0-0 

y  =  1  +  ^  r  1  I  1  I  1  (^^  - 1)"/^  _  1] 

a  17  L2(^  -  1)2  ^  -  1  3  (^  -  1)3  3) 

•  On  the  cavity,  —  1  <C<  1 

Z  X  .Y  24  r  1  1  3  i(l-C^)^7^] 

~  ^  1712(^-1)2  1  8  3  (1-C)^  J 


(73) 


(74) 


The  latter  equation  provides  a  parametric  relationship  between  V  =  Y(^)  and  X  =  X(^)  on  the  cavity  contour 
in  inner  variables. 

Having  determined  the  relationship  Z  ^  Z(().  described  by  (70),  with  account  of  (69)  and  (70)  one  can  find  an 
implicit  expression  for  distribution  of  the  velocity  along  the  plate  in  the  inner  region 


and 


X  _  24  r  2(u/)^  2r/  1  / 1  +  u/ \  3  3i 

a  17  1(1—  u^)4  (^1  ™  3  \  1  ™  +  gj  5 

X  _  M  r  2(M^f  2%^  1  / 1  +  uS 3  ^  i-| 

a  17  [  (^1  _  j^l  _  yi^2  3  \  )  3  J  ’ 


for  0  <  X  <  a,  Y  =  0  -  0; 

for  a  <  X  <  oc,  Y  =  0  —  0. 


(75) 


(76) 


3.3.  Matching  and  additive  composition 

To  determine  the  parameter  a,  entering  the  inner  solution,  one  uses  the  Van- Dyke  asymptotic  matching  principle. 
[2].  First  of  all,  find  a  one-term  inner  representation  of  the  two-terrn  outer  solution^ 

1-^-  (77) 

On  the  other  hand,  take  the  outer  representation  of  (75),  (76)  for  tP.  Introducing  x  =  a^X,  one  can  write 

iP  1  —  aiPi  +  O(a^).  (78) 


Substituting  this  expression  into  (75)  and  (76)  expanding  it  for  a  ^  0  and  x  =fixed,  one  has 


1  ™  a 


/  48a  \  1/4 

\m:) 


(79) 


Comparing  formulae  (77)  and  (79)  gives 


(80) 


wherefrom  one  can  see  that  the  distance  of  the  stagnation  point  from  the  lea<iing  edge  is  equal  to  q;^/4. 
Uniformly  valid  expression  for  the  velocity  %P  on  the  wetted  side  of  the  plate  can  be  found  by  means  of  the 
additive  composition  of  the  outer  (56)  and  inner  (75), (76)  solution.  The  latter  procedure  implies  adding  these 
solutions  and  subs tr acting  their  common  part  (77),  i.e. 


iP  =  +  iP  -  =  iP  +  iP  -  iP^  =  iP - ^  (81) 

1  +  yi  - 

The  uniformly  valid  distribution  of  the  pressure  coefficient  is  calculated  by  means  of  the  formula 

Cl  =  l-  {lYf  (82) 

Figures  8  and  9  illustrate  comparison  of  the  pressure  distributions,  calculated  using  the  formula  (82)  and  the 
exact  solution  for  a  =  10^.  The  results  of  the  linear  theory  are  plotted  with  dot-and-dash  line.  The  upper  cavity 
shape  (in  stretched  coordinates)  in  the  immediate  vicinity  of  the  trailing  edge  of  the  supercavitating  plate  is 
shown  in  Fig.  10. 


^Adding  preliminarily  the  velocity  of  the  incoming  flow 
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4.  Supercavitating  foil  with  a  spoiler 


As  another  example  of  how  the  matched  asymptotics  technique  can  be  used  to  complement  the  outer  (linear) 
expansion  of  the  solution  in  a  local  region  of  large  flow  perturbations  is  that  of  a  flow  past  a  supercavitating 
plate  with  a  spoiler,  [5] ,  [6] .  The  spoiler  is  represented  by  a  plate  of  a  small  relative  height  mounted  upon  the 
lifting  surface  either  at  the  trailing  edge  on  the  pressure  side  or  at  an  appropriate  station  on  the  suction  side. 
The  spoiler  is  usually  oriented  normally  to  the  oncoming  stream.  The  presence  of  the  spoiler  results  both  in  local 
pressure  rise  due  to  creation  of  the  stagnation  zone  in  its  vicinity,  and  redistribution  of  pressures  around  the 
entire  foil,  and,  eventually,  the  axiditional  lift  occurs.  Experiments  of  recent  years  have  shown  that  the  spoiler 
is  one  of  the  most  effective,  yet  relatively  simple  devicess  to  enhance  the  lifting  capacity  of  the  supercavitating 
hydrofoils  as  well  as  the  thrust  of  the  supercavitating  screw  propellers.  It  is  worth  mentionning  that  Professor 
Tulin  marked  spoilers  on  one  of  the  branches  of  his  famous  family  tree  of  supercavitating  flow  theory,  [6] . 

In  the  example  below,  considered  is  the  case  of  a  two-dimensional  flow  past  a  supercavitating  foil  with  a  spoiler 
of  a  small  relative  width  e  at  a  trailing  edge.  For  the  sake  of  illustrating  the  procedure,  the  simplest  case  of  zero 
cavitation  number  is  considered.  In  the  outer  region  (far  from  the  spoiler  in  terms  of  its  length)  appropriate 
linear  solutions  are  used  incorporating  an  a<imissible  (square  root)  singularity  of  unknown  strength  at  the 
trailing  edge.  In  the  inner  region  (in  the  vicinity  of  the  spoiler)  the  problem  is  reduced  to  that  of  a  Kirchhoff 
type  separated  flow  past  a  symmetric  wedge.  Asymptotic  matching  of  the  outer  and  inner  solutions  permits  to 
determine  hydrodynamic  characteristics  of  the  supercavitating  foil  with  the  spoiler. 

Let  the  supercavitating  foil  be  slightly  curved  and  oriented  to  the  flow  at  a  small  angle  of  attack  a.  As  per 
foregoing,  assume  that  the  cavitation  number  (j  =  0.  The  spoiler  has  a  small  relative  width  s  «  I  and  is 
oriented  at  an  arbitrary  angle  0  to  the  foil  at  the  trailing  edge. 

4^^  Flow  near  the  spoiler  (inner  problem) 

In  the  region  near  the  spoiler  introduce  stretching  of  the  local  independent  variables 

X  =  Y  =  -.  Z  =  X+iY.  (83) 

e  '  e ' 

Assume  that  the  distance  from  the  flow  boundaries  is  of  the  order  of  the  chord,  i.e.  0(1).  Then,  the  pattern  of 
the  local  flow  does  not  depend  on  the  type  or  on  the  number  of  the  boundaries.  It  does  not  depend  either  on 
the  distance  of  the  trailing  edge  from  the  flow  boundaries,  and  represents  a  flow  past  a  semi- infinite  horisontal 
flat  plate  with  a  spoiler  of  a  unit  width.  Analytic  continuation  of  this  flow  into  the  upper  half-plane  leads  to  a 
problem  for  a  separated  flow  of  unit  velocity  past  a  symmetric  wedge.  The  solution  of  this  classical  problem  can 
be  obtained  by  the  methods  of  the  jet  theory  in  an  ideal  fluid.  Following  [7]  find  the  conjugate  complex  velocity 
w'^{Z).  by  mapping  the  complex  potential  plane  F'^{Z)  =  and  the  logarithmic  velocity  hodograph 

plane  a;  =  —  Iri  w  =  ^  In  |ty|  -h  iO  upon  auxiliary  plane  t  (Fig.  11): 


F{Z)  =  ^of,  + 


1  iN 


(84) 


where  (po  is  a  parameter  related  to  the  wedge  angle  0  (in  radians)  by  means  of  the  following  relationship 


Po  ^ 


(85) 


For  better  convergence  of  the  integral  in  the  denominator  it  is  practical  to  to  use  it  in  the  following  alternative 
form 


tilt  = 


(86) 


The  coordinates  of  the  free  boundary  of  the  cavity,  detaching  from  the  spoiler  (lower  cheek  of  the  wedge)  can 
be  calculated  with  use  of  the  formula 


Z  =  2ip, 


tilt  +  exp(“i/?) 


(87) 


'^of  relative  fluid  motion 
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In  order  to  perfom  the  matching  of  the  inner  solution  to  the  outer  solution  one  has  to  obtain  the  asymptotics 
of  the  inner  solution  far  the  spoiler.  With  the  purpose  to  perform  the  matching  of  the  ordinates  of  the  free 
boundary  of  the  cavity^  find  the  asymptotics  of  the  free  boundary  for  X  ^  oc,  ^  —  oc) 

.  /I 


where 


wherefrom 


nc 


1  i  2/3/7r 

^  r2  r 


TT 


b  — d  +c* 

(88) 

TT  / 

(B/Tt  1 

—  Ij  rdr 

(89) 

X  +OC 

(90) 

Besides,  estimating  the  outer  limit  of  the  inner  solution,  one  can  show  that  the  outer  description  of  the  conjugate 
complex  velocity  has  a  square-root  singularity  at  the  point  j;  =  1.  In  fact,  expanding  w{f)  and  Z{f)  for  large  t, 
one  can  obtain 

z{t)  ~  +  o(i), 


and 


/  /  1  ?\“2/3/7r 

w*(i)  =  exp  [-Uj\t)]  =  1  -  -  +  -  j 


Excluding  the  auxiliary  variable  t  from  these  two  expressions,  one  can  find 

,  dF‘  2i0^ 

dZ  ~  ‘ 

On  the  foil 


X  —  1 


Finally,  one  can  evaluate  the  behaviour  of  w  on  the  foil  near  the  trailing  edge 

2^V^\/£ 


TT^l  —  X 


for  X  ^1  —  0 


(91) 

(92) 

(93) 

(94) 

(95) 


4- -2.  The  outer  (linearized)  flow 

For  the  simplest  case  of  zero  cavitation  number  (a  =  0)  and  angle  of  attack  a  «  1  the  flow  field  outside  of 
the  vicinity  of  the  spoiler  experiences  small  perturbations.  The  corresponding  linear  solution  for  the  conjugate 
complex  velocity  can  be  written  in  the  form 


V^(C^’ 


(96) 


Note  that  the  foregoing  expression  differs  from  the  solution  for  the  foil  without  spoiler  (42)  by  the  last  term, 
where  Bg  is  a  real  constant.  This  latter  term  represents  an  admissible  solution  of  the  corresponding  Riernaim- 
Hilbert  mixed  boundary  problem  which 

•  has  zero  real  part  on  ^  >  1  and  C  =  C  on  the  boundary  of  the  cavity 

•  has  zero  imaginary  part  on  l>(^==(^>0,i.e.  on  the  wetted  part  of  the  foil 

•  yields  a  square  root  singilarity  of  the  type  l/^x  —  1  at  the  point  C  =  ^  =  X  _  corresponding  to  the 
I)oint  j;  =  1  “  0.  In  other  words,  such  a  solution  secures  matching  of  the  outer  solution  with  the  inner 
solution,  discussed  above 

In  fact  near  that  point  ^  1^0,  and  x  ^  I  —  0)  the  “spoiler”  term  behaves  as 
i-g.9  ^ _ ^  gay/l  +  ya;  ^ 

- 1)  \f7xfll  -  X  fll-a-/ 

^Note  that  the  matching  can  be  performed  with  respect  to  other  parameters  of  the  flow,  e.g.  pressure  or  velocity  on  the  foil 
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•  yields  a  (proper)  quarter-root  singularity  of  the  type  x  on  the  wetted  side  of  the  foil  close  to  the 
leading  edge. 

In  fact,  near  the  latter  point  one  has 


iBs  Bg  Bg 

TW^)  ^  ^ 


(98) 


•  complies  with  the  requirement  of  the  decay  of  the  perturbation  velocity  at  the  infinity 


The  real  constant  Bg  characterizes  the  strength  of  the  square-root  singularity  at  the  point  x  =  1  and  has  to  be 
determined  from  the  matching  procedure.  Matching  of  the  linearized  outer  solution  and  the  inner  solution  can 
be  performed  in  terms  of  the  perturbation  velocities,  or  in  terms  of  the  ordinates  of  the  lower  free  boundary  of 
the  cavity  detaching  form  the  spoiler.  Using  the  former  option  and  employing  the  matching  principle,  one  should 
equate  the  outer  expansion  of  the  inner  solution  of  with  the  inner  expansion  of  the  outer  solution'^'b  In 
other  words,  one  should  equate  the  expressions  (95)  and  (97).  As  a  result,  the  constant  Bg  is  obtained  in  the 
form 


Bs  = 


TT 


(99) 


It  is  easy  to  verify  that  the  matching  could  have  been  done  in  terms  of  the  ordinates  of  the  lower  free  boundary 
of  the  cavity.  Find  the  asymptotics  of  the  outer  description  of  this  boundary near  the  spoiler,  i.e.  for  x  ^  1^0. 
Using  the  kinematic  condition  on  the  cavity  a  =  0 


dx 


Bs 


—  y  —  = 


Integrating  this  expression  one  obtains 


-  0 


y=  I  vdx=  I  v{0—d^  =  2  I 


,  (I  =  y/x,  a:  >  1, 1  >  1) 


y/x 


-B, 


5  —  1)  +  \n[2y/x  —  1  +  2 


-I)]}- 


(100) 


Asymptotic  representation  of  (100)  for  x  1  —  0  is  with  use  of  the  previously  obtained  magnitude  of  the 
constant  B 

y - 2yf2B,y/x  -  1  =  -  1  (101) 

TT 

Re-writing  (90)  in  terms  of  the  outer  variable  x  one  can  verify  complete  coincidence  of  the  resulting  expression 
with  (101).  This  fact  proves  correctness  of  the  matching  procedure. 

The  additional  lift  coefficient  due  to  presence  of  the  spoiler 


Cy^  =  “25^  Ws{z)  dz  ^  Us{x)  dx  =  2B7r  =  2^2(popy/s  (102) 

The  drag  coefficient  due  to  presence  of  th  spoiler  in  the  case  of  ffat  plate  and  zero  angle  of  attack  is 

w‘^{z)  dz  =  w‘^{C)^dC  —  27rB^  =  e  (103) 

Some  calculated  results  reffecting  dependence  of  the  spoiler  contributions  to  the  lift  and  drag  coefficients  on  the 
spoiler  installation  angle  0  are  presented  in  Fig.  12.  For  the  case  of  non- zero  angle  of  attack  a  ^  0  the  resulting 
lift  and  drag  coefficients  can  be  determined  with  use  of  the  known  superposition  rules 


=  (104) 

c,  =  + y^)2  (105) 

For  the  case  of  the  ffat  plate  the  concrete  expressions  for  these  coefficients  become 

Qy  —  _  _|_  2  \/2(po0y/€  (106) 

the  overlap  regions 

^ Based  on  the  possibility  of  linear  superposition,  it  is  sufficient  to  take  the  case  of  zero  incidence 
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|«  +  2 


(107) 


The  spoiler  contribution  to  the  upper  boundary  of  the  cavity  can  be  calculated  by  integrating  the  corresponding 
“up wash”  =  V  for  z  ^  x  +  iO,C  =  ^  =  —y/x,  x  >  0.  Using  (96),  one  has 


'  =  /  d  x  = 

Jo  Jo 


dx 

Jo 


2Bs 


[\/ +  hi(y^l  +  ^/x  —  \J  y/x)] 


(108) 


The  structure  of  asymptotic  solutions  can  be  used  for  some  useful  estimates.  One  can  evaluate  e.g.  optimal 
ratio  angle  of  attack  and  relative  length  of  the  spoiler.  Utilizing  expressions  (106)  and  (107)  one  can  write  the 
following  formula 


L  /-  Cy  +  bs 

JJ  Cx  {Caf^  +  de)^  +  Cf/^ 


(109) 


where  the  coefficients  Cq,,  6^,  can  be  easily  determined  comparing  (106)  and  (107).  Parameter  n  is  defined 


as 


(110) 


and  Cf  =  Cf{Re)  is  a  friction  coefficient,  which  can  be  calculated  as  a  function  of  Reynolds  number  with  use  of 
an  appropriate  formula.  For  example,  assuming  fulll  turbulent  regime  of  the  fiow  past  the  wetted  part  of  the 
cavitating  plate,  one  can  use  the  formula 


0.455 

~  (logi?e)2-58 


(111) 


Differentiating  (109)  with  respect  to  k  and  equating  the  result  to  zero,  one  obtains  the  following  optimal 
magnitude  of  k 


f^opt 


-Cgbe  +  y/ {Cgbe  -  a^dg)^  +  Cfjs 


(112) 


Note  that  for  Cf/e  0  one  can  assume  that 


f^opt 


4  _ 

CcK  vr 


(113) 


so  that  the  optimal  ratio  aj  y/e  is  negative.  The  latter  results  means  that  to  secure  maximum  lift-to-drag 
ratio,  one  has  to  provide  a  negative  angle  of  attack,  for  example  for  a  spoiler  normal  to  the  plate  (/?  =  7r/2), 
OLopt  =  — 0.748y^. 

The  value  of  Kopt  can  be  employed  to  calculate  the  maximum  lift-to-drag  ratio  of  a  ffat  plate  with  a  spoiler  at  the 
trailing  edge.  However,  there  exits  a  somewhat  contradicting  requirement  of  univalence  which,  in  simple  words, 
means  that  the  upper  side  of  the  cavity  generated  by  the  optimal  combination  of  the  spoiler  and  (negative)  angle 
of  attack  should  not  intersect  the  plateJ .  One  can  find  the  domain  of  univalence  by  considering  the  thickness  of 
the  cavity  with  respect  to  the  plate.  Using,  the  corresponding  expressions  (61)  and  (108)  for  the  contributions 
to  the  ordinates  of  the  upper  side  of  the  cavity  due  to  angle  of  attac^k  and  presence  of  spoiler,  one  finds  the 
aforementionned  cavity  thickness  in  the  form 


Vtix)  =  Va  +  Vs  =  afaix)  + 


TT 


(114) 


where 


faix)  =  1[(1  +2 


4(x)  =  2[yTiTi  -I- 111(^1+" 


(115) 

(116) 


Requiring  that  the  cavity  thickness  be  non-negative  at  the  trailing  edge  of  the  plate  {yt{^)  <  0),  one  obtains 
the  expression  for  the  domain  of  uni  valence  in  terms  of  of  the  relationship  between  angle  of  attack  and  length 
of  the  spoiler 


< 


(117) 


^Condition  of  univalence  for  this  case  was  first  found  by  A.S.  Achkinadze  and  G.M.  Fridman 
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where 


No 


4^/2  ^/2  +  lii(^/2-  1) 

~K~  3y/2  -  hi{V2  +  1) 


(118) 


The  optimal  and  ‘‘univalent” ratios  aj ^Je  are  plotted  versus  the  spoiler  installation  angle  in  Fig.  13.  This 
Figure  clearly  shows  that  in  a  certain  range  of  /?  the  optimal  ratio  of  the  angle  of  attack  and  the  length  of 
the  spoiler  cannot  be  achieved  in  reality.  The  (“pedestrian”)  maximum  of  lift-to-drag  ratio  derived  through 
optimisation  of  the  ratio  (xj  ^Je  is  plotted  in  Fig.  14  together  with  the  lift-to-drag  ratio  attainable  within  the 
regime  of  uni  valence. 
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Figures  to  “Supercavitating  flows:  small 
perturbation  theory  and  matched  asymptotics” 


Fig.  1  Selected  nonlinear  cavity  closure  models  (1  -  Riabonsliinsky  model,  2  -  Efros-Gilbarg  model,  3  -  Tulin 

double-spiral  vortex  model,  4  -  Wu-Fabnla  model) 


Fig.  2  Linearized  “physical”  complex  plane  z  and  auxiliary  complex  plane  C  for  the  case  of  closed  cavity  with 

singular  termination,  the  ground 


Lift  Coefficient  for  Different  Closure  Schemes 
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Fig,  3  Linearized  “physical”  complex  plane  2;  for  the  case  of  smooth  cavity- wake  transition  (Wu-Fabula  cavity 

closure  scheme) 


Fig.  4  Linearized  “physical”  complex  plane  2:  and  auxiliary  complex  plane  C  for  the  case  of  cavity  termination 

on  Tulin  double-spiral  vortices 
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Fig.  5  Lift  coefficient  {Cy/ a)  of  a  supercavitating  flat  plate  versus  relative  cavitation  number  a /a  for 
different  linear  analogues  of  the  cavity  closure  models  (1  -  Tulin  double-spiral  vortex  scheme,  2  -  closed  cavity 

scheme,  3  -  Wu-Fabula  scheme) 


Pressure  Coefficient  ^  „  Pressure  Coefficient 


18-19 


Abcissa 


‘ig.  8  Pressure  distribution  along  supercavitating  flat  plate  (a"  =  10^)  (solid  line  -  uniformly  valid  MAE, 
dashed  line  -  exact  solution,  dot-and-dash  line  -  linear  theory) 
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Abcissa  Measured  from  Leading  Edge 


Fig.  9  Pressure  distribution  in  the  vicinity  of  the  leading  edge  of  a  supercavitating  flat  plate  for  =  10' 

(solid  line  -  MAE,  dashed  line  -  exact  solution) 
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Fig.  10  Upper  cavity  shape  in  stretched  coordinates  in  the  immediate  vicinity  of  the  leading  edge  of 

supercavitating  fiat  plate 


Fig.  11  “Physical”  plane,  complex  potential  plane  and  hodograph  plane  for  the  flow  problem  solution  near 

the  spoiler 


Optimal  Ratio  of  Parameters 
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Fig.  12  Lift  and  drag  coefficients  of  a  supercavitating  flat  plate  with  a  spoiler  versus  spoiler  installation  angle 


n 


Fig.  13  Optimal  and  univalent  ratios  afy/s  versus  the  spoiler  installation  angle  for  a  supercavitating  flat 

plate  with  a  spoiler  at  the  trailing  edge 
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Fig.  14  Maximiuri  “pedestrian”  and  “univalent”  lift-to-drag  ratios  of  a  supercavitating  flat  plate  with  a 

spoiler  versus  the  spoiler  installation  angle 


Supercavitating  Nonlinear  Flow  Problems: 
Matched  Asymptotics 
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Department  of  Applied  Mathematics  &  Mathematical  Modelling 
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Russia 

Summary:  The  purpose  of  the  lecture  is  to  demonstrate  the  method  of  Matched  Asymptotic  Expansion  (MAE) 
to  be  efficiently  applicable  to  various  supercavitating  flow  problems.  Two  model  problems  were  chosen  to  prove 
the  statement.  The  first  one  is  a  problem  of  the  flow  around  a  supercavitating  shock  free  hydrofoil  with  spoiler 
mounted  on  its  trailing  edge  and  wedge-like  fully  wetted  leading  edge.  A  gallery  of  local  nonlinear  edge  solution 
is  proposed  for  the  inner  flow  problems  in  the  vicinity  of  the  spoiler  as  well  as  in  the  vicinity  of  the  sharp  or 
rounded  cavitating  leading  edge.  The  second  problem  is  supercavitating  wing  of  large  aspect  ratio  beneath 
the  free  surfac:e.  In  both  cases  analytical  solutions  to  nonlinear  inner  problem  were  applied  to  accomplish  the 
matching  procedure  and  to  significantly  extend  the  range  of  the  flow  parameters  where  asymptotic  approach 
gives  reliable  results.  Solutions  obtained  in  the  framework  of  the  MAE  method  as  well  as  linear  and  nonlinear 
theories  are  illustrated  in  the  text  by  numerical  data. 

1.  Introduction 

The  Matched  Asymptotic  Expansions  (MAE)  method  is  an  appropriate  solution  technique  for  a  wide  variety 
of  fluid  mechanics  problems.  As  a  rule,  the  classical  MAE  method  involves  the  following  steps  while  solving  a 
lifting  flow  (including  cavitating  one)  problem: 

a)  to  determine  what  the  small  parameters  of  the  problem  are  and,  depending  on  the  answer  to  the  question, 
subdivide  the  flow  domain  into  a  so-called  farfleld  and  a  nearfleld,  that  is,  regions  far  from  and  in  the  vicinity 
of  a  source  of  singular  perturbations;  formulation  of  problems  in  those  regions  -  outer  and  inner  problems 
correspondingly.  The  main  goal  of  the  subdividing  procedure  is  to  simplify  the  outer  problem  as  compared  to 
a  general  one  (for  instance,  such  a  simplification  is  brought  about  by  the  linearization  procedure  for  all  the 
boundary  conditions  in  outer  region),  and  to  take  into  account  as  much  nonlinear  effects  as  possible  in  the 
nearfleld. 

b)  a  ‘rough’  asymptotic  analysis  of  both  outer  and  inner  descriptions  from  the  viewpoint  of  a  solution  class 
to  the  problems  arising  in  those  subdomains.  For  instance,  a  presence  of  the  spoiler  on  the  trailing  edge  of 
planing  or  cavitating  hydrofoil  dictates  a  non- traditional  class  (namely,  oc  ™  cx)  instead  of  customary  oc  “  0) 
of  linearized  outer  solution  to  the  corresponding  mixed  boundary  problem.  In  the  case  of  a  cavitating  problem 
that  means  that  the  function  of  complex  conjugate  velocity  in  the  farfleld  has  to  have  square  root  singularity 
on  the  trailing  edge  of  the  hydrofoil  and  ™l/4  on  the  leading  one,  see  Rozhdestvensky  &  Fridman  [17]; 

c)  solution  of  the  outer  lifting  flow  problem,  in  the  flow  region  far  from  the  inner  zone.  Such  an  outer  asymptotic 
expansion  is  often  derived  under  the  assumption  of  small  perturbations  brought  by  a  hydrofoil  into  the  inflow. 
The  assumption  loses  its  correctness  in  the  vicinity  of  the  inner  sub-region  and  so  does  the  outer  expansion. 
Outer  solution  contains  some  elements  of  uncertainty  caused  by  the  influence  of  local  problem,  as  some  significant 
features  were  omitted  from  consideration. 

Note  that  the  MAE  method  does  not  always  require  the  outer  problem  to  be  linear  and  it  is  not  a  general 
restriction  on  its  applicability.  Examples  as  such  are  abound  but  here  we  to  some  degree  confine  ourselves  by 
such  an  assumption. 

d)  solution  of  the  inner  flow  problem,  i.e.  construction  of  a  so-called  inner  asymptotic  expansion  which  is 
correct  in  the  local  region  and  loses  its  correctness  in  the  farfleld.  It  should  be  pointed  out  that  inner  problem 
is  usually  considered  in  stretched  local  coordinates,  the  stretching  factor  being  connected  with  a  chosen  small 
parameter.  It  is  by  taking  advantage  of  the  stretching  procedure  that  the  inner  problem  is  also  simplified,  for 
instance,  reducing  of  three-dimensional  problem  to  two  dimensions  in  the  nearfleld,  neglecting  the  gravity,  etc. 
This  allows  to  apply  a  nonlinear  approach  to  axiequately  describe  the  most  important  part  of  the  flow  domain. 
Because  of  the  influence  of  the  outer  region,  inner  solution  contains  some  unknown  parameters,  as  well; 

e)  matching  procedure  for  outer  and  inner  expansions  which  is  applied  to  ‘blend’  them  and  to  take  into  account 
their  interaction.  This  stage  allows  us  to  close  the  solution  to  the  whole  problem  because  all  the  unknown 
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parameters  in  the  far-  and  nearfield  are  determined.  Using  the  results  obtained,  a  composite  uniformly  valid 
asymptotic  solution  to  the  problem  under  consideration  is  reached.  Such  a  composite  solution  is  shown  to 
be  correct  in  the  whole  fiow  domain  and  enables  one  to  remove  some  intrinsic  drawbacks  of  the  purely  linear 
description  used  in  the  outer  region. 

The  advantages  of  such  an  asymptotic  method  of  treating  the  lifting  fiow  problems  are  easily  seen  and  thor¬ 
oughly  discussed  by  many  authors,  see  Van  Dyke  [24],  Cole  [2],  Ogilvie  [14],  Rozhdestvensky  [16],  etc.  In  this 
connection  a  ‘mathematical  constructor’  approach  should  be  mentioned,  advocated  in  Fridman  [3]  and  Fridman 
&  Rozhdestvensky  [4,  17].  It  is  by  applying  this  approa<:4i  that  one  can  pick  up  and  then  to  combine  the 
necessary  outer  and  inner  asymptotic  expansions  (just  like  standard  ‘mathematical  parts’  or  the  details  of  the 
whole  construction)  to  obtain  a  desired  everywhere  correct  solution. 

It  is  a  well  known  fact  that  the  MAE  method,  being  applied  to  the  lifting  fiow  problems,  enables  one  to 
scrutinize  those  fiow  regions,  where  nonlinearities  of  the  problem  under  consideration  are  concentrated  and 
most  pronounced,  while  outer  fiow  domain,  far  from  such  zones  of  nonlinearity,  can  be  described  more  or  less 
sufficiently  in  the  frameworks  of  an  appropriate  linear  theory.  In  this  case  the  outer  description  is  certainly 
to  retain  some  aftermaths  of  the  linearization  of  the  boundary  conditions  which,  though,  can  be  efficiently 
overcome  by  MAE  techniciue. 

2.  Supercavitating  shock  free  hydrofoil  with  spoiler 

2.1  Problem  formulation 

Consider  a  cavitating  problem  for  the  hydrofoil  with  the  spoiler,  at  arbitrary  cavitation  number,  see  figure  1,  the 
influence  of  gravity  being  neglected.  The  Efros  cavity  closure  model  with  re-entrant  jet  is  adopted.  The  origin 
of  the  Cartesian  coordinate  system  is  taken  at  the  plate’s  leading  edge,  x-axis  being  directed  downstream  and 
y  upwards.  There  is  an  incident  stream  with  speed  Voo  coming  from  the  left.  The  region  occupied  by  the  fiuid 
is  bounded  by  the  solid  straight  boundaries  [AC],  [OB]  and  arbitrarily  arched  portion  (CO)  given  in  the  form 
y  —  f(x)  and  the  cavity  surfa^:es  (AE)  and  (BE)^  the  intervals  [AC]  and  [OB]  being  of  the  length  \AC\  =  1^ 
and  1 07?  I  =  e.  The  hydrofoil  chord  |00|  is  chosen  to  be  L  The  incidence  angle  is  a,  the  inclination  angle  of 
the  spoiler  with  respect  to  the  hydrofoil  chord  is  0  and  the  angle  made  by  [AC]  and  (CO)  is  7. 

It  is  of  importance  that  the  dividing  streamline  would  meet  the  cavitating  plate  at  the  vertex  of  the  wetted 
surface  (AC OB),  namely  at  point  O,  to  provide  the  shock- free  cavitating  mode.  In  this  case  the  length  of 
the  upper  wetted  portion  of  the  leading  edge  is  to  be  treated  as  an  unknown  parameter  of  the  problem,  the 
angle  7  made  by  [AC]  and  (CO)  being  given.  Since  the  cavitation  number  a  >  0.  the  velocity  absolute  value 
on  the  free  surfa^:es  is  vq  =  Voo  yl+a  •  The  point  at  infinity  on  the  re-entrant  jet  is  denoted  by  E  and  is  quite 
distinct  from  D,  the  point  at  infinity  in  the  main  stream.  An  additional  stagnation  point  E  appears  in  the  flow 
pattern  because  of  the  re-entrant  jet  influence.  That  is  why  a  double-sheeted  Riernann  surface  is  introduced, 
one  sheet  carrying  the  main  flow  pattern  and  the  second  including  the  jet.  The  direction  of  the  jet  at  point  E 
is  determined  by  the  angle  /i,  see  figure  1.  All  the  flow  parameters  are  rendered  nondirnensional  by  using  chord 
length  I  and  velocity  Voo  • 


Figure  1:  Shock  free  supercavitating  hydrofoil  with  spoiler. 

As  is  customary,  the  problem  is  considered  to  be  solved  when  the  velocity  potential  function  (p(x.  y)  is  found.  The 
harmonic  function  (p(x,  y).  being  the  real  part  of  an  analytical  function  of  complex  potential  w  ^  (pE  vtp.  has  to 
satisfy  the  boundary  kinematic  (flow  tangency)  condition  on  the  wetted  length,  the  dynamic  (pressure/ velocity 
constancy)  condition  on  the  free  surface  and  the  condition  at  infinity. 


19-3 


Under  assumption  that  the  hydrofoil  brings  small  perturbations  into  the  inflow,  subdivide  the  flow  domain  into 
a  farfleld  (at  distances  of  the  order  of  0(1))  and  nearflelds  (in  the  vicinity  of  the  edges)  we  apply  the  MAE 
method. 


2.2,  Outer  linear  solution 

Assume  that 


0{x)  =  f'(x)  =  o(l)  ,  a  =  o(l)  ,  e  =  y  =  o(l)  >  y  =  o(«)  >  ^  =  o(l)  > 

that  is,  the  hydrofoil  and  the  cavity  brings  small  perturbations  into  the  inflow  and  therefore  the  linearization 
procedure  has  to  be  accomplished  for  the  nonlinear  boundary  (dynamic  and  kinematic)  conditions  both  on 
the  free  surfaces  and  on  the  wetted  portion  of  the  foil.  Under  those  circumstances  we  can  neglect  the  second 
order  terms  in  all  the  equations  and  can  formulate  the  linearized  flow  problem  for  supercavitating  contour  with 
spoiler  [22,  21,  9,  10,  17].  All  the  wetted  surface  of  the  hydrofoil  and  the  cavity  appears  as  a  slit  of  length  L 
in  the  linearized  plane  z  ^  x  +  ly,  where  L  actually  is  a  linearized  cavity  extent.  Boundary  conditions  for  real 
and  imaginary  parts  of  the  conjugate  velocity  are  projected  on  the  upper  and  lower  boundaries  of  the  slit, 
see  flgure  2,  where 

O/  X  0-0  dw 

X  (^)  =  r  , 

Vo  dz 

and  w{z)  =  cp  d-  i'lp  -  function  of  the  complex  potential. 


Figure  2:  Physical  and  auxiliary  planes. 


The  physical  2;“plane  has  to  be  mapped  into  the  auxiliary  upper  semi-plane  C  where  the  mixed  boundary  value 
problem  is  formulated  in  oc  oc  class  due  to  the  presence  of  the  spoiler  located  at  the  trailing  edge  of  the  foil. 
The  class  oc  ™  oc  means  that  the  function  x°(^)  lias  to  have  square-root  singularities  for  z  ^  0  and  z  ^  1.  Such 
a  behaviour  of  the  outer  solution  dictates  by  the  asymptotic  analysis  of  the  flow  problems  arising  in  the  vicinity 
of  the  leading  and  trailing  edge  with  the  spoiler  done  in  the  section  that  follows.  The  analysis  also  reveals  that 
Iw/^'  ^  «  and  therefore  the  kinematic  boundary  condition  on  the  upper  wetted  portion  [AC]  of  the  leading 
edge  can  be  neglected  correctly  in  the  framework  of  the  linear  theory  for  all  the  wetted  surfa<::e  of  the  hydrofoil 
appears  as  a  segment  of  unit  length  on  the  lower  boundary  of  the  slit  in  the  physical  z-plane  (points  A  and  C 
coincide  and  so  do  points  B  and  O,  and  E  and  F). 

Note  that  in  the  case  of  l^^/l  =  0(1),  the  kinematic  boundary  condition  on  the  upper  wetted  portion  [AC] 
has  to  be  satisfled.  To  ensure  shock  free  regime  of  the  flow  at  the  leading  edge,  the  solution  to  the  problem 
should  behave  at  point  C  like  ^/z  as  z  ^  0.  Such  a  solution  exists  for  unique  value  of  the  parameter  l^/l  which 
becomes  an  unknown  of  the  linear  problem. 

Back  to  the  problem  as  1  a,  apply  Keldysh-Sedov  formula  for  the  upper  semi-plane  in  oc  ™  oc  class: 


x°(C)  =  1  + 


iB 


■  +  i 


■  n 


0{t)  dt 

c  +  t 


-f-  A  C  +  C 


V  C(C  + 


(1) 
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where  A,  B,  C  and  a  =  l/\/L  —  1  are  unknown  parameters  to  be  determined  from  the  cavity  closure  condition 
and  condition  at  infinity 

Im^X°(C)^dC  =  0;  x°(*)  =  1  -  |  , 

along  with  condition  provided  by  the  matching  procedure  in  the  vicinity  of  the  spoiler.  It  is  to  be  underlined 
that  the  solution  provides  a  square- root  singularity  for  at  cavity  trailing  edge  z  ^  L,  (  ^  oo.  It  corresponds 
to  the  linearized  closed  cavity  closure  models:  Riabouchinsky,  Efros-Kreisel-Gilbarg,  Tulin-Terentev  (single 
spiral  vortex). 

Note  that  the  simple  non-quadrature  approach  can  be  proposed  [21]  for  a  wide  range  of  the  functions  y  =  /(j;) 
characterizing  the  lower  surface  distribution  of  the  hydrofoil. 

It  is  obvious  that  the  new  function 

=  X°iz)  -  l  +  iO{z) 

where  0{x)  =  f'{x)  is  a  tangential  angle  to  the  foil  at  point  j;,  has  pure  real  values  on  the  wetted  portion  (as 
j;  6  [0;  1],  y  =  0^)  and  pure  imaginary  values  on  the  cavity  surfaces,  see  figure  2.  Let  us  assume  that  the  wetted 
portion  of  the  cavitating  hydrofoil  is  a  polynomial 

n 

fix)  =  Uix^ 

i=0 


and  therefore 

n 

d{x)  =  f'{x)  =  . 

Then  function 

n 

=  x°(0  -  1  +  i 

where  z(()  =  L(^/(l  +  has  to  satisfy  homogeneous  boundary  conditions  on  the  upper  semi-plane  (  in 
oc  —  oc  class.  It  should  be  pointed  out  that  the  multiplicity  of  a  pole  at  the  infinity  z  ^  oc  for  the  function 
0(2;)  is  equal  to  (n  —  1),  i.e.  to  the  degree  of  the  polynomial  f^(x).  That  is  why  the  solution  can  be  derived 
without  an  integration  procedure  and  is  of  the  form 


x"(C)  =  1  + 


iB 


yc(c + «: 


-W(z(C))  +  i 


C  +  a 


\ 


/  Dfc  +  iSk  '^k  — 

tSiC-i)'^  (C  +  *)" 


(2) 


Condition  at  infinity  2;  =  oc  and  at  its  image  (  =  i  for  function  x°(C) 

lm(x°(C)  -  1)  =  ; 


pi|  (x°(C)  -  1)  (C  -  i)*"}  =  0  for  fc  =  1, . . . ,  n  -  1 , 
linearized  cavity  closure  condition  re-written  in  the  form 

dy^ 

along  with  the  matching  condition  allow  unknown  parameters  A.  B.  C,  Sk  and  cavity  extent  L  in  (2)  to  be 
determined.  So,  the  number  2n  +  2  of  unknowns  coincides  with  that  of  conditions. 

Once  function  x^(C)  is  found  (i.e.  the  unknowns  of  the  outer  problem  are  derived),  the  cavity  volume  is  deter¬ 
mined 

.T  -  .T  - 

=  j )‘i^  ’  =  I )(W  + 1  -  i/(i) , 

b  1 

where  superscripts  +  and  —  denote  the  upper  and  lower  boundary  of  the  cavity  correspondingly. 


(3) 
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All  the  hydrodynamic  coefficients  are  also  connected  to 


Cp(.;)=-2Re{x°(-y^)-l}  , 

1 

Cl=  I Cpix)dx  =  2Re  ^(x°(C)  -  1)  ^dC  , 
b  'i 


1 


0 


(4) 

(5) 

(6) 


Both  classical  and  nonquadrature  solutions  to  the  supercavitating  problem  remain  valid  for  the  open  cavity 
closure  scheme  (linearized  analog  of  the  Wu-Fabula  model)  as  well.  Such  a  model  specifies  the  velocity  field 
be  continuous  at  the  trailing  edge  of  the  cavity  what  means  that  the  cavity  and  the  trailing  wake  conjugates 
smoothly.  From  the  mathematical  point  of  view  it  corresponds  to  non-singular  behaviour  of  X°(^)  point 
z  =  L  which  implies  the  condition  A  =  0  to  be  satisfied.  Then  the  number  of  unknowns  becomes  2n  +  1  and 

dx^ 

the  cavity  closure  condition  Im  (i)  =  0  should  be  neglected. 


2.3.  Inner  nonlinear  descriptions 

2.3.1.  A  simplest  spoiler  problem.  It  was  alrea<iy  mentioned  above  that  outer  asymptotic  expansion  loses 
its  correctness  in  the  vicinity  of  the  spoiler  as  2:  ^  1  and  inner  description  dictates  the  solution  class  of  the  outer 
one,  namely  00  —  00.  The  picture  of  the  flow  shown  in  figure  3  corresponds  to  stretching  of  local  coordinates  in 
this  region  by  a  factor  1/s:  X  =  {x  —  l)/e,  T  ^  y/e.  e  ^  0.  The  region  occupied  by  the  fluid  is  bounded  by  the 
solid  boundaries  [OB)  and  [OA]  and  the  free  surface  {AB).  the  interval  [OA]  being  of  the  unit  length  \OA\  =  1. 
The  absolute  value  of  velocity  at  ‘local’  infinity  and  on  the  free  surface  (AB)  is  an  unknown  parameter  to 
be  determined  through  the  matching  procedure  with  outer  problem.  This  is  the  simplest  flow  problem  for  a 
straight  spoiler. 


Figure  3:  Flow  pattern  and  auxiliary  plane  for  the  inner  spoiler  problem. 


With  the  correspondence  between  physical  and  auxiliary  planes  (the  first  quadrant  of  the  ^  +  if)  plane  is 
chosen  as  an  image  of  the  region  occupied  by  the  fluid),  one  can  easily  obtain  the  analytical  inner  nonlinear 
solution  (following  to  Chaplygin  method  of  singular  points)  in  the  form: 


VC*) 


do; 

4^ 


c+i; 


=  NC; 


dw 

d.s 


(7) 
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wherefrom 


where  N  -  unknown  parameter  to  be  determined  from  the  condition  Za  =  Z(0)  =  e  which  yields 


N 


(9) 


The  pressure  distribution  coefficient  (0  <  ^  <  oc)  is 


c;  =  i-|x'(C)|'  =  i- 


^-1 


C  +  i 


2/3/7r 


(10) 


where  the  value  of  ^  is  obtained  from  the  relationships  between  physical  and  auxiliary  coordinates  on  the  interval 
[OB],  see  figure  3: 


X{ri) 


N 

V;: 


i  j  J 


dC 


1 


(11) 


and  on  the  interval  [OA]: 

1 

N  f  / 1  +  £  \ 

I^(CI  = /  dY^f)  d$,  0<|<1  (12) 

oo 

The  value  of  is  the  only  unknown  parameter  left  in  this  problem  to  be  determined  through  the  matching 
procedure. 

It  follows  from  (11)  that  X  ^  N^^/{2V^)  as  X  ^  — oc  and  £  ^  +oc  and  therefore  velocity  behaves  as  X  ^  — oc 


dw 

dZ 


/  ^  /zE 

V  \l  vi> 


(13) 


If  one  assumes  that  =  1,  then  coefficient  X  is 


V2I3  _  V2I3  1 

TT  y  Vi  TT  ’ 


see  figure  4  for  /C(/3)  curve,  which  attaiiLS  its  maximum  at  ,0  «  1.734  (or  99.34°). 


Figure  4:  Parameter  1C  versus  0  for  the  simi)lest  inner  sjjoiler  problem. 
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2.3.2.  Cavitating  shock  free  leading  edge  Introduce  a  local  stretched  coordinate  system  in  the  vicinity  of 
the  wedge-like  leading  edge  Z  ^  X  +  iY  =  zjlrmw^,  where  Irmw  «  is  the  length  of  the  upper  wetted  portion 
of  the  leading  edge.  As  stagnation  point  coincides  with  the  vertex  of  the  wedge,  value  of  Irmw  is  unknown,  but 
can  be  used  as  a  stretching  factor. 

The  flow  pattern  and  corresponding  auxiliary  (^-plane  are  depicted  in  flgure  5.  The  flow  region  is  bounded 
by  seini-inflnite  line  {OB),  segment  [OC]  and  free  surface  {CD).  Note  that  the  interval  [OC]  is  of  unit  length 
because  of  the  choice  of  the  stretching  factor.  Like  for  the  inner  spoiler  problem,  the  absolute  value  of  velocity 
at  ‘local’  inflnity  and  on  the  free  surface  (C^)  is  an  unknown  parameter  to  be  determined  through  the  matching 
procedure  with  outer  problem. 


Figure  5:  Flow  pattern  and  auxiliary  (^-plane  for  the  inner  leading  edge  problem. 


With  the  correspondence  between  physical  and  auxiliary  planes  (the  first  quadrant  of  the  +  ir;  plane  is 

chosen  as  an  image  of  the  region  occupied  by  the  fluid),  one  can  easily  obtain  the  analytical  inner  nonlinear 
solution  (following  to  Chaplygin  method  of  singular  points)  in  the  form: 


V(C) 


dw 


dw 


I  C(C"  +  1) 


C  +  i 
C-i 


'Y/tt 


dC. 


(14) 


The  length  of  the  segment  [OC]  {\OC\  =  1)  is  connected  to  the  unknown  parameter  N  through  the  relation 


|CO|  = 


(15) 


It  is  seen  that  X  ^  Nrf  /{YV^)  as  X  ^  +oc  and  T  ==  0  (^  =  Q,  r/  ^  +oc).  Therefore  the  asymptotic  structure 

of  the  inner  solution  at  ‘local’  inflnity  as  X  ^  +oc  and  Y  =  0“  is 


do; 

dZ 


VI 


1  - 


27  1 

TT  T) 


VI 


(  v/27  1  \ 

n  i]  VI  Xi/4j  • 


(16) 


Such  a  behaviour  corresponds  to  a  well-known  singularity  ‘™l/4’  arising  in  the  framework  of  the  linear  cavitation 
theory  at  the  leading  edge  of  the  hydrofoil. 

Note  that  in  the  case  of  7  =  tt  the  inner  problem  reduces  to  a  well-known  problem  of  the  flow  in  the  vicinity  of 
the  sharp  leading  edge  of  the  cavitating  hydrofoil  considered  by  Plot  kin  [15]  on  the  base  of  a  hodograph  method. 
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Figure  6:  Flow  pattern  and  auxiliary  (^-plane  for  the  inner  leading  edge  problem  in  the  case  of  7  =  tt. 


see  figure  6.  The  solntion  presented  below  is  appeared  to  be  more  efficient  and  convenient: 

dw  C  ~  i 


V(C)  = 


FidZ  C  +  i 

12  /I  ..  2, 


^  =  Nae  + 1) 


where  C  =  IOC]  and,  since  X  ^  (3/17)  Lrf  as  X  ^  +oc  and  rj  +oc. 


dw 

( 

dZ 

OG  \ 

f])  \ 

V  17 

(17) 


(18) 


as  X  ^  +OC,  T  =  0  .  The  value  of  C  and  are  to  be  determined  throngh  the  matching  procedure. 


2.3.3.  Cavity  closure  region  It  is  obvious  that  outer  linear  solntion  loses  its  correctness  in  the  vicinity  of 
the  cavity  trailing  edge  a.s  z  ^  L.  where  L  is  the  cavity  extent,  provided  a  linearized  closed  cavity  closure 
scheme  (like  Riabouchinsky,  Tnlin-Terentev  or  Efros-Kreizel-Gilbarg  models)  is  adopted.  The  outer  expression 
for  the  conjugate  velocity  x^{^)  a  square-root  singularity  at  z  ^  L. 

Since  the  latter  linearized  model  is  a<iopted  in  the  outer  region,  a  local  nonlinear  model  is  proposed  of  the 
flow  in  the  close  proximity  of  the  re-entrant  jet,  see  figure  7.  The  upper  half  of  the  flow  pattern  is  shown 
in  stretched  and  rotated  local  coordinates,  the  stretching  factor  being  l/<5e?  where  Se  is  re-entrant  jet  width 
at  infinity  and  rotating  angle  being  7e,  where  angle  je  describes  a  direction  of  re-entrant  jet  at  infinity  for 
Efros-Kreisel-Gilbarg  cavity  closure  scheme.  Since  the  flow  pattern  has  axial  symmetry,  the  streamline  {AC) 
is  substituted  by  the  straight  solid  boundary  {ABC).  Then  the  region  occupied  by  the  fluid  is  bounded  by  free 
surface  {AFC)  and  solid  horizontal  line  {ABC),  velocity  vector  at  point  D  is  directed  downward.  The  dividing 
streamline  meets  the  solid  wall  at  stagnation  point  B.  This  streamline  subdivides  the  flow  into  two  parts:  the 
first  one  is  the  main  flow  directed  downstream  with  velocity  at  local  infinity  as  X  -hoc  and  the  second 
one  forms  a  re-entrant  jet  of  unit  width  at  infinity  at  point  .4  as  X  ^  ^oc. 

With  the  correspondence  between  the  physical  z  ^  x  F  iy  plane  and  auxiliary  quadrant  ^  ^  +  irj  shown  in 

figure  7,  the  Chaplygin  method  allows  us  to  write  down  the  following  solution: 


V(C) 


do; 


c-i. 

C  +  I  ’ 


dC  c  ’ 


(19) 


dZ  dw 

d^  dC^^^ 


N 

Vi. 


•-h2C  +  logC-2.5 


where  unknown  parameter  N  is  connected  to  the  flow  rate  in  the  jet  at  point  A  through  the  relation 


(20) 


2Vi 


TT 


(21) 
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Figure  7:  Flow  pattern  and  auxiliary  (^-plaiie  for  the  inner  cavity  closure  problem. 


It  readily  follows  from  condition  x^(i/)  ™  ™  1  what  gives  the  distance  L*  between  stagnation  point  B 

and  normal  projection  of  point  F  onto  the  horizontal  line  (ABC): 

L*  =  |Re(Z(i))|  =  -.  (22) 

TT 

Both  Se  and  are  to  be  determined  through  the  matching  procedure  with  outer  linear  solution. 

It  is  seen  that  X  ^  /ir  a.s  X  ^  +oc  and  ^  ^  +oc,  that  is  why 


dw 

dZ 


VI 


(23) 


which  corresponds  to  the  square-root  singularity  of  the  conjugate  velocity  for  the  outer  linear  expansion  at  the 
trailing  edge  of  the  cavity  at  =  L. 


2.4.  The  matching  procedure 

It  was  mentioned  above  that  outer  solution  loses  its  correctness  in  the  vicinity  of  the  hydrofoil  and  cavity  edges 
^  I  ^  ^  where  function  x°(^)  singularities  of  1/2  (square  root)  and  1/4  type.  More 

to  the  point,  the  outer  solution  is  not  completed,  for  the  number  of  unknowns  is  greater  then  the  number  of 
conditions  and  coefficient  B  in  (1)  or  (2)  is  an  unknown  parameter.  The  main  goal  of  the  matching  procedure 
is  to  close  the  whole  problem  (to  determine  all  the  parameters  in  outer  and  inner  descriptions)  and  to  get  rid 
of  the  singularities  of  the  linear  outer  solution. 

Generally  speaking,  the  matching  procedure  is  carried  out  into  three  steps:  the  first  one  allows  us  to  match 
asymptotic  descriptions  in  the  outer  region  and  in  the  trailing  edge  region  (the  velocity  Ui  =  in  expression 
(7)  and  the  coefficient  B  in  the  equation  (1)  or  (2)  are  determined);  the  second  one  matches  the  outer  description 
with  known  value  of  B  and  leading  edge  expansion  to  yield  the  values  of  and  U2  =  in  (14)  and  the  third 
one  enables  re-entrant  jet  width  Se  and  velocity  in  (19)  to  be  derived.  Notation  Ui.  U2  and  Us  is 

introduced  to  distinguish  velocity  absolute  value  in  the  local  regions. 

First,  it  is  obvious  that 

La^ 

C  +  a-  — (1-x), 

as  j;  ^  1“,  =  0“  and  ^  ^  r/  =  0"^  (see  figure  2)  and  therefore  the  limiting  form  of  (1)  and  (2)  near  the 

trailing  edge  with  spoiler  is 


1  + 


B 

y«(«+e 


1  + 


V2B  1 

a?\/L  \/l  —  X 


where  L  =  cos“2(r/2)  >  1  and  a  =  cot(r/2). 
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Taking  into  a<xx)unt  the  fact  that  X  =  (j;  —  l)/e,  where  e  ^  e/l  -  is  relative  spoiler  length  this  expression  and 
formula  (13)  are  compared  to  give 

Ui  =  Vo  =  Foov/TT^  ; 


where 


R  P  r  .  _2  r  /£ 


f  /  1  +  £  \  /^/tt 

«  =  /«(rr|)  -1^ 


(24) 


It  is  to  be  underlined  that  all  the  coefficients  A,  B.C,  T>k,  Sk  in  (1)  and  (2)  are  of  the  same  order  of  magnitude. 
That  is  why  s  =  0(q;^)  as  vA  =  0(q;). 

Second,  it  is  seen  that 


\  L  ' 

as  j;  ^  0+,  y  =  0“  and  ^  ^  0“,  therefore  the  limiting  form  of  the  classical  solution  (1)  near  the  leading  edge  is 


X?w~l+i,/f  i/^S=dt+®+C  ~l+(/4  S  +  B  +  ^ 

y  i  UJ  ^t{a  -  t)  a  /  \  [it  J  Jt{a  -  t) 


and  for  nonquadrature  solution  (2)  is 


X2^ (x*)  ^  1  +  iy  _  <1^  _  (j  _  2  (El  +  II2  —  ^3  ~  ^4  +  ^5  +  ^6  ~ 
^  1 


a  (B 


+  \  ^B  +  aC  —  2a  {8i  +  II2  —  ^3  ~  ^4  +  ^5  +  ^6  ~  ♦  ♦  ♦) }  7 

\  a  Y 


the  value  of  the  coefficient  B  being  given  by  (24). 

The  matching  procedure  for  these  expansions  and  expression  (16)  considering  the  fact  that  Z  =  z/{lw/l)  results 
in 


U2  =  Vo  =  V^VTT^ ; 

y  =  '^^{B  +  aC-2ai£i+V2-£3-Vi  +  £5+'D6-...)y 


(25) 


where 


Note  that  ^  Ek  =  0,  k  =  1,2, .. .  in  the  case  of  the  supercavitating  shock  free  flat  plate.  Expressions  (25) 
show  the  influence  of  flow  parameters  including  spoiler  geometry  onto  the  length  of  the  upper  wetted  portion 
of  the  lea<iing  edge  for  a  given  value  of  angle  7.  It  follows  from  the  latter  equation  (25)  that  l^^/l  ^  0(0;^) 
as  C,  Pfc,  Ek  are  of  the  order  of  0(0;)  and  B  =  0(\/i)  =  O(o). 

Third,  in  the  vicinity  of  the  cavity  trailing  edge  x  ^  L  ,  y  =  0“^  and  ^  ^  +(X),  r;  =  0^  (see  flgure  2) 


V  L-x  ’ 

wherefrom  the  limiting  form  of  outer  solution  (both  classical  and  nonquadrature)  is 


X3"(x)  ^  1  +  lA^  ^  1  +  lA^J 


L  —  X 


Taking  into  account  the  fact  that  X  =  {x  —  L)  /{Se/l)^,  where  Se/l  is  a  half  of  the  relative  width  of  the  re-entrant 
jet,  this  expression  along  with  (23)  are  compared  to  yield 


Us^Vo^v^VTT^ 


—  =  -  LA^ 


(26) 
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The  expressions  show  relation  between  the  width  of  the  re-entrant  jet  and  flow  parameters  (including  spoiler 
length  e  and  inclination  angle  (3).  Note  that  Se/l  —  0(q;^)  because  of  A  —  0(q;). 

The  ‘information  stream’  in  the  matching  procedure  is  directed  from  the  trailing  edge  of  the  hydrofoil  to  the 
leading  one  and  to  the  trailing  edge  of  the  cavity  as  well.  In  fact,  the  spoiler  geometry  parameters  0  and  e 
dictate  the  value  of  the  coefficient  B  which,  in  turn,  deflnes  the  leading  edge  and  re-entrant  jet  characteristics. 
The  additive  composite  solution  for  the  conjugate  velocity  can  be  constructed  in  a  following  manner: 

X%z)  =  x°iz)  +  xi(^)  +  xUz)  +  Xiiz)  -  xfiz)  -  xtiz)  -  xtiz)  ,  (27) 

where  subscripts  1,  2,  3  correspond  to  local  flow  problems  in  the  vicinity  of  the  spoiler,  leading  edge  and  cavity 
trailing  edge.  Substituting  composite  solution  instead  of  outer  hito  formulae  (3)- (6)  enables  one  to  derive 
hydrodynamic  coefficients  which  are  everywhere  valid  and  to  calculate  correct  flow  pattern. 


2.5.  Exact  solution  to  the  nonlinear  flat  plate  problem  and  asymptotic  analysis 


Consider  a  nonlinear  problem  of  the  flow  around  a  supercavitating  shock  free  flat  plate.  It  is  useful  as  a 
veriflcation  of  the  asymptotic  results  obtained  in  the  previous  sections.  The  problem  under  consideration  is 
that  of  the  theory  of  jets  in  an  ideal  fluid  and  has  to  be  treated  by  corresponding  methods.  The  physical  z  =  x+iy 
and  auxiliary  planes  are  shown  in  flgure  8.  The  same  notation  is  used  as  in  section  2.1  where  the  general 
shock  free  cavitating  problem  is  formulated.  The  velocity  absolute  value  on  the  free  surfaces  is  ?;()  =  Voo  \/l  +  • 

where  a  >  0  is  cavitation  number.  The  region  occupied  by  the  fluid  is  bounded  by  solid  segments  [AC]^  CO] 
and  [OB]  and  cavity  surfaces  (BE)  and  (AE),  point  E  is  that  at  inflnity  (second  Riemann  sheet).  Point  at 
infinity  E  (first  Riemann  sheet)  has  the  image  =  6  +  ic  and  stagnation  point  E  -  image  Coo  =  d  +  i/  on  the 
first  qua<irant  of  the  auxiliary  C“plane. 


Figure  8:  Flow  pattern  and  auxiliary  C“plane  for  the  nonlinear  shock  free  flat  plate  problem. 


With  the  correspondence  between  the  planes,  the  Chaplygin  method  allows  us  to  write  down  the  following  exact 
solution: 


=  =  pi(a-7)  (  f  (C-Co)(C-Co)  . 

'  VC  +  aj  \C  +  t)  (C  +  Co)  (C  +  Co)  ’ 


(28) 


dC  (C2  +  l)(C2-C^)"(C2-af  ’ 

wherefrom 


(29) 


^(C) 


N  /c(c+ay+^/-(c-ay-^/7c+A^^' 

^0  J  (c^  +  i)  vc-d 


(C  +  Co)"(C  +  Cof 
(C2-C^f(C2-CXf 


(30) 
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Five  conditions 

=  z(a)  =  I  ;  zb  =  z(0)  =  e  e-*(“+/5) ;  =  2(00)  -  z(a)  =  ; 

Vo  J  dC 

Coo 

generate  a  system  of  seven  nonlinear  equations  in  eight  real  unknowns  a,  t,  (^q  ^  b  +  ic,  Coo  =  d  +  i/,  N  and 
An  additional  eighth  condition  is  to  be  used  to  close  the  problem,  namely  connected  with  direction  of  the 
re-entrant  jet  at  point  E.  Assume  that  angle  /i  is  given,  then  the  condition  is 

X"(i)=e-‘'S 


or 


0{l)=fi, 


where  0{rj)  denotes  direction  of  velocity  vector 


27  a  b  b  2f3  t 

—  —  argx(ir/)  =  — «  +  7 - arctan - 2  arctan - 2  arctan - arctan  —  . 

TT  T)  T)  —  C  T)  +  c  TT  T) 


The  pressure  distribution  coefficient  is 

C"(C  =  1  -  lx“(l)P  =  1 

where  C  =  (C)  is  connected  to  through  relation  (30).  Lift  and  drag  coefficients  are 


f-a 

2j/-k 

^|2-26$  +  62+c2\^ 

f-t 

^  +  a 

( 

v|2  +  26^  +  62+c2j 

1  +  7 

2/3/ TT 


Cp  =  Cd  +  iCl 


00  /  00  _ 

^  f  ^  i  _  ,  /  If  dw  dw  ,  ^ 

7 y  =“i<' 57  d( IF 


(31) 


(32) 


(33) 


(34) 


On  the  other  hand,  using  residue  theory,  one  arrives  at  the  following  relationships  (which  are  correct  for  an 
arbitrary  cavitating  hydrofoil): 


^  /  Vo 

^ ^  1 - COS/i 

Vryc^l  \  Vno 


2q  (V  Vo  . 

Cl  = - 7 - sm/i 

v^l  \q  Voo 


(35) 


where  q  =  2SeVo  denotes  the  flow  rate  in  the  re-entrant  jet  E  ((5e  is  a  half  of  the  width  of  the  jet)  and  F  is 
circulation  along  a  large  contour  completely  surrounding  the  cavitating  foil  and  the  cavity  and  enclosing  most 
of  the  flow.  Note  that 

/  dF 

res  =  (b  dC  =  F  + 

/  dC 


and.  moreover. 


q  —  pN 


(1  -h  a^)  ((1  +  6^  -  c^)^  +  46^c^) 


2((l-hd2™/2)2+4d2/2)^ 
Another  form  of  the  force  coefficient  Cp  =  Cd  +  iCL  is 


Qjp,  —  —IL  f^y/i  ^  (res)  +  res)  . 

Vr^  V  / 


(36) 


Let  us  analyse  the  solution  to  the  problem  under  consideration  in  the  case  of  a  ^  0,  a  0,  s/l  ^  0 
and  Iw/l  ^  0,  that  is  under  assumption  that  hydrofoil  brings  small  perturbations  into  the  inflow.  Thorough 
asymptotic  analysis  of  the  problem  is  given  in  [1]  and  below  just  final  results  are  shown. 

It  is  clear  from  what  was  done  above  that  a  ^  +oc,  ^0  (6^0  and  c  ^  1)  and  t  0  if  /?  =  0(1)  and 

7  =  0(1). 
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Taking  account  of  only  linear  ternrs  in  equations  (28)-(32)  under  those  circumstances  results  in  (c  —  1)  <C  6  (if 
11  =  Tt  +  0(a))  and 

^  ^ ,  ,  S/ildo  1  [e  Ln  ^  ,2  ^2 

a~4/doaH - 7^\  7’  “T  ~  ^c/q/ 

TT  VR  V  *  * 


Q 


l  474  (/2  +  d2)2 


(37) 


I  16 

_ 

i';oodz  TT  a  ^2  ^  tt  C  ’ 

where  Ln  denotes  ‘nonlinear’  cavity  extent,  z  ^  and 


^  1  ^  j  2/3  1 

f  -  -  do  a - fdo 


TT  ”  y/R  y  I 
dw  +  1) 

dC  "  (^4+2C2  +  (/2+dg)^)' 


do=  VP -I 7?=  Q= 


(38) 


(39) 


0  0 
The  conformal  mapping  of  the  first  qua<irant  of  ^-plane  onto  the  upper  semi-plane  'ii  has  the  following  form 


C  =  i 


+  tlQ 


where  uq  =  ^dof  ^  yjLnjl  •  Substituting  this  expression  into  (38)  gives 
dw 


Voodz 


i-d-^ 


tuo 


TT  Vu{u  +  Uo) 


+  1 


u 

2u 


46 

27  1 

2/?  A 

(40) 

—  u  — 

— 

+  — o 

Uq 

TT  a 

TT  ) 

(41) 

Bearing  in  mind  that  ‘linear’  L  and  ‘nonlinear’  Ln  cavity  extent  are  connected  to  ea^di  other  through  the  relation 
(due  to  a  shift  of  coordinate  systems) 

L  =  1  +  :^ 

and  L  =  cos“^(r/2),  we  find  that 


■;  /• 


do 


Substituting  these  limits  into  asymptotic  expansions  obtained  above  gives  expressions  coinciding  with  those 
reduced  from  outer  (2)  and  composite  (27)  solutions  in  the  case  of  a  supercavitating  shock  free  flat  plate  when 
/(j;)  =  —ax  and  T>k  —  Ek  —  d.  Moreover,  the  asymptotic  and  nonlinear  approardies  give  the  similar  formulae 
for  the  width  of  re-entrant  jet  26 e  and  upper  wetted  portion  of  the  lea<iing  edge  /I  (compare  (26)  and  (25) 
with  (37)). 


2.6.  Numerical  results 

Matheinatica  for  Windows  computer  mathematical  environment  was  used  to  obtain  all  the  numerical  results 
shown  in  this  section. 

Flow  pattern  and  hydrodynamic  coefficients  are  given  in  ffgure  9  for  nonlinear  theory  (NLT)  and  matched 
asymptotics  (MAE)  for  a  shock  free  ffat  plate.  The  ffow  parameters  are  chosen  to  be  a  =  10®,  <j  =  0.5,  e  =  0.05, 
fj  =  90®,  7  =  60®  and  /i  =  200®.  The  position  of  stagnation  point  F  is  also  shown. 

Pressure  distribution  coefficient  Cp  is  depicted  for  such  a  ffat  plate  in  ffgure  10  (for  the  same  set  of  the  ffow 
parameters).  Numerical  results  for  the  linear  theory  (outer  asymptotic  expansion  x^{^))  is  shown  as  well. 
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ABSTRACT 

Recent  numerical  techniques  for  the  prediction  of  cavitating  flows^  in  linear  and  non-linear  theories^  are  applied 
on  super- cavitating  2-D^  3-D  hydrofoils  and  propellers.  Some  of  these  techniques^  when  incorporated  within  a 
non-linear  optimization  algorithm^  can  lead  to  efficient  super- cavitating  hydrofoil  or  propeller  designs.  This 
lecture  will  address  2-D  supercavitating  hydrofoils. 


1  INTRODUCTION 

High-speed  hydrofoil  or  propeller  applications  can  benefit  considerably,  in  terms  of  efficiency,  by  operating 
under  super-cavitating,  ventilating,  or  surface-piercing  conditions,  as  shown  in  Fig.  1.  A  photograph  from  a 
super-cavitating  hydrofoil  experiment  that  was  performed  at  MIT’s  variable  pressure  Marine  Hydrodynamics 
Water  Tunnel  is  shown  in  Fig.  2.  Photographs  of  a  modern  surface-piercing  propeller  when  out  and  in  the 
water  are  shown  in  Fig.  3. 

Cavitating  or  free-streamline  flows  were  first  addressed  in  nonlinear  theory  via  the  hodograph  technique 
as  introduced  by  Helmholtz,  Kirchoff  and  Levi-Civita  (Birkhoff  &  Zarantonello  1957)^.  The  cavity  surface  in 
steady  flow  was  taken  as  a  steamline  with  constant  pressure  (thus,  constant  velocity).  The  first  problems  to  be 
addressed  involved  flows  around  bluff  bodies  at  zero  cavitation  number. 

The  formulation  of  the  cavitating  flow  around  bodies  at  non-zero  cavitation  numbers  created  a  lot  of 
diversity  on  the  cavity  termination  models.  Some  of  the  first  known  models  were  the  Riabouchinsky  end-plate 
model  and  the  re-entrant  jet  model.  Open  wake  models  were  introduced  in  an  attempt  to  model  the  viscous 
cavity  wake  (Fabula  1962,  Tulin  1964,  Yamaguchi  &  Kato  1983,  Rowe  &  Blottiaux  1993,  Kato  1994).  Some  of 
the  existing  cavity  termination  models  were  already  covered  in  previous  lectures  in  this  course. 

Due  to  the  difficulty  of  the  hodograph  technique  in  dealing  with  general  body  shapes,  very  few  cases  have 
been  treated  analytically.  The  hodograph  technique  was  extended  numerically  to  treat  arbitrary  geometries 
(Wu  &  Wang  1964)  and  later  applied  to  the  analysis  of  super-cavitating  hydrofoils  in  the  presence  of  a  free 
surface  (Furuya  1975a).  This  method  however,  still  could  not  treat  general  shape  three  dimensional  geometries. 

The  linearized  cavity  theory  was  introduced  by  (Tulin  1953)  and  became  quickly  very  popular,  as  proven 
by  the  vast  amount  of  publications^  which  made  use  of  it. 

Unfortunately,  the  linearized  theory  for  partially  cavitating  hydrofoils  predicts  that  by  increasing  the  thick¬ 
ness  of  a  hydrofoil,  the  extent  and  size  of  the  cavity,  for  constant  flow  conditions,  also  increases.  This  contradicts 
the  fact  that  thicker  hydrofoils  have  larger  leading  edge  radii  which  are  known  to  delay  cavitation  inception 
and  therefore  are  expected  to  develop  smaller  cavities.  In  addition,  it  is  well  known  that  linear  theory  grossly 
overpredicts  the  cavity  extent  and  volume,  especially  in  the  case  of  partial  cavitation. 

(Tulin  &  Hsu  1980)  developed  the  short  cavity  theory  by  considering  the  cavitating  flow  as  a  small  per¬ 
turbation  on  the  nonlinear  fully  wetted  flow.  Thus,  the  nonlinear  foil  thickness  effects  were  included  in  this 

^The  list  of  references  is  located  at  the  end  of  the  second  lecture  of  Prof.  Kinnas. 

^An  extended  list  of  which  may  be  found  in  (Tulin  &  Hsu  1980)  or  (Kinnas  1991). 
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vapor 
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Figure  1:  Schematic  of  different  types  of  high-speed  hydrofoils, 


Figure  2:  Photo  of  a  supercavitating  hydrofoil  experiment  inside  MIT’s  Marine  Hydrodynamics  Water  Tunnel, 
l/c^  from  Kinnas  &  Mazel,  1993. 
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Figure  3:  Photos  of  a  surface-piercing  propeller  Model  841-B  (top),  and  one  of  its  blades  after  it  has  entered  the 
free-surface,  with  leading  edge  detachment  at  Js  =  0.9  (middle),  and  with  midchord  detachment  at  Js  =  1*0 
(bottom).  For  clarity,  the  blade  has  been  outlined  in  the  photos.  Ftom  Olofsson  (1996). 
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formulation.  This  method  predicted  that  by  increasing  the  thickness  of  a  partially  cavitating  hydrofoil,  the  size 
of  the  cavity  was  reduced  substantially  for  fixed  fiow  conditions. 

A  nonlinear  numerical  method  was  employed  to  analyze  cavitating  hydrofoils  by  using  surface  vorticity 
techniques  and  by  applying  the  exact  boundary  conditions  on  the  cavity  and  on  the  foil  (Uhlman  1987,  Uhlman 
1989).  An  end-plate  cavity  termination  model  was  implemented.  A  reduction  in  the  size  of  the  cavity  as  the  foil 
thickness  increased  was  predicted,  but  not  as  drastic  as  that  predicted  in  (Tulin  &  Hsu  1980).  A  surface  vorticity 
technique  to  deal  with  thick  foil  sections  which  employed  an  open  cavity  model  was  developed  in  (Yamaguchi 
&  Kato  1983).  Similar  boundary  element  method  techniques  were  developed  by  (Lemonnier  &  Rowe  1988)  and 
by  (Rowe  &  Blottiaux  1993).  Potential  based  boundary  element  methods  were  finally  applied  by  (Kinnas  & 
Fine  1991b,  Kinnas  &  Fine  1993)  and  by  (Lee  et  al  1992). 

Three-dimensional  fiow  effects  around  cavitating  finite  span  hydrofoils  were  treated  first  in  strip-theory  via 
matching  with  an  inner  two-dimensional  solution  within  either  linear  (Nishiyama  1970,  Leehey  1971,  Uhlman 
1978,  Van  Houten  1982)  or  non-linear  theory  (Furuya  1975b). 

The  complete  three-dimensional  super-cavitating  hydrofoil  problem  was  first  treated  in  linear  theory  via  a 
numerical  lifting  surface  approach  based  on  the  pressure  source  and  doublet  technique  (Widnall  1966)  and  later 
via  a  vortex  and  source  lattice  technique  (Jiang  &  Leehey  1977).  In  the  latter  work,  an  iterative  scheme  was 
introduced  which  determined  the  extent  of  the  cavity  by  requiring  the  pressure  distribution  on  the  cavity  to  be 
constant  along  the  span  (in  addition  to  being  constant  along  the  chord).  A  variational  approach  for  determining 
the  cavity  planform  was  introduced  in  (Achkinadze  &  Fridman  1994). 

Numerical  boundary  element  methods  within  non-linear  cavity  theory  were  naturally  extended  to  treat 
super-cavitating  3-D  hydrofoils  (Pellone  &  Rowe  1981)  and  3-D  hydrofoils  with  partial  cavities  (Kinnas  &  Fine 
1993)  or  cavities  with  mixed  (partial  and  super-cavities)  planforms  (Fine  &  Kinnas  1993a).  Similar  methods 
were  also  developed  by  (Kim  et  al  1994,  Pellone  &  Peallat  1995). 

The  first  effort  to  analyze  the  complete  three  dimensional  unsteady  flow  around  a  cavitating  propeller 
subject  to  a  spatially  non-uniform  inflow  was  presented  in  (Lee  1979,  Lee  1981,  Breslin  et  al  1982).  A  source 
and  vortex  lattice  lifting  surface  scheme  was  employed  and  the  unsteady  three  dimensional  linearized  boundary 
conditions  were  applied  on  the  cavity.  The  cavity  planform  was  determined  at  each  blade  strip  and  each  time 
step  (i.e.,  blade  angle)  by  searching  for  the  cavity  length  which  would  produce  the  desired  vapor  pressure  inside 
the  cavity.  The  effect  of  the  other  strips  was  accounted  for  in  an  iterative  sense  by  “sweeping”  along  the  spanwise 
direction  of  the  blade  back  and  forth  until  the  cavity  shape  converged.  Similar  methods  were  presented  more 
recently  by  (Ishii  1992,  Szantyr  1994,  Kudo  &  Ukon  1994). 

Unfortunately,  all  these  3-D  methods  are  hampered  by  the  inherent  inability  of  linear  cavity  theory  to  predict 
the  correct  effect  of  blade  thickness  on  cavity  shape,  as  already  mentioned.  This  deficiency  was  corrected  in  two 
dimensions  in  (Kinnas  1985,  Kinnas  1991),  where  the  leading  edge  correction  was  introduced  in  the  linearized 
dynamic  boundary  condition  on  the  cavity.  The  leading  edge  correction  was  subsequently  applied  to  the  three 
dimensional  propeller  solution  (Kerwin  et  al  1986,  Kinnas  1992b). 

Non-linear  methods  based  on  an  assumed  semi-elliptic  cavity  sectional  shape  have  also  been  applied  (Stern 
&  Vorus  1983)  and  (Van  Gent  1994).  Non-linear  potential-based  boundary  element  methods  were  finally  applied 
to  cavitating  propellers  in  non-uniform  flows  by  (Kinnas  &  Fine  1992,  Fine  &  Kinnas  1993b),  and  more  recently 
by  (Kim  &  Lee  1996). 

The  inviscid  cavity  flow  method  was  coupled  with  a  boundary  layer  solver  in  the  case  of  partial  and  super- 
cavitating  2-D  hydrofoils  by  (Kinnas  et  al  1994).  This  allowed  for  the  inclusion  of  the  viscous  boundary  layer 
in  the  wake  of  the  cavity  and  for  determining  the  cavity  detachment  point  based  on  the  viscous  flow  upstream 
of  the  cavity. 

Reynolds- Averaged  Navier-Stokes  solvers  have  also  been  applied  in  the  case  of  the  prediction  of  attached 
sheet  cavitation  on  2-D  hydrodoils  (Kubota  et  al  1989,  Deshpande  et  al  1993).  An  overview  of  viscous  flow 
solvers  applied  to  cavitating  flows  may  be  found  in  (Kato  1996).  However,  these  methods  appear  to  be  best 
suited  for  the  prediction  of  cloud  and  or  detached  cavitation. 

In  these  two  lectures,  linear  and  nonlinear  methods  for  the  prediction  of  super-cavitation  on  hydrofoils 
and  propellers  will  be  summarized,  and  some  comparisons  with  experiments  will  be  presented.  Non-linear 
optimization  techniques,  applicable  to  the  design  of  2-D  super-cavitating  sections  and  super-cavitating  propeller 
blades,  will  be  also  presented. 
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Dynamic  Boundary  Condition 

Cavity  Detachment  (constant  pressure  condition)  Cavity  Closure  Condition 


Figure  4:  Formulation  of  the  inviscid  cavity  flow  problem 


2  2-D  HYDROFOIL 

2.1  Formulation 

Consider  the  2-D  super-cavitating  hydrofoil^,  as  shown  in  Fig.  4.  Assuming  inviscid  and  irrotational  flow, 
the  governing  equation  everywhere  inside  the  fluid  region  is  given  by'^: 


VV  =  0  (1) 

where  (j>  is  the  the  perturbation  potential  deflned  from: 

q  =  Uoo+V<^  (2) 

where  q  is  the  total  velocity  vector  in  the  flow.  In  order  to  uniquely  determine  0,  the  following  boundary 
conditions  are  imposed: 

•  On  the  wetted  foil  surface,  the  following  kinematic  boundary  condition  is  applied,  which  requires  the  fluid 
flow  to  be  tangent  to  the  surface  of  the  foil.  Therefore, 

d4>  _  (‘x\ 

where  n  is  the  surface  unit  normal  vector. 

•  At  inflnity  the  perturbation  velocities  should  go  to  zero. 

^  0  (4) 

•  The  dynamic  boundary  condition  specifles  constant  pressure  on  the  cavity,  or  (via  Bernoulli  equation) 
constant  cavity  velocity 


Qc  =  UooVl  +  o-  (5) 

where  the  cavitation  number,  cr,  is  deflned  as: 


a  = 


Poo  -Pc 
£m 

2  ^oo 


(6) 


Poo  is  the  pressure  corresponding  to  a  point  in  the  free-stream  and  pc  is  the  pressure  inside  the  cavity. 

^The  application  of  the  methods  to  partially  cavitating  hydrofoils  is  straight-forward  and  the  reader  can  find  more  details  in 
(Kinnas  1998). 

^The  cavity  is  assumed  to  detach  at  a  known  location  on  the  foil.  A  criterion  for  determining  this  location  will  be  discussed  in 
a  later  section. 
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•  The  following  conditions  at  the  trailing  edge  of  the  cavity: 

1.  The  cavity  closes  at  its  trailing  edge.  The  inclusion  of  the  viscous  wake  downstream  of  the  cavity 
will  be  addressed  in  a  later  section. 

2.  Near  the  trailing  edge  of  the  cavity,  the  pressure  recovery  termination  model  renders  for  the  cavity 
velocity,  qtr^  over  a  transition  region  Ac: 

qtr  =  Uoc.V^  +  0-[l  -  f{x)]  (7) 

where  f{x)  is  an  algebraic  function  defined  in  (Kinnas  &  Fine  1993). 

The  problem  of  finding  the  cavitation  number  for  given  cavity  extent,  U  will  be  addressed  first  in  the  context 
of  linear  and  nonlinear  theories.  A  method  for  determining  the  cavity  extent  for  given  cavitation  number  will 
be  described  in  a  later  section. 

2.2  Linear  theories 

In  this  section,  the  linearized  cavitating  hydrofoil  problem  is  formulated  in  terms  of  singular  integral  equa¬ 
tions  with  respect  to  unknown  vorticity  and  source  distributions.  These  integral  equations  are  inverted  analyt¬ 
ically  in  the  case  of  general  shape  supercavitating  hydrofoils.  The  cavitation  number,  the  vorticity  and  source 
distributions  are  expressed  in  terms  of  integrals  of  quantities  which  depend  only  on  the  foil  geometry  and  the 
cavity  length.  The  procedure  is  summarized  here.  The  details  are  given  in  (Kinnas  1992a)  and  (Kinnas  &  Fine 
1991a). 

We  define  as  u  and  v  the  perturbation  velocities  tangent  and  normal  to  the  direction  of  the  incoming  fiow 
respectively,  as  shown  in  Figure  5.  In  the  context  of  the  linearized  cavity  theory  the  boundary  conditions  of  the 
corresponding  Hilbert  problem  are: 

The  kinematic  boundary  conditions: 
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V 

II 

0<a:<l,  y  =  0 

(8) 

_  tt  ■ 

dx 

0  <  X  <  Id  ,  y  = 

(9) 

The  dynamic  boundary  conditions: 

= 

;  Id  <  X  <l  ,  y  — 

(10) 

u~ 

= 

;  l<x<l,y  =  0~ 

(11) 

where  r]i{x)  and  r]u{x)  are  the  ordinates  of  the  lower  and  upper  hydrofoil  surface,  respectively,  as  shown  in 
Figure  5.  These  boundary  conditions  can  be  expressed  in  terms  of  vorticity  and  source  distributions  ^  7(x)  and 
g(ar),  respectively,  located  on  the  slit  x  E  [0,/]. 


V-  =  g  I  1  rSm 
2  2wTo 

u+  = 
u-  = 

2  ^-x 

By  using  equations  (10),  (11),  (13),  and  (14)  it  can  easily  be  shown  that: 


j{x)  =  0;  1  <  X  <  I 

Finally,  and  with  the  use  of  the  definitions: 

7(x)  =  and  q(x)  =  , 

the  complete  boundary  value  problem  becomes: 

1.  Kinematic  Boundary  Conditions 


(12) 

(13) 

(14) 

(15) 

(16) 


-|  +  ^/^^=er(x)  ;  0<x<l  ,  2/  =  0-  (17) 

0 

1 

l  +  ^f^^  =  &:(x);0<x<ln,  y  =  0+  (18) 

0 


2.  Dynamic  Boundary  Condition 


1 

2 


1  (i{m 

2irJ  ^-x 
0 


1 

2 


Id  <l  7  V  =  0'^ 


(19) 


3.  Kutta  Condition^ 


7(1)  =  0  (20) 

^With  £  designating  the  Cauchy  principal  value  of  the  integral. 

^The  application  of  a  Kutta  condition  may  seem  unnecessary  due  to  the  requirement  of  a  finite  pressure,  thus  velocity,  at  the 
foil  trailing  edge.  Nevertheless,  this  condition  is  still  required  when  inverting  the  integral  equations. 
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4.  Cavity  Closure  Condition  ^ 


where 


i 

J  q{x)dx  =  0 
0 


1  drfi 
a  dx 


and  0* 


1  drfu 
a  dx 


(21) 


(22) 


2.2.1  Inversion  of  the  Integral  Equations  -  =  0 

In  the  case  of  leading  edge  detachment  {Id  =  the  singular  integral  equations  of  Cauchy  type,  (17)  and 
(19),  can  be  inverted  to  produce  expressions  for  the  unknown  cr,  ^{x)  and  q{x)  in  terms  of  the  cavity  length  I 
and  the  lower  hydrofoil  surface  r}i{x)^  as  follows  (Kinnas  1992a): 

First,  equation  (19)  is  inverted  with  respect  to  the  unknown  q{x)  (Muskhelishvili  1946)  to  produce: 


q{x)  =  - 


ll-i 


(23) 


where  use  of  equation  (15)  has  been  made.  Notice  that  the  expression  (23)  corresponds  to  the  unique  solution 
to  (19)  which  behaves  like  l/^/l  —  x  at  the  trailing  edge  of  the  cavity  (  Wu^s  singularity  (Wu  1957)  ).  By 
substituting  equation  (23)  in  (17)  and  by  using  the  substitutions: 


we  arrive  at  the  following  singular  integral  equation  of  Cauchy  type  for  7: 

J_  j{v)dv  ^  ^ _ QF  (^) 

2wJq  {1  +  —  rj)  4(1  + 2;^)  2(1 +  2;^) 

Inversion  of  equation  (25)  with  respect  to  the  variable  7(7?) /(I  +rj^)  renders  finally: 


(24) 


(25) 


jiz)  =  - 


(l+z^) 


f-er(^) 

t-Tj  {1  +  rj^){z  -  rj) 


dr} 


(26) 


Notice  that  j{z)  in  equation  (26)  is  the  unique  solution  to  (25)  which  satisfies  the  Kutta  condition  (20)  at  z  =  t. 
The  cavitation  number  a  is  determined  by  satisfying  the  cavity  closure  condition  (21).  First,  by  substituting 
equation  (23)  in  (21)  and  by  using  equation  (15)  we  can  get  (Kinnas  1992a): 


7(0^  =  0, 


and  by  substituting  equation  (26)  we  can  get  the  following  general  expression  for  a  (Kinnas  1992a): 


(27) 


4-\/2r^  I  7?  +  1  +  —  1 

7r(r2  +  1)  Jq  y  t  -  TJ  (1  +  7?2)2 


dm 

dx 


drj 


(28) 


where:  r  =  VT+T^- 

The  source  distribution  can  be  derived  by  substituting  equation  (26)  into  equation  (23)  (Kinnas  1992a): 


l{z) 


-©rw  + 


t  +  z  {V 


i  +  z^  [t  +  z  /■*  r 

TT  V  2:  Jty  t 


—  1  —  Z'^v^  +  1) 

2V2r2 

w  0*  (w)(iw 

—  W  (1  +  w2)(^  +  w) 


(29) 


^We  apply  the  linearized  cavity  closure  condition  in  which  the  cavity  is  required  to  have  zero  thickness  at  its  trailing  edge.  The 
present  method  can  be  extended  to  treat  open  cavities  at  the  trailing  edge  with  the  openness  of  the  cavity,  possibly  supplied  from 
further  knowledge  of  the  viscous  wake  behind  the  cavity.  The  effects  of  viscosity  will  be  addressed  at  a  later  section. 
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for  z  <t,  and: 


q{z)  = 


t  z  (v^r2  —  1  —  zs/r"^  +  1) 


1  +  z^ 

TT 


2^/2r 


t  z 


CO  &i{co)dco 


t  —  co  (1  +  +  a?) 


z  —  t  {zy/r^  +  1  + 

^  2V2r^ 


1  +  z^  Iz  —  t  I  CO  &i{co)dco 
V  ^  Joyt-^  {1  +  co^){z  -  co) 


(30) 


for  z  > 

2.2.2  Inversion  of  the  Integral  Equations  -  Id  >  ^ 

In  this  case,  as  shown  in  (Kinnas  &  Fine  1991a),  equations  (26),  (29),  and  (30)  still  apply,  after  the  following 
substitutions  are  made: 


and 


replace  7  with  7  —  2(u^  —  -)  ;  0  <  x  <  Id 


(31) 


replace  with  0*  +  F  (32) 

with 

Id  1 

F{x)  (33) 

TT  J  ^  —  X 
0 

where  uf^  is  the  horizontal  perturbation  velocity  on  the  wetted  part  on  the  suction  side  of  the  foil,  divided  by 
alJoo-  The  value  of  is  determined  by  applying  the  kinematic  boundary  condition  on  the  upper  wetted  part 
of  the  hydrofoil,  equation  (9).  This  is  equivalent  to  requiring  that  the  value  of  q{x)  for  0  <  x  <  Id  is  equal 
to  the  value  of  the  thickness  source  in  the  case  of  wetted  flow.  A  rather  lengthy  formula  for  as  well  an 
expression  for  the  modifled  value  of  a  are  given  in  (Kinnas  &  Fine  1991a),  and  are  not  included  in  this  lecture. 


2.2.3  The  cavity  shape 

The  cavity  thickness  h{x),  which  also  includes  the  foil  thickness  as  shown  in  Figure  5,  is  determined,  within 
the  framework  of  linearized  theory,  by  integrating  the  equation: 

Uoo^  =  <li^)  (34) 

The  camber  of  the  cavity  in  the  wake,  c(ar),  is  determined  by  integrating  the  following  equation: 

dc 

Uooj- =  Vyj{x)  for  1<X<1  (35) 

ax 

where  Ww(ar)  is  the  normal  perturbation  velocity  in  the  wake,  given  as  follows: 

Vw{3^)  =  -^[  ;  l<x<l,  y  =  0  (36) 

By  substituting  equation  (26)  in  (36)  we  can  get  in  terms  of  the  hydrofoil  geometry  (Kinnas  &  Fine 
1991a): 
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Vw{z) 

crlJoo 


t-\-z  —  ^ry^r^TT) 


l+z^  It  +  z 
27r 


CO  &i{co)dco 
t  —  CO  (1  +  CO^){z  +  Cc?) 


z  —  t  {zy/r^  +  1  +  y/r^  —  1) 
~  4V2r2 


l-\-z^  z-t 


27r 


CO  @i{co)dco 


z  Jo  yt -CO  {1 co^){z  -  co) 


(37) 


The  pressure  distribution  on  the  upper  and  lower  cavity  or  foil  surface  is  given,  in  the  context  of  linear 
theory,  as  follows: 


C+  =  -2a 


1 

2 


1  fq{m 

27r  J  ^  —  X 
0 


C-  =  -2cr 


7 

2 


^-x 


where  Cp  is  the  pressure  coefficient  defined  as: 


0  <  a:  <  /  ,  ^  =  0”^ 


0  <  a:  <  /  ,  ^  =  0 


P-Poo 

£.712 
2  ^oo 


(38) 


(39) 


(40) 


2.2.4  Numerical  Integrations 

The  integrals  in  equations  (28),  (26),  (29)  and  (30)  are  computed  numerically  with  special  care  taken  at 
the  singularities  of  the  integrands.  We  first  define  the  transformation: 


Tf  =  t 


0  <p  <t  and  0  <9  <  TT 


(41) 


Next,  we  expess  the  involved  integrals  in  terms  of  0,  thus  avoiding  the  square  root  singularities  of  the 
integrands  at  =  0  and  p  =  t.  The  numerical  integrations  are  then  performed  by  applying  Simpson’s  rule  with 
K  uniform  intervals  in  9. 

To  compute  the  principal  value  of  the  singular  integral  in  equation  (26),  we  first  factor  out  the  involved 
singularity  as  follows  (Kinnas  1992a): 


fiv)  -  f{z) 

z  —  p 


dp  -^fiz) 


(42) 


where  f(p)  =  .  Notice  that  the  integrand  in  the  integral  of  equation  (42)  is  not  singular  anymore,  and 

thus  the  integral  is  computed  numerically  by  applying  the  same  methodology  described  in  the  beginning  of  this 
section.  As  shown  in  (Kinnas  1992a),  Simpson’s  rule  produces  very  accurate  values  for  the  integrals  even  with 
five  uniform  intervals  (K  =  S), 


2.2.5  The  vortex/source-lattice  method 

A  direct  numerical  method  must  be  applied  in  the  case  of  3-D  hydrofoils  or  propeller  blades,  as  in  (Lee 
1979,  Kinnas  et  al  1998a,  Kosal  1999).  In  this  case  the  involved  integrals  are  disretized  first,  then  the  boundary 
conditions  are  applied  at  some  appropriately  selected  control  points  (C.P.s),  and  finally,  the  resulting  system 
of  linear  equations  is  inverted.  The  integrals  in  equations  (17)  and  (19)  are  disretized  over  each  segment  i 
by  replacing  j{Od^  with  -  Xpy,),  and  q(Od^  with  qi{Xps,^^  -  Xp^.),  Figure  6  shows  two  types  of 

arrangements  for  the  discrete  vortices  and  sources  and  the  correpsonding  control  points. 


21-11 


U 

inflow 


Figure  6:  Half-cosine  and  full-cosine  discretization  scheme  in  the  vortex/source-lattice  method.  The  latter 
allows  for  a  better  representation  of  typical  camber  lines  for  super-cavitating  hydrofoils. 


Figure  7:  Super-cavitaitng  non-linear  theory.  Definition  of  cavity,  (wetted)  body,  and  wake  surfaces.  The  cavity 
sources  in  the  wake  are  also  shown  in  the  case  of  the  hybrid  scheme. 
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Figure  8:  Super-cavitating  hydrofoil.  Definition  of  main  parameters.  Panel  arrangement  on  the  cavity  and  foil 
shown  for  iV  =  80. 


2.3  Nonlinear  theories 

A  potential  based  boundary  element  method  which  has  applied  has  been  applied  for  the  analysis  of  cavitating 
hydrofoils  in  nonlinear  cavity  theory  (Kinnas  &  Fine  1991b,  Kinnas  &  Fine  1993,  Fine  &  Kinnas  1993a),  is 
summarized  here,  with  emphasis  on  super-cavitating  hydrofoils.  The  perturbation  potential  on  the  combined 
foil  and  cavity  surface  satisfies  the  following  integral  equation  (Green’s  third  identity): 


fs 

L 


SwB  U5'c‘ 


d(f> .  _  .dlnR 
—  lnR-(t>— — 
an  an 


dS 


.  .  dlnR 
^(f>w  — dS 

an 


(43) 


n  is  a  unit  vector  normal  to  the  foil  or  cavity  surface,  Swb  is  the  wetted  body  (foil)  surface,  Scy  the  cavity 
surface,  and  Sw  is  the  trailing  wake  surface,  as  shown  in  Fig.  7.  R  is  the  distance  between  a  point,  P,  and  the 
point  of  integration  over  the  wetted  foil,  cavity,  or  wake  surface,  as  shown  in  Fig.  7. 

The  foil  and  cavity  surface  are  discretized  into  fiat  panels,  as  shown  in  Fig.  8.  The  source  and  dipole 
strengths  are  assumed  constant  over  each  panel.  On  the  wetted  foil  surface,  the  source  strengths,  which  are 
proportional  to  d(l>[dn^  are  given  by  the  kinematic  boundary  condition,  equation  (3).  On  the  cavity,  the  dipole 
strengths,  which  are  proportional  to  (^,  are  determined  from  the  application  of  the  dynamic  boundary  condition 
(5)  and  (7).  For  simplicity  A  =  0  for  the  rest  of  this  paper;  the  complete  derivation  is  given  in  (Kinnas  & 
Fine  1993).  It  should  be  noted  that  the  length  of  the  transition  region  A  has  been  found  to  affect  the  results 
only  locally.  In  the  case  of  A  =  0  and  when  a  large  number  of  panels  is  used  the  formation  of  a  re-entrant  is 
observed(Krishnaswamy  1999). 


g,  =  Uoo  •  S  -h  ^  =  Poo  V^TT^  (44) 

where  s  is  the  arclength  along  the  cavity  surface  (measured  from  the  cavity  detachment  point),  and  s  is  the  unit 
vector  tangent  to  the  cavity  surface.  Integration  of  equation  (44)  renders  the  potential  on  the  cavity  surface: 

=  ^(0)  -  Uoo  •  S  +  sUoo^l  +  cr  (45) 

Where  <^(0)  is  the  potential  at  the  leading  edge  of  the  cavity.  In  the  numerical  scheme  ^(0)  is  expressed  in  terms 
of  the  (unknown)  potentials  on  the  wetted  part  of  the  foil  in  front  of  the  cavity. 

The  potential  jump,  in  the  wake  is  determined  via  the  following  condition: 
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^(j>w  —  4^%tE  ~  ^CTE 

where  and  are  the  potentials  at  the  upper  and  lower  cavity  trailing  edge  panels,  respectively.  In 

two  dimensions  the  effect  of  the  trailing  wake  surface  is  equivalent  to  the  effect  of  a  concentrated  vortex  at  the 
cavity  trailing  edge  with  strength  equal  to 

The  integral  equation  (43)  is  applied  at  the  panel  mid-points  together  with  equations  (46).  The  resulting 
linear  system  of  equations  is  inverted  in  order  to  provide  the  unknowns:  (a)  <!>  on  the  wetted  foil,  (b)  d(l>/dn 
on  the  cavity,  and  (c)  the  corresponding  cavitation  number  a.  The  cavity  shape  is  determined  in  an  iterative 
manner.  In  the  first  iteration  the  panels  representing  the  cavity  are  placed  on  the  foil  surface  directly  under  the 
cavity.  In  subsequent  iterations  the  cavity  shape  is  updated  by  an  amount  h{s)  (applied  normal  to  the  cavity 
surface)  which  is  determined  from  integrating  the  following  ordinary  differential  equation^: 


dh  __ 


*n-h 


d(j> 

dn 


In  addition,  the  cavity  closure  condition  is  enforced  by  the  following  equation: 


(47) 


0 

sl  is  the  total  arclength  along  the  cavity  surface. 

The  predicted  cavity  shapes  and  cavitation  numbers  have  been  found  to  converge  quickly  with  number  of 
iterations,  especially  in  the  case  of  super-cavitating  hydrofoils. 

This  particular  feature  of  the  presented  method  makes  it  very  attractive  for  3-D  and/or  unsteady  flow 
applications,  where  carrying  more  than  one  iterations  would  increase  the  computation  time  substantially.  In 
fact  the  first  iteration  in  the  iterative  scheme  is  determined  by  using  the  following  hybrid  scheme. 


Uoo  *  ^  + 


d(l> 

dn 


ds  =  0 


(48) 


2.3.1  The  hybrid  scheme 

In  the  case  of  3-D  hydrofoils  and  propeller  blades,  the  following  hybrid  (combination  of  panel  and  source 
lattice  method)  scheme  has  been  developed  (Fine  &  Kinnas  1993a).  In  this  scheme  the  panels  representing  the 
cavity  are  placed  either  on  the  foil  surface  underneath  the  cavity,  Scb?  or  on  the  approximate  wake  surface. 
Sew 7  as  shown  in  Fig.  7.  Equation  (43)  then  becomes(Fine  &  Kinnas  1993a): 
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(50) 


where  Sb  =  Swb  U  Sob  is  the  surface  of  the  whole  foil,  and  qw  is  the  cavity  source  in  the  wake  surface  given 
as: 


d(l>  dhw 
dn  dn  ds 


(51) 


®As  shown  in  (Kinnas  &  Fine  1993)  this  equation  is  equivalent  to  the  kinematic  boundary  condition  on  the  cavity  surface. 
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Figure  9:  Predicted  cavity  trailing  edge  thickness  and  cavity  shape  for  various  cavity  lengths  ai  a  =  1.097 
(corresponding  to  /  =  0.4).  From  Kinnas  and  Fine,  1993. 


where  hw  Is  the  cavity  height  measured  normal  to  Scwy  a.s  shown  in  Fig.  7.  The  cavity  height  h  is  measured 
normal  to  the  foil  surface  for  the  part  of  the  cavity  that  overlaps  the  foil,  as  also  shown  in  Fig.  7. 

The  major  advantage  of  the  hybrid  scheme  is  that  it  can  apply  to  all^  wetted^  partially^  and  super- cavitating 
flows  alike  by  utilizing  the  same  panel  discretization.  In  fact  this  scheme,  as  described  in  later  sections,  is 
applied  on  super-cavitating  3-D  hydrofoils  and  propellers.  In  addition,  this  scheme  has  been  found  to  predict 
the  expected  non-linear  effect  of  foil  thickness  on  the  cavity  shape  in  the  case  of  partial  cavitation  (Kinnas  & 
Fine  1993). 

2.4  Cavity  extent  for  given  cavitation  number 

In  the  previous  sections  the  cavity  length  was  assumed  to  be  known.  In  the  case  of  linear  theory,  equation 
28  can  be  inverted  with  respect  to  I  for  given  a.  In  the  case  of  nonlinear  theories  the  method  can  still  be  applied 
for  the  given  a  and  various  “trial”  cavity  lengths.  In  this  case  though,  due  to  the  fact  that  the  cavitation  number 
is  given  (instead  of  being  determined),  the  cavity  closure  condition,  equation  (48),  or  its  equivalent  hw{l)  =  0 
in  the  case  of  the  hybrid  scheme,  will  not  be  satisfied. 

6{l;a)=hw{l)^0  (52) 

This  is  shown  for  a  partially  cavitating  hydrofoil  in  Fig.  9  where  the  predicted  S  and  the  cavity  shapes  for 
fixed  (7  and  different  values  of  cavity  length  are  shown.  An  iterative  scheme  has  been  developed  (Kinnas  &  Fine 
1993)  for  determining  the  cavity  extent  for  given  a  by  searching  for  the  cavity  length,  /,  for  which  the  cavity 
closes  (within  a  specified  tolerance)  at  its  trailing  edge^: 

S{l;a)  =  0  (53) 

A  comparison  of  predictions  from  applying  the  linear,  the  fully  non-linear,  and  the  hybrid  cavity  models  to 
a  super-cavitating  hydrofoil  is  shown  in  Figure  10.  All  theories,  including  the  conventional  linear  theory,  appear 


^An  open  cavity  model  can  be  readily  implemented  within  this  method  by  requiring  the  specified  thickness  at  the  cavity  end. 
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Figure  10:  Comparison  of  predicted  cavity  shapes  from  linear  (dashed),  non-linear  (solid)  and  hybrid  (solid 
with  dots)  theories  for  NACA16004  at  a  =  6^.  (dotted)  linear;  afa  —  0.44.  From  Fine  and  Kinnas  (1993a). 


to  predict  the  cavity  shape  within  satisfactory  accuracy.  Note  that  linear  theory  overpredicts  the  slope  of  the 
cavity  at  the  leading  edge. 

Finally,  a  comparison  of  predicted  versus  measured  velocity  profiles  in  the  vicinity  of  a  2-D  supercavity 
is  shown  in  Figure  11.  In  the  prediction  the  wall  effects  have  been  included  by  using  a  sufficient  number  of 
multiple  images  with  respect  to  the  horizontal  tunnel  walls  (Kinnas  &  Mazel  1992). 


2.5  Effects  of  viscosity 

Consider  a  super-cavitating  hydrofoil  in  viscous  flow,  as  shown  in  Figure  12.  We  first  solve  the  inviscid 
cavity  flow  in  non-linear  theory  (Kinnas  &  Fine  1991b).  We  then  apply  the  boundary  layer  equations  on  the 
compound  foil,  confined  by  the  pressure  side  of  the  hydrofoil  and  the  cavity  boundary.  A  zero  friction  condition 
is  applied  everywhere  on  the  cavity,  as  shown  in  Figure  12.  The  effects  of  viscosity  may  be  included  by  including 
the  following  term  on  the  right-hand  side  of  equation  43: 
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-S' w"  B  U  5'c' C)  w" 


a  In  Rds 


where  the  blowing  sources,  o',  are  defined  from  (Hufford  et  al  1994): 


(54) 


ds 


(55) 


where  Ue  is  the  edge  velocity  (in  this  case  the  same  as  the  velocity  predicted  by  the  panel  method  when  applied 
on  the  modified  body  that  includes  the  displacement  thickness)  and  6^  is  the  displacement  thickess,  which  is 
determined  from  the  boundary  layer  equations  (Drela  1989). 

Results  from  applying  this  method  are  shown  in  Figure  13.  The  resulting  boundary  layer  displacement 
thickness  is  shown  at  the  top  of  the  figure.  The  pressure  distributions  in  inviscid  and  viscous  flow  are  also 
shown.  Notice  that  viscosity  has  a  very  small  effect  on  the  pressure  distribution.  In  other  words,  for  super¬ 
cavitation,  the  cavitation  number  in  viscous  flow  for  given  cavity  length,  /,  is  practically  identical  to  that  in 
inviscid  flow.  It  should  be  noted  that  in  the  case  of  partial  cavitation  the  effects  of  viscosity  are  much  stronger 
than  in  the  case  of  supercavitation  (Kinnas  et  al  1994).  The  friction  coefficient,  C/,  on  the  pressure  side  of  the 
foil  and  cavity,  is  also  shown  at  the  bottom  part  of  Figure  13. 

The  lift  and  drag  on  the  hydrofoil  are  evaluated  by  integrating  the  pressure  forces  acting  on  all  sides  of  the 
hydrofoil  (the  constant  cavity  pressure  is  applied  on  the  cavitating  sides  of  the  hydrofoil)  as  well  as  the  frictional 


Figure  11:  Numerical  vs.  experimental  velocities  as  a  function  of  the  vertical  distance  from  the  cavity  boundary 
at  different  chordwise  locations.  From  Kinnas  and  Mazel  (1993). 


Figure  12:  Super-cavitating  hydrofoil  with  its  boundary  displacement  thickness. 
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N 

a 

V/c" 

Cl 

Cd 

100 

0.145 

0.365 

0.282 

0.0219 

160 

0.146 

0.364 

0.287 

0.0223 

200 

0.146 

0.363 

0.292 

0.0231 

Table  1:  Convergence  of  viscous  cavity  solution  Cl  and  Cu)  with  number  of  panels.  Super-cavitating 

hydrofoil;  r/c  =  0.045,  fo/c  =  0.015,  p  =  0.85,  a  =  3^. 


Figure  15:  The  main  parameters  in  the  design  of  a  super-cavitating  hydrofoil. 


forces  acting  on  the  wetted  side  of  the  hydrofoil.  The  convergence  of  the  cavity  solution  and  the  predicted  forces 
with  number  of  panels  is  given  on  Table  1. 

Finally  the  predicted  o',  (7^,  and  (7i>  vs.  I  curves  are  shown  in  Figure  14,  for  a  super-cavitating  section  in 
inviscid  flow  and  for  two  Reynolds  numbers^^.  The  super-cavitating  section  is  a  combination  of  a  NACA  4digit 
camber  form  (with  the  maximum  camber  f^aix=  p)  and  a  linear  thickness  form.  The  effect  of  viscosity  on 
lift  coefficient  is  shown  to  be  very  small. 


3  DESIGN  OF  SURER-CAVITATING  SECTIONS 
3.1  Statement  of  the  problem 

We  must  determine  the  cavitating  hydrofoil  geometry  and  its  operating  condition  (angle  of  attack,  a),  which 
produces  the  minimum  drag,  D,  for  specified  design  requirements. 

The  parameters  that  define  the  geometry  of  a  super-cavitating  hydrofoil,  also  shown  in  Figure  15,  are: 

•  the  chord,  c 

•  the  maximum  camber,  /o,  on  the  pressure  side 

•  the  location  of  the  maximum  camber,  fp 

The  design  requirements  taken  into  consideration  in  this  paper  are  : 


Based  on  1. 
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•  Sectional  lift,  Lo(A^/m) 

•  Uniform  forward  velocity  of  the  foil,  Uooip^!^) 

•  Cavitation  number,  ctq,  defined  as  usual: 


Poo  Pv 


where  p  is  the  fluid  density,  poo  Is  the  ambient  pressure,  and  Pv  is  the  vapor  pressure. 

•  Minimum  section  modulus  of  the  foil,  Zmin 

•  Acceptable  cavity  length,  I 

•  Acceptable  cavity  volume,  U,  or  cavity  height,  h 


(56) 


The  condition  on  the  cavity  length  is  necessary  in  order  to  avoid  unstable  cavities,  usually  being  the  long 
partial  or  the  short  super-cavities.  The  cavity  volume/height  constraints  ensures  acceptable  positive  cavity 
thickness  (volume)  in  order  to  avoid  very  thin  cavities  (also  negative  thickness  cavities)  which  are  either  non¬ 
physical  or  may  turn  into  harmful  bubble  cavitation. 


3.2  The  hydrodynamic  coefficients 

The  hydrofoil  lift,  T,  and  drag,  I>,  acting  on  the  hydrofoil,  as  shown  in  Figure  15,  can  be  expressed  in  terms 
of  lift  and  drag  coefficients.  Cl  and  Cd?  respectively: 


L  =  \pUIcCl 

(57) 

D  =  \pUIcCd 

(58) 

The  drag  coefficient,  Cd,  may  be  decomposed  into  two  components. 

CD  =  Ci:,  + 

(59) 

where  is  the  inviscid  cavity  drag  coefficient,  and  (7^  is  the  viscous  drag  coefficient. 

For  known  hydrofoil  geometry,  angle  of  attack,  a,  and  cavity  length,  any  hydrodynamic  or  cavity  quantity, 
Q  {Cl^  Cjy^  O',  U/c^, ....),  may  be  expressed  as  follows: 

Q=  Q(a,  nondimensional  foil  geometry,  1/c)  (60) 

Inviscid  analysis  methods  are  used  to  determine  Q.  The  analytical  formulas  of  (Hanaoka  1964)  could  have 
been  used.  These  expressions  though  are  based  on  linearized  cavity  theory,  which  has  been  found  to  overpredict 
the  cavity  length  and  size  substantially,  especially  in  the  case  of  partial  cavitation.  Instead,  in  this  work  the 
already  described  numerical  non-linear  cavity  analysis  method  is  utilized  (Kinnas  &  Fine  1991b,  Kinnas  &  Fine 
1993).  The  shape  of  the  cavity  surface  is  determined  in  non-linear  theory  iteratively,  with  the  use  of  a  low-order 
potential  based  panel  method.  The  (inviscid)  forces  are  determined  by  integrating  the  pressures  along  the  foil 
surface. 

The  viscous  drag  is  determined  by  assuming  a  uniform  friction  coefficient,  C/,  over  the  wetted  part  of  the 
foil.  Cf  is  expressed  in  terms  of  the  Reynolds  number  {Re  =  Uooc/i/,  v  :  kinematic  viscosity)  via  the  ITTC 
formula  (Comstock  1967): 

^  _  Q>Q75  .... 

{loginRe-2Y 

During  the  optimization  process,  the  chord  length  (also  the  Reynolds  number)  is  not  known,  thus  the  value 
of  Cf  is  updated  at  each  optimization  iteration. 

Since  only  the  lower  surface  of  the  foil  determines  the  hydrodynamics  of  supercavitating  flows,  the  thickness 
is  not  included  as  a  parameter.  The  upper  surface  can  be  placed  anywhere  arbitrarily  inside  the  cavity.  Thus, 
when  computing  the  section  modulus  of  a  foil,  the  upper  cavity  surface  is  considered  as  the  upper  surface  of  the 
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‘‘compound”  foil.  It  is  reasonable  to  assume  that  the  cavity  always  starts  at  the  leading  edge  of  the  foil,  since 
the  supercavitating  sections  have  a  sharp  leading  edge.  Furthermore,  we  deal  with  situations  where  the  cavity 
detaches  at  the  trailing  edge  of  the  foil  on  the  pressure  side.  For  the  case  of  supercavitating  sections,  in  addition 
to  specifying  the  minimum  section  modulus  of  the  compound  section,  the  minimum  allowable  cavity  height  at 
the  10%  of  the  chord  length  from  the  leading  edge  is  specified  via  an  inequality  constraint.  This  ensures  positive 
cavity  thickness,  as  well  as  sufficient  local  strength  at  the  sharp  leading  edge  of  the  foil. 

The  relevant  coefficients  are  expressed  as  follows: 

Cl  =  CL{a,  fo/c,  fp/c,  l/c) 

Ch  =  CUaJo/cJp/cJ/c) 

a  =  a{a,fo/Cyfp/cJ/c) 

Vlc^  =  Vlc^{a,fo/c,U/c,l/c) 
z/c^  =  z/c^(a,fo/c,fp/c,l/c) 
hio/c  =  hi(,/c{a,f(,/c,fp/c,l/c) 

where  hio  is  the  cavity  height  at  the  10%  of  the  chord  length  from  the  leading  edge  of  the  foil.  Note  that  the 
section  modulus  is  a  function  of  all  the  geometry  variables  including  the  cavity  length,  whereas  it  is  independent 
of  the  cavity  length  in  the  case  of  partial  cavitation. 

The  coefficients  are  computed,  as  in  the  case  of  partial  cavitation,  for  a  number  of  foil  geometries  by  using 
the  analysis  method  of  (Fine  &  Kinnas  1993a).  The  coefficients  are  again  expressed  by  using  second  degree 
polynomials  in  terms  of  all  the  geometric  parameters.  For  example. 


Cl  =  CL,a  +  CL,a^  +  Cl,^  +  Cl,  (^) 

+  (^)  +ClJ-  +  Cl,(^-'^ 

-\-CLgCZ—  +  CliqOC—  +  CliiOC - h  Cli2  — — 

C  C  C  C  C 

c  c  c  c  ^ 

where, 

V  _  1 

c  “  -  (c/O^  +  1  -  (c/O^ 

The  variable  transformation  from  l/c  to  V /c  is  done  knowing  that  Cl  and  Cjy  are  linear  in  V fc  for  the 
super-cavitating  flat  plate  in  linear  theory,  as  described  by  (Geurst  1960).  This  transformation  has  been  found 
to  improve  the  accuracy  of  the  interpolation  substantially.  The  effect  of  the  number  of  The  accuracy  of  the 
interpolation  for  Cu  may  be  seen  in  Figures  16. 

3.3  The  optimization  problem 

Consider  the  following  general  nonlinear  optimization  problem: 

minimize  /(x) 

subject  to  ^i(x)  <0  i  =  1, 2, . . . ,  m 

hi{yi)  =  ^  i  =  l,2,...,/  (64) 

where  /(x)  is  the  objective  function  defined  on  TIE.  x  is  the  solution  vector  of  n  components,  ^i(x)  < 
0, . . . , ^m(x)  <  0  are  inequality  constraints  defined  on  'RE  and  hi{x.)  =  0, . . . , hi{x.)  =  0  are  equality  constraints 
also  defined  on  7?-^. 

The  solution  vector  is  defined  as  (n  =  5): 


(62) 

(63) 


X  =  [a,c,fo,fp,lf 


(65) 
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The  constraints  are  (m  =  3,  /  =  2) 


hi{x) 

h2(x) 

9i{^) 

92{^) 

9z{^) 


=  T(x)  —  Tq  =  0 
=  cr(x)  —  cro  =  0 


^(x)  „ 

^3  ^3  —  ^ 

^  +  <0 
c  VC 


(66) 

(67) 

(68) 

(69) 

(70) 


3.4  The  numerical  optimization  method 

The  method  of  multipliers  is  applied  in  which,  first  each  of  the  inequality  contraints,  ^i(x)  <  0,  is  converted 
into  an  equality  constraint  with  the  introduction  of  the  new  variable,  sii 

9i{x)+sl=(i  (71) 

Then  the  augmented  Langrangian  penelty  function  is  formed  (Mishima  &  Kinnas  1996): 


F{x\ , ...,  , ...,  Ai , Ai , Cl , Cl , ...) 

I>(x)  +  SAi/ii(x)  +  SAi[^i(x)  +  s}] 

+Sci/i.?(x)  -h  Sci[t?i(x)  -h  (72) 

where  A^  and  A^  are  the  Langrange  multipliers,  and  Ci  and  Ci  are  penalty  parameters.  The  parameters  of  the 
problem,  the  additional  parameters  (5^),  the  Langrange  multipliers,  and  the  penalty  parameters  are  determined 
by  minimizing  function  F.  A  technique  to  minimize  F  is  described  in  great  detail  in  (Mishima  &  Kinnas  1996). 

3.5  Effect  of  the  initial  guess  on  the  optimum  solution 

In  general,  a  nonlinear  optimization  problem  is  initial  guess  dependent.  In  other  words,  if  there  exist  more 
than  one  local  minimum  to  the  objective  function,  any  one  of  these  minima  may  be  obtained  depending  on  the 
initial  condition.  Due  to  the  special  structure  of  the  problem,  no  multiple  solutions  were  found  for  the  range  of 
cavitation  numbers  that  we  studied.  This  uniqueness  is  attributed  partly  to  the  fact  that  the  involved  functions 
are  quadratic,  i.e.  not  wavy,  and  partly  to  the  fact  that  the  range  of  the  solutions  is  known,  so  that  a  reasonable 
initial  guess  can  be  selected.  Figure  17  shows  that  several  different  initial  guesses  lead  to  the  same  solution. 


3.6  Results 

A  NACA  4  digit  camber  form  and  the  Johnson  five-term  camber  form  are  used.  The  NACA  4digit  camber 
form  (Abbott  &  Von  Doenhoff  1959)  has  two  parameters,  which  are  the  maximum  camber  /o/c  and  the  location 
of  the  maximum  camber  /p/c,  as  shown  in  Figure  15.  The  values  for  the  constraints  are: 


=  1.15  (^)  =0.01  (^)=7x 


10 


-5 


(73) 


The  method  is  applied  for  fixed  lift  (To  =  30,  OOON/m)  and  for  a  range  of  cavitation  numbers  between 
0.15  and  0.7  (corresponding  to  approximate  speeds  of  70  and  30  knots,  respectively^^)  for  partial  and  super- 
cavitating  conditions.  The  resulting  L/D  for  both  cases  are  shown  in  Figure  18.  As  expected,  for  ‘‘low”  a  a 
supercavitating  section  has  larger  L/D  than  a  partially  cavitating  section,  and  the  reverse  holds  for  larger  a. 
Optimum  partially  and  supercavitating  sections  are  also  shown  in  Figure  18. 

Finally,  we  show  in  Figure  19,  contour  plots  of  L/D  for  optimum  sections,  designed  by  the  present  method, 
over  a  range  of  combinations  of  required  lift  and  cavitation  number.  This  graph  is  intended  to  help  the  designer 
decide  as  to  what  is  the  best  solution  (partially  or  supercavitating  section),  depending  on  the  requirements. 


^^The  cavitation  number  is  inversely  proportional  to  the  square  of  the  speed  of  the  hydrofoil,  for  fixed  ambient  pressure  and 
temperature  conditions. 
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3.7  Comparison  of  the  present  to  existing  design  methods 

The  designed  sections,  under  given  requirements,  are  compared  to  those  designed  from  other  methods. 
These  methods  are  based  on  either  the  Tulin  two-term  or  the  Johnson  five-term  sections,  given  next: 

-30912  35840  -  15360 

(Johnson  five  —  term)  (75) 

where  Ai  is  a  parameter  that  relates  the  geometry  to  the  lift  coefficient. 

As  the  number  of  terms  included  in  the  series  increases,  the  loading  moves  towards  the  trailing  edge.  A 
useful  formula  for  the  finite  cavitation  number  correction  is  given  by  (Ohba  1963/1964)  as  follows. 

Cl  =  -h  0.85c7'2  crCL^a=o  (76) 

where  Cl  is  the  required  lift  coefficient  and  CL,a=o  Is  the  lift  coefficient  for  zero  cavitation  number. 

In  Figure  20,  the  lift  to  drag  ratio,  L/D,  is  shown  for  the  NACA  4dgt  sections  designed  by  the  present 
method,  Tulin’s  two-term  sections,  and  Johnson’s  five-term  sections,  for  various  cavitation  numbers.  In  the 
same  figure  we  also  show  the  L/D  for  the  optimum  Johnson  section  as  designed  by  the  present  method.  The 
corresponding  lift  coefficients  are  shown  in  Figure  21.  For  the  design  of  Tulin  sections  and  Johnson  sections, 
the  cavitation  number  and  the  lift  coefficient  are  both  specified,  whereas  in  the  present  method,  the  cavitation 
number  and  the  lift  are  given  and  the  lift  coefficient  is  determined  as  part  of  the  solution.  A  representative 
section  and  its  corresponding  pressure  distribution  is  shown  in  Figure  22. 


3.8  Application  to  3-D  elliptic  planform  hydrofoils 

As  shown  in  (Kinnas  et  al  1995),  a  super-cavitating  hydrofoil  with  elliptic  planform  and  similar  sections 
along  its  span  (that  are  only  scaled  by  the  chord),  can  be  designed  by  designing  an  equivalent  2-D  section.  If  c 
and  So  are  the  maximum  chord  and  span  of  the  elliptic  wing,  the  equivalent  2-D  lift  is  given  from: 

4 

L2D  =  -  (77) 

TTSo 

If  D2D  is  the  corresponding  minimum  value  of  the  drag  then  D^l>  will  be  given  as: 


C>SD  = 


l/2pUlwsl  +  4 


The  above  equation  can  be  re-written  as: 


(78) 


OsD  _  C>2D 

L,n  ~  ll2pUM  ^  L2d  ^  ^ 

Equation  (79)  implies  that  (T/D)3/>  will  always  be  smaller  than  (L/D)2i>,  i.e.  the  3-D  hydrofoil  will  always 
be  less  efficient  than  the  2-D  hydrofoil. 

The  actual  angle  of  attack  will  be  related  to  that  determined  from  the  2-D  equivalent  optimization 
problem  as: 


Lzd 


+ 


l/2pUl7rsl 


(80) 


Figure  17:  Sensitivity  of  the  optimum  solution  on  initial  guesses  ,  L  =  30,000(A^/m),a'  =  0.6,?7oo  =  18.2(m/^) 


Figure  18:  L/D  for  partially  or  super-cavitating  foils  designed  by  the  present  method;  Lq  =  30,000iV/m 


-  partially  cavitating 

-  supercavitating 


Figure  19:  Contour  plots  oi  LID  for  partially  or  super-cavitating  foils  designed  by  the  present  method. 


21-26 


Figure  20:  Comparison  of  L/D  between  designed  sections  and  existing  sections  {L  =  ^0000{N/m),Zmin/(? 
7.0  X  10“^  (supercavitating) 


Figure  21:  Comparison  of  Cl  between  designed  sections  and  existing  sections  (L  =  30000{N/m),Zmin/c^ 
7.0  X  10“^  (supercavitating) 
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"At  about  the  same  time  (1955  r.)  I  first 
learned  of  the  work  of  a  Soviet  scientist 
Pozdunin  on  cavitating  propulsors,  and 
also  of  the  Russian  term 
"supercavitation",  and  then  on  I  began 
using  this  way  of  distinguishing 
cavitating  flows  with  long  trailing 
cavities  from  the  other  cavitating  flows. 
At  the  beginning  there  were  objections  to 
use  of  this  word,  some  preferred 
"developed  cavitation",  but  soon  the 
words  "supercavitation"  and 

"supercavitating"  came  into  general  use  in 
the  U.S.A.  and  worldwide." 

M.P.  Tulin,  2000  [1] 


1.  Summary 


The  lecture  covers  the  main  stages  of  the  development  of  the  research  in  the  field  of  supercavitating 
propellers  (SCP)  both  experimental  and  theoretical.  However,  it  should  be  viewed  only  as  an  introduction 
to  this  vast  domain  attempting  to  mainly  give  a  notion  of  the  relevant  Russian  research  started  in  1941  on 
the  initiative  of  the  academician  V.L.Posdunin. 


2.  Historical  notes  and  experimental  investigation 


2.1.  Test  equipment 


The  cavitation  on  a  model  of  a  screw  propeller  of  just  two  inches  in  diameter  was  first  observed  by 
Sir  Charles  Parsons  in  1894  during  the  tests  of  a  model  of  the  screw  propeller  of  the  steam  turbine  driven 
''Turhinia''  (45 -ton)  in  a  small  water  tunnel  invented  by  the  researcher  for  this  particular  purpose  [2].  In 
1910  Sir  Charles  Parsons  built  the  first  cavitation  tunnel  of  almost  today’s  dimensions,  where  one  could 
test  the  propeller  models  of  a  diameter  of  up  12  inches  (304.8  mm).  The  first  cavitation  tunnel  in  Russia 
was  launched  in  1933.  The  first  systematic  tests  of  a  series  of  the  cavitating  propellers  with  a  segment- 
type  sections  were  conducted  by  H.  W.Lerbs  in  1936  with  use  of  the  cavitation  tunnel  built  specially  for 
this  purpose. 

The  principle  of  functioning  of  the  cavitation  tunnel,  which  represents  a  vertically  mounted 
hermetically  sealed  variable-diameter  tube,  is  extremely  simple  (Fig.  1).  This  experimental  installation 
enables  to  conduct  the  force  measurement  and  visual  observations  of  models  of  the  cavitating  or 
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supercavitating  screw  propeller  for  given  magnitudes  of  advance  coefficient  and  axial  cavitation  number, 
which  are  taken  equal  to  those  of  the  full-size  propellers  for  a  regime  under  consideration.  Therewith,  it  is 
assumed  somewhat  approximately  that  such  modeling  ensures  similarity  of  the  cavitation  phenomena  in 
the  case  of  a  sufficiently  developed  partial  cavitation  and  in  the  case  of  supercavitation,  which  depend  to 
a  lesser  degree  on  the  vertical  distribution  of  the  hydrostatic  pressure,  viscosity,  turbulence,  air  content 
and  other  factors  not  taken  account  of  Note  that  some  of  the  forms  of  cavitation  are  either  poorly 
modeled  in  cavitation  tunnel,  or  require  application  of  the  special  procedures  for  recalculation  of  the 
model  results  to  those  in  full-scale.  Examples  include  cavitation  of  the  tip  and  axial  vortices.  Large 
difficulties  occur  when  modeling  of  erosion,  noise  and  vibration  of  the  cavitating  propeller. 

Nonetheless,  the  most  important  factors  (criteria)  during  in  testing  of  the  supercavitating  propellers  in  the 
cavitation  tunnel  are  the  advance  coefficient 

J  =  V/(nD)  (1) 

and  axial  cavitation  number 

X  =  (Pn-P.)K0.5pV^),  (2) 

where  Pq  -  is  hydrostatic  pressure  at  the  level  of  the  SCP  axis;  -  pressure  of  saturated  vapor  of  the 

fluid  at  the  temperature  of  the  testing,  sometimes  this  value  is  taken  to  be  equal  the  pressure  of  the 
vapor-fluid  mixture  in  the  cavity  or  the  pressure  above  the  free  surface  of  the  fluid  for  the  case  of 
superventilation  of  the  cavity  under  consideration;  p  -  fluid  density;  V-  flow  velocity  in  the  working 
section  of  the  cavitation  tunnel;  n  -  frequency  of  rotation;  D  -  diameter  of  the  SCP  model. 

Local  cavitation  number  a  for  cylindrical  section  of  the  blade,  characterized  by  the  radius  r,  differs 
form  the  axial  cavitation  number  (2)  in  that  in  the  denominator  of  the  corresponding  formula  one  finds  a 
transport  velocity  of  the  blade  points,  belonging  to  the  given  cylindrical  section  Ve  and  a  hydrostatic 
pressure  is  assumed  to  correspond  to  the  level  of  the  considered  point  of  the  corresponding  blade  section 
for  its  certain  angular  position  pore,  namely 

(^  =  (Por0-Pv)KO-5pV^)  (3) 

where  =V^  +  (iKnr)^ . 

It  is  obvious,  that  in  the  gravity  field,  when  the  screw  propellers  is  rotating  around  a  horizontal  axis,  the 
local  cavitation  number  is  variable  for  the  given  point  of  the  considered  section,  varying  during  one 
revolution  from  a  minimal  magnitude  (in  the  upper  position  of  the  considered  point  for  its  motion  along  a 
circular  trajectory  of  a  given  radius)  up  to  a  maximal  magnitude  at  a  given  radius  (in  the  lower  position  of 
the  considered  point). 

To  control  advance  coefficient  one  can  employ  the  velocity  of  the  incoming  flow  in  the  working 
section  of  the  cavitation  tunnel  (the  latter  can  be  varied,  by  changing  the  frequency  of  the  axial  pump 
mounted  in  the  tunnel)  or  the  frequency  of  rotation  of  the  screw  propeller  model. 

To  adjust  the  axial  cavitation  number  one  can  use  a  device  with  a  vacuum  pump,  which  enables  to 
pump  air  out  of  the  volume  above  the  free  surface  of  the  fluid,  in  a  special  shaft  located  higher  than  the 
working  section,  i.e.  where  there  is  the  only  place  with  a  free  surface  (other  elements  of  the  cavitation 
tunnel  are  hermetically  sealed  and  completely  filled  with  water).  The  pressure  above  the  free  surface  in 
the  aforementioned  shaft  decreases  to  a  certain  level,  down  to  a  certain  value  close  to  zero,  which  leads  to 
a  corresponding  reduction  of  the  magnitude  of  p^ ,  differing  from  the  pressure  above  the  free  surface  in  a 
special  shaft  by  the  magnitude  of  the  hydrostatic  height  of  the  fluid  column  under  propeller  model  axis. 

For  proper  modeling  of  the  hydrostatic  pressure  distribution  in  height,  or,  speaking  more  exactly,  to 
secure  equality  of  the  local  cavitation  numbers  of  the  full  size  propeller  and  the  model  in  all  blade 
sections  with  account  of  gravity,  it  is  necessary  to  additionally  fulfill  the  equality  of  the  Froude  numbers 
for  the  model  and  full-size  screw  propeller.  Absolute  error  in  the  determination  of  the  local  cavitation 
number,  calculated  with  use  on  transfer  velocity  for  the  cylindrical  blade  section  at  a  relative  radius  r  (in 
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its  upper  position),  occurring  due  to  disregard  of  the  inequality  of  Froude  numbers,  can  be  found  through 
an  almost  obvious  formula 

^a  =  {\linD)-\l{in"fD*]}rgl{J^  +i7iFf],  (3a) 

where  n  and  D  -  are  the  frequency  of  rotation  and  the  diameter  of  the  full-size  screw  propeller. 

It  is  seen,  that,  accounting  besides  the  equality  of  Froude  numbers  for  another  necessary 
requirement  of  the  identity  of  advance  coefficient  for  the  model  and  full-size  propeller,  the 
aforementioned  error  can  be  reduced  to  zero  if,  first,  the  velocity  in  the  working  section  of  the  cavitation 

tunnel  would  be  times  less  that  the  speed  of  the  motion  of  the  full-size  propeller,  and,  secondly,  the 

frequency  of  rotation  of  the  model  would  be  ^[m  times  more  than  that  of  the  full-size  propeller,  where 
M  is  the  model  scale,  i.e.  equal  to  the  ratio  of  the  diameter  of  the  full-size  propeller  to  that  of  the  model 
propeller. 

For  example,  if  the  speed  of  the  full-size  propeller  equals  60  knots  (30.87m/c),  diameter  1.054  m., 
frequency  of  rotation  is  1465  rpm  (24.42  revolutions  a  second),  then,  for  the  simultaneous  fulfillment  of 
the  identities  of  the  Froude  numbers  and  advance  coefficient  it  is  necessary  to  ensure  the  speed  of  13.45 
m/s  in  the  working  section  and  the  frequency  of  rotation  of  3363  rpm  (56.05  revolutions  a  second)  when 
testing  in  the  cavitation  tunnel  a  supercavitating  propeller  model  of  diameter  0.2  m.  Note,  that  the  results 
obtained  for  the  model  can,  in  principle,  be  realized  for  good  experimental  installations.  But  more  often 
during  the  tests  there  are  used  smaller  speed  and  frequency  of  rotation,  which  is  acceptable  only  in  those 
cases,  when  the  arising  error,  in  accordance  with  (3a),  does  not  exceed  reasonable  limits  narrowing  with 
the  reduction  of  the  axial,  and,  correspondingly,  local  cavitation  numbers. 

The  influence  of  the  walls  of  the  cavitation  tunnel  represents  an  obstacle  for  a  proper  modeling, 
because  there  are  no  such  walls  in  the  full-size  situation.  The  effect  of  the  walls  of  the  cavitation  tunnel 
may  become  unacceptably  large  especially  when  investigating  the  supercavitating  regime,  for  which  the 
flow  blockage  in  the  tunnel  working  section  due  to  development  of  large  cavities  can  noticeably 
influence  the  experimental  results.  Besides,  the  influence  of  the  free  surface  (i.e.  phenomena  of 
ventilation  and  wave  making)  is  as  a  matter  of  principle  impossible  to  study  in  conventional  cavitation 
tunnels.  When  investigating  the  supercavitating  propulsors  at  small  advance  coefficients  and  small 
cavitation  numbers  the  use  of  the  cavitation  tunnel  becomes  altogether  impossible  due  to  ’’blockage”  of 
the  cross  section  of  the  working  section  by  the  cavities.  In  order  to  conduct  the  experimental  investigation 
in  such  cases  there  were  built  the  cavitation  basins  [22],  [23],  which  have  sufficiently  large  cross  section 
and  a  free  surface,  providing  almost  complete  annihilation  of  the  influence  of  walls,  and  enables  studies 
of  the  influence  of  the  free  surface. 

Note  that  out  of  the  three  existing  in  the  world  (cavitation)  depressurized  towing  tanks  the  first  one 
had  been  built  in  the  60s  in  Russia  [22],  having  dimensional  of  50x5x5  meters  (length,  width  and  depth 
correspondingly).  In  Holland  was  built  a  depressurized  towing  tank  with  dimensions  240x18x8  meters. 
More  than  8  hours  are  needed  to  obtain  vacuum  constituting  4%  of  that  of  the  atmospheric  pressure  [23]. 

However,  the  speed  of  the  motion  of  model  in  the  cavitation  basins  is  restricted  by  approximately 
4m/s,  allowing  to  conduct  the  tests  of  the  screw  propeller  model  of  the  diameter  0.2  m  in  the  operational 
regimes  corresponding  (based  on  equal  Froude  numbers)  the  speed  of  the  full-size  propeller  not 
exceeding  approximately  20  kn  (assuming  that  the  diameter  of  the  full-size  propeller  is  less  than  1 .2  m). 
For  the  experimental  study  of  the  supercavitating  propellers  at  the  regime  of  maximum  speed  it  is  far 
from  being  sufficient.  Therefore  the  tests  for  such  propellers  in  the  cavitation  basin  can  only  be 
conducted  without  account  of  Froude  numbers,  but,  as  opposed  to  the  cavitation  tunnel,  for  any 
magnitudes  of  advance  coefficient,  including  the  regime  of  “blockage”.  At  present  the  cavitation  basin  is 
often  used  to  study  cavitation  on  a  model  of  a  conventional  screw  propeller,  operating  in  the  nonuniform 
following  wake  behind  the  hull  of  a  ship  model  although  this  wake  is  known  not  to  completely 
correspond  to  that  of  a  full-size  ship. 

An  alternative  to  cavitation  basins  which  appeared  in  the  60s  are  cavitation  tunnels  with  free  water 
surface,  enabling  to  account  both  for  the  presence  of  a  free  surface  and  the  ship  hull.  For  example  Free- 
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surface  Cavitation  tunnel  K27  in  Berlin  Technical  University  [35].  But  it  is  difficult  to  receive  the  smooth 
condition  of  the  free  water  surface  in  this  equipment. 

For  this  reason  investigators  returned  to  build  the  cavitation  tunnel  but  differ  on  conventional  tunnel 
with  very  big  working  section.  The  largest  and  most  capable  cavitation  tunnel  in  the  world  is  located  in 
Memphis,  Tennessee,  USA,  reaches  18  m/s,  which  allows  to  cover  the  speed  range  of  the  full-size 
propeller  when  testing  up  to  the  speeds  of  70  kn.  The  cross  section  of  the  working  section  constitutes  3x3 
m.,  which  allows  to  test  the  propeller  models  together  with  that  of  ships  in  a  scale  from  1/10  to  1/20,  and 
to  decrease  the  influence  of  the  walls  down  to  an  acceptable  level  [59]. 

The  full-size  experiment  (to  a  very  restricted  extent)  and  mostly  the  propeller  testing  in  the 
numerous  conventional  cavitation  tunnels  (there  are  approximately  66  tunnels  in  the  world  today  [59]) 
constitute  the  main  source  of  the  contemporary  experimental  knowledge  about  the  supercavitating  and 
strongly  cavitating  screw  propellers. 


2.2.  Development  and  testing  of  a  series  of  supercavitating  and  strongly  cavitating 

SCREW  PROPELLERS,  EXAMPLES  OF  THEIR  USE  FOR  FULL-SIZE  HYDROFOIL  SHIPS 


In  the  first  part  of  the  lecture  let’s  dwell  experimental  investigations,  connected  with  the 
development  of  a  small  number  of  full-size  hydrofoil  ships  equipped  with  supercavatating  propellers. 

Cavitation  of  propulsors,  leading  to  erosion,  vibration,  hydro-acoustic  noise  and  undesired  change  of 
the  hydrodynamic  characteristics,  represent  a  physical  phenomenon,  hindering  the  effort  of  the  ship 
builders  to  increase  the  speed  of  both  the  conventional  displacement  ships  and  high-speed  ships  with 
dynamic  principles  of  support.  Sometimes,  the  whole  set  of  technical  problems  accompanying  occurrence 
and  development  of  cavitation  is  called  a  "cavitation  barrier". 

In  some  cases  it  is  possible  to  avoid  the  aforelisted  consequences  of  the  cavitation  occurrence  by 
way  of  designing  a  completely  noncavitating  propulsor.  The  proper  selection  of  the  expanded  area  ratio 
of  the  screw  propeller  has  for  a  long  time  permitted  to  avoid  (completely  or  partially)  the  development  of 
the  cavitation  forms  resulting  in  erosion  of  the  screw  propeller  blades.  However,  as  indicated  in  the 
documents  of  the  command  of  the  German  Navy  dated  1932,  they  did  not  manage  to  avoid  strong 
erosion  damage  of  the  propellers  of  the  destroyers  and  torpedo  boats  by  the  latter  method  [3].  In  200 
hours  of  full-speed  cruising  the  indicated  screw  propellers  would  acquire  such  a  damage  (erosion  blisters 
of  size  of  a  fist),  so  that  their  replacement  became  inevitable.  According  to  the  present  views  [4],  one  can 
ensure  an  acceptable  service  resource  of  the  screw  propellers  of  ships  up  to  the  cruising  speeds  of  36 
knots  and  even  more  by  means  of  an  optimal  selection  of  the  expanded  area  ratio,  frequency  of  rotation 
and  diameter,  in  combination  with  application  of  the  skew  contours  and  improved  profiling  as  well  as  by 
taking  measures  to  smooth  out  the  nonuniformity  of  the  following  wake.  The  aforementioned  measures 
can  ensure  complete  absence  of  cavitation  or  its  very  insignificant  development,  which  practically  does 
not  result  in  the  erosion  damage.  For  example,  a  prototype  passenger  hydrofoil  ‘Taifun”  (65t,  2x1750  hp, 
100  passengers,  [20])  with  automatically  controlled  deeply  submerged  hydrofoils  ship,  built  in  Russia  in 
1971  reached  a  speed  up  to  44  knots  with  use  of  two  non-cavitating  screw  propellers  mounted  on  struts 
(pushing  type  arrangement) 

However,  in  many  cases,  it  is  impossible  to  design  a  non-cavitating  propulsor.  For  example,  this  is 
the  case  when  the  following  peculiarities  take  place  simultaneously  or  separately:  high  full  speed, 
mounting  of  the  screw  propeller  on  an  inclined  shaft,  nearness  of  the  free  surface,  too  large  expanded 
area  ratio  (>  1.2),  needed  to  avoid  cavitation. 

An  alternative  to  the  design  of  the  non-cavitating  propulsor  is  naturally  an  idea  of  designing  a 
cavitating  propulsor  which  is  only  to  a  small  extent  exposed  to  erosion  and  other  negative  consequences 
of  cavitation.  This  idea  was  first  set  forth  in  1941  for  the  purpose  of  design  of  the  screw  propellers  of 
destroyers  and  similar  ships  by  a  Russian  academician  Valentin  Lvovich  Pozdunin  [7], [8], [9]. [10].  He 
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proposed  to  select  a  expanded  area  ratio,  distribution  of  pitch,  section  curvature  and  the  form  of  the 
sections  (Fig.  2)  in  such  a  way,  that  the  blades  of  the  high-  speed  ship  screw  propeller  should  operate  in 
the  regime  of  supercavitation.  More  specifically,  in  such  a  regime  when  the  cavities  formed  on  the  blades 
have  a  length  exceeding  the  local  chord,  and,  therefore  close  at  a  certain  distance  behind  the  blade  (Fig. 
3).  Therewith,  the  erosion  which  usually  occurs  when  the  cavities  close  on  the  blade  surface  would  not 
occurs  in  the  supercavitating  regime.  If  additionally,  one  minimizes  the  time  of  the  transient  ship  regime 
for  which  the  cavities  have  a  length  less  than  the  local  chords,  the  unfavorable  consequences  of  the 
cavitation  would  not  exceed  reasonable  limits. 

Based  on  intensive  experimental  investigations  in  the  cavitation  tunnel  Pozdunin  revealed  the  main 
difficulties  hindering  the  realization  of  his  idea.  First  of  all,  it  turned  out  to  be  of  preference  for  the 
supercavitating  propellers  to  employ  a  special  wedge-type  profiling  (Fig.  4,  5),  drastically  different  from 
the  one  traditionally  used  for  the  noncavitating  screw  propellers.  Further  on,  in  Russia  they  started  to  call 
supercavitating  those  propellers  that  have  a  wedge-type  profiling.  And  to  designate  the  supercavitating 
propellers  with  a  segment-type  profiling  a  term  highly  cavitating  propellers  was  introduced. 

The  wedge-type  profiling  and  the  peculiarities  of  the  flow  past  the  SC  propellers  immediately  gave 
birth  to  several  problems.  First  of  all,  the  problem  of  securing  a  local  strength  of  thin  wedge-type 
leading  edges  of  the  blades  which  would  be  sufficient  for  the  full-size  propeller.  Secondly,  the  necessity 
of  securing  at  the  regime  of  full  cruising  a  sufficient  length  and  thickness  of  the  cavity  in  all  sections  with 
a  certain  reserve  for  the  cavitation  occurrence  on  the  pressure  side  of  the  blade.  Thirdly,  the  necessity  of 
securing  of  a  sufficient  thrust  of  the  propulsor  at  the  intermediate  regimes,  e.g.  at  the  regime  of  the  drag 
hump  of  the  hydrofoil  ship.  The  latter  problem  turned  out  to  be  rather  important  for  the  design  of  the 
hydrofoil  ship  as  a  whole  and  will  be  considered  later  in  more  detail,  as  there  emerged  historically  two 
different  ways  of  its  solution,  namely,  the  American  one  and  the  Russian  one. 

For  the  destroyers  and  torpedo  boats  the  idea  of  Pozdunin  was  not  realized,  as  it  appeared  in  the 
process  of  experimental  investigation  that  it  is  only  reasonable  to  employ  the  SC  propellers  for  by  far 
larger  magnitudes  of  the  cruising  speed,  more  specifically,  at  speeds  higher  than  50  knots,  or  for  the  local 
cavitation  number  at  0.7  of  the  propeller  radius  less  than  0.045.  In  other  words,  with  the  purpose  of 
obtaining  sufficiently  long  cavities,  if  at  all  possible,  it  would  be  necessary  to  abruptly  increase  the  angles 
of  attack  of  the  blade  sections  which  would  result  in  an  unjustified  augmentation  of  the  cavitation  drag 
and  a  sharp  drop  of  the  efficiency.  The  problem  of  erosion  destruction  of  the  screw  propellers  of  the 
torpedo  boats  due  to  cavitation  at  the  root  sections  of  the  blades,  was  successfully  resolved  by  way  of 
drilling  anti-erosions  orifices  [11]. 

A  complete  realization  of  the  Pozdunin’s  idea  was  effected  in  mid-50s  by  the  researchers  of  the 
David  Tailor  Model  Basin  A.J.  Tachmindji  and  W.B.  Morgan  [12],  E.B. Caster  [13]  et  al.  As  recollected 
by  M.P.Tulin  [1],  these  specialists  started  investigation  of  the  SC  propellers  in  the  United  States  (1957) 
with  a  design  by  means  of  calculations  (using  quite  an  approximate  lifting  line  theory)  of  a  model  of  a 
two-blade  SC  propeller  with  wedge -type  profiling.  Therewith,  the  profile  of  the  section  was  adopted  in 
the  form  of  the  so-called  2-parametric  optimal  profile  found  with  use  of  the  linear  two-dimensional 
theory  of  M.P.Tulin  for  zero  cavitation  number  [14]  (see  Fig.5).  Testing  of  this  model  completely 
confirmed  sufficient  accuracy  of  the  adopted  method  of  the  design  calculation.  Further  on  this  success 
allowed  to  develop  by  means  of  calculation  series  of  2,  3  and  4-blade  SC  propellers  [13].  Testing  of 
separate  models  in  the  cavitation  tunnel  also  confirmed  sufficient  accuracy  of  the  calculated  results.  For 
example,  for  the  model  of  a  supercavitating  3-blade  screw  propeller  with  expanded  area  ratio  0.5  and 
pitch  ratio  1.57  there  were  obtained  in  the  course  of  the  experiment  for  a  advance  coefficient  1.125  and 
axial  cavitation  number  0.3  the  thrust  coefficient  0.140  and  efficiency  0.685,  which  turned  out  to  be  just 
2.2%  less  that  the  calculated  one  [12].  In  1962  under  guidance  of  M.P.Tulin  the  specialists  of  the 
company  ’’Hydronautics”  successfully  developed  a  2-blade  SC  propeller  for  a  gas-turbine  hydrofoil  ship 
’’Denison”  (80  ton,  60  knots,  10000  hp)  [1],[15].  Therewith,  the  form  of  the  pressure  side  coincided  with 
that  of  the  Tulin’s  2-parametric  foil,  similarly  to  the  aforementioned  series,  and  the  thickness  was 
augmented  up  to  the  parabolic  one.  Especially  big  difficulties  arised  in  securing  a  sufficient  thrust  at  the 
regime  of  the  drag  hump,  but  this  matter  would  be  considered  in  more  detail  later  on.  Here  we  would 
only  mention  that  these  difficulties  were  connected  with  a  phenomena  of  the  flow  ’’blockage”  by  the 
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cavities  typical  for  the  SC  propellers  at  the  magnitudes  of  advance  coefficient  significantly  less  than 
those  corresponding  to  the  maximum  speed  for  the  given  ship  project. 

In  mid-60s  there  was  built  a  Canadian  open  ocean  hydrofoil  ship  ”HMCS  Bras  d'Or”  (235  ton.,  60 
kn.,  22000  hp)  with  two  SC  propellers  [16].  When  developing  these  propellers  special  attention  was 
attached  to  the  investigation  of  the  local  strength  in  the  vicinity  of  the  leading  edge. 

In  1958,  i.e.  practically  at  the  same  time  as  the  U.S.  specialists,  a  Krylov  Institute  researcher 
Yu.M.Sadovnikov  conducted  testing  of  a  series  ”K”  of  the  SC  propellers  with  wedge-type  profiling  and 
symmetric  contour  [17], [18], [19], [20],  comprising  15  two  -blade  models  and  9  three-blade  models  of  the 
0.2  m.  diameter.  The  propellers  had  a  relative  radius  of  the  hub  0.165,  expanded  area  ratio  varied  in  the 
range  0.34-1.1 1,  pitch  ratio  varied  in  the  range  1.0-1.8,  and  the  minimal  axial  cavitation  number  reached 
0.3.  The  action  curves  of  one  model  of  this  series  are  presented  in  Fig.  6.  However,  the  full-size  hydrofoil 
ship  with  the  screw  propeller  of  this  series  was  never  built,  because  for  them  problem  of  providing 
sufficient  thurst  at  the  drag  hump  regime  was  not  solved  for  this  series  (see  more  details  further  on).  The 
effective  solution  of  the  aforementioned  problem  in  the  Russian  version  (when  the  advance  coefficient  at 
the  drag  hump  regime  differs  only  slightly  from  that  in  full  cruising  speed  due  to  drop  in  rpm)  was  solved 
by  replacing  the  wedge-type  profiling  by  the  segment-type  one  (see,  Fig.4).  Further  on,  as  indicated, 
adopted  in  the  kSRI  (and  in  Russia)  was  the  term  highly  cavitating  propellers  for  the  SC  propellers 
having  the  segment-type  profiling. 

Thus,  the  distinction  between  the  highly  cavitating  propellers  and  the  supercavitating  propellers 
consists  in  the  profiling  (see  Fig.4).  In  particular,  instead  of  the  wedge-type  chordwise  thickness 
distribution  used  is  the  segment  distribution  without  shifting  of  the  maximal  thickness  from  the  midchord 
(‘‘CK”  series)  or  with  shifting  of  the  maximal  thickness  15%  upstream  of  the  midchord  (“CK2”  series). 

The  “CK”  series  is  that  of  3 -blade  highly  cavitating  screw  propellers  which  was  developed  and 
tested  in  by  V.D.  Tsapin,  and  comprises  28  models  with  expanded  area  ratio  in  the  range  0.65-1.10  and 
with  pitch  ratio  in  the  range  1.0-2. 2  [17]  ],[18],[19],[20].  Fig.  7  gives  the  characteristic  curves  for  one  of 
the  models  of  this  series,  and  the  following  Table  1  provides  a  comparison  of  the  hydrodynamic 
characteristics  of  this  model  with  the  similar  one  of  the  series  ‘‘K”  of  the  supercavitating  screw 
propellers,  the  characteristic  curves  of  the  latter  being  shown  in  Fig.6. 

It  can  be  seen  from  the  Table  that  in  the  SC  regime,  when  the  hydrofoil  ship  has  a  maximal  speed 
and  the  axial  cavitation  number  is  equal  0.3,  the  efficiency  of  the  propeller  with  wedge-type  profiling 
(”K"  series)  is  12  -  16%  higher  than  that  of  the  propellers  with  segment-type  profiling  (”CK"  series).  This 
can  be  explained  by  a  smaller  thickness  of  the  leading  edges  for  the  wedge-type  series,  leading  to  the 
decrease  of  the  cavity  thickness  and  the  cavitation  drag  of  the  propellers  of  this  series.  The  general 
strength  provided  therewith  is  approximately  the  same  at  the  expense  of  larger  thickness  of  the  trailing 
edges  for  the  wedge-type  series,  although  the  local  strength  in  the  vicinity  of  these  edges  is  noticeably 
lower. 
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Table  1.  Comparison  of  characteristics  of  two  screw  propellers  with  an 
expanded  area  ratio  0.81/0.8  and  pitch  ratio  1.4,  belonging  to  the  series  ‘‘K”  of  SC 
propellers  with  wedge-type  profiling  and  a  series  ‘‘CK”  of  highly  cavitating  propellers 
with  segment  profiling  (see  Fig.6  and  Fig, .7),  (J-advance  coefficient,  Kj  -thrust 
coefficient,  7]^  -open  water  propeller  efficiency) 


J 

Axial  cavitation 
number 

"K" 

"CK" 

Vo 

"K" 

Vo 

"CK" 

Ar?o 

in% 

0.8 

0.3 

- 

- 

- 

- 

- 

0.9 

0.3 

- 

- 

- 

- 

- 

1.0 

0.3 

0.100 

0.095 

0.600 

0.533 

12.6 

1.1 

0.3 

0.115 

0.103 

0.655 

0.565 

15.9 

1.2 

0.3 

0.098 

0.099 

0.630 

0.560 

12.5 

0.8 

1.0 

0.225 

0.215 

0.562 

0.515 

9.1 

0.9 

1.0 

0.230 

0.248 

0.620 

0.588 

5.4 

1.0 

1.0 

0.200 

0.250 

0.640 

0.660 

-3.1 

1.1 

1.0 

0.150 

0.208 

0.590 

0.700 

-18.6 

1.2 

1.0 

0.100 

0.161 

0.520 

0.709 

-36.3 

0.8 

Atmosphere 

0.315 

0.348 

0.560 

0.562 

-0.4 

0.9 

Atmosphere 

0.250 

0.300 

0.618 

0.619 

-0.2 

1.0 

Atmosphere 

0.200 

0.253 

0.625 

0.667 

-6.7 

1.1 

Atmosphere 

0.150 

0.208 

0.620 

0.700 

-12.9 

1.2 

Atmosphere 

0.100 

0.161 

0.575 

0.709 

-23.3 

On  the  other  hand  the  series  ‘‘CK”  with  the  segment  profiling  has  much  larger  efficiency  (more  than 
18%  larger)  as  compared  to  the  "K"  series  at  the  regime  of  drag  hump,  when  the  speed  of  the  hydrofoil 
constitutes  about  50-65%  of  the  maximal  speed,  which  corresponds  e.g.  to  the  axial  cavitation  number 
equal  to  1.0  or  slightly  larger.  Therewith,  the  advance  coefficient  only  slightly  differs  from  its  magnitude 
1.15,  corresponding  to  the  maximal  efficiency  of  both  screw  propellers  at  the  maximal  speed  regime.  The 
case  described  herein  corresponds  to  a  Russian  variant  of  the  design  of  the  hydrofoil  ship,  when  the 
power  plant  (not  having  large  reserve  of  power)  allows  a  reduction  of  the  frequency  of  rotation  of  the 
propeller  at  the  drag  hump  (almost  proportionally  to  the  drop  of  the  translational  speed  of  ship)  as  a 
consequence  of  growth  of  the  turning  moment  and,  therefore  the  advance  coefficient  at  the  drag  hump 
regime  is  only  slightly  less  than  its  own  magnitude  at  the  maximal  speed  regime. 

In  the  case  under  consideration  the  increased  efficiency  of  the  propeller  at  the  drag  hump  regime 
becomes  a  decisive  factor  for  choosing  the  series  "CK",  as  the  series  "K",  due  to  reduced  efficiency  and 
for  available  power  simply  does  not  provide  sufficient  thrust  at  the  drag  hump  regime.  Note  that  at  the 
drag  hump  regime,  the  hydrofoil  ship,  as  opposed  to  the  displacement  ship,  has  a  drag,  and  hence  a 
required  thrust  of  propulsors  close  or  even  exceeding  that  of  the  maximum  speed. 

The  U.S.  approach  to  the  considered  problem  of  design  of  the  hydrofoil  ship  radically  differs  from 
the  Russian  one  described  above.  The  power  plant,  for  example,  gas  turbine,  is  chosen  in  such  a  way  as  to 
have  a  sufficient  reserve  of  power  to  ensure  constancy  of  the  frequency  of  rotation  of  the  propeller  for  all 
regimes  from  that  of  the  maximal  speed  up  to  that  of  the  drag  hump.  Then  according  to  formula  (1),  the 
advance  coefficient  at  the  regime  of  drag  hump  would  drop  in  comparison  with  that  of  the  maximal  speed 
some  50-35%,  i.e.  in  proportion  to  the  drop  of  the  speed  of  the  translational  motion  of  the  ship. 
Therewith,  as  follows  from  the  Table  1  given  above,  (for  axial  cavitation  number  of  1 .0  or  higher)  the 
efficiency  of  the  propellers  of  the  series  “K”  with  wedge -type  profiling  is  more  than  9%  higher  than  that 
of  the  series  “CK”  propellers  with  the  segment-type  profiling.  Consequently,  if  one  use  the  U.S.  approach 
to  the  design,  the  preference  should  be  given  to  the  series  "K"  with  wedge -type  profiling  which  had  been 
done  in  reality  by  the  American  and  Canadian  specialists  when  developing  the  SC  propellers  for  the 
aforementioned  hydrofoil  ship  ’’Denison”  and  an  open  ocean  hydrofoil  ship  ”HMCS  Bras  d'Or”.  It  should 
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be  noted,  however,  that  the  U.S.  specialists  encountered  additional  difficulties,  related  to  peculiarities  of 
operation  of  the  SC  propeller  for  small  advance  coefficient-  the  aforementioned  “blockage”  effect. 

The  comparison  presented  above  was  made  for  the  two  concrete  propellers  of  the  indicated  two 
series,  having  identical  number  of  blades,  blade  contours,  expanded  area  ratios,  pitch  ratios,  form  of  the 
pressure  surface  and  magnitudes  of  the  advance  coefficient,  but  different  distribution  of  the  section 
thickness  chordwise.  More  complete  comparison  requires  analysis  of  both  series,  as  the  advance 
coefficients,  pitch  and  expanded  area  ratios  for  each  of  the  compared  propellers  are  not  necessarily  equal, 
and  may  be  taken  as  optimal  for  the  corresponding  series,  i.e.  may  be  taken  correspondingly  to  the 
maximal  efficiency  for  a  given  cavitation  number.  The  data  required  for  a  more  complete  analysis  are 
given  in  the  Table  2. 


Table  2.  Comparison  of  characteristics  of  two  3-blade  optimal  screw  propellers  at 
axial  cavitation  number  of  0.3,  belonging  to  the  series  “K”  of  supercavitating  screw 
propellers  with  wedge-type  profiling  and  a  series  “CK”  of  highly  cavitating  screw 
propellers  with  segment-type  profiling  (J-advance  coefficient,  Kj  -thrust  coefficient,  7]^  - 

open  water  propeller  efficiency,  /  Aq  -expanded  area  ratio,  P/D-pitch/diameter  ratio) 


axial 

cavitation 

number 

series 

aim 

function 

Ae  1  Aq 

P/D 

J 

Xj. 

% 

J!^ 

MKl,  = 

0.3 

"K” 

max?7Q 

0.81 

1.4 

1.12 

0.120 

0.660 

3.233 

0.276 

1.0 

not  opt 

0.81 

1.4 

1.12 

0.140 

0.610 

1.0 

not  opt 

0.81 

1.4 

0.70 

0.195 

0.490 

0.3 

”CK” 

maxl^Q 

0.95 

1.8 

1.50 

0.177 

0.660 

3.565 

0.187 

1.0 

”CK” 

not  opt 

0.95 

1.8 

1.50 

0.209 

0.706 

1.0 

”CK” 

not  opt 

0.95 

1.8 

0.90 

0.290 

0.457 

Comment:  the  last  two  columns  contain  the  coefficients,  which  should  be  multiplied  by  the 
identical  for  both  compared  variants  multiplier  (if  identical  are  the  fluid  density,  thrust  and  the  speed  of 
advancement  in  free  water)  with  the  goal  of  determining  the  diameter  and  the  frequency  of  rotation  for 
the  optimal  (in  efficiency)  screw  propeller  of  the  corresponding  series  complying  with  the  considered 
conditions. 


A  straitforward  analysis  of  the  data  given  in  the  Table  2  shows  that,  as  opposed  to  comparison  for 
the  same  advance  coefficient  and  other  identical  parameters,  in  the  case  considered  here  of  the  maximal 
speed  regime  (and  axial  cavitation  number  equal  to  0.3)  no  advantage  is  found  in  the  maximal  magnitude 
of  the  efficiency  of  the  either  series  under  comparison,  because  the  efficiencies  of  the  optimal  wedge- 
type  screw  propeller  of  the  “K”  series  and  the  optimal  segment-type  propeller  of  the  “CK”  series  are 
identical  and  equal  to  0.66.  It  should  be  recognized,  however,  that  this  magnitude  is  reached  at  different 
magnitudes  of  the  advance  coefficient,  expanded  area  ratio  and  pitch  ratio. 

A  deeper  analysis  shows  that  for  given  fluid  density,  thrust  of  the  propeller  and  the  speed  of  the 
ship,  the  optimal  propeller  of  the  “K”  series  would  have  10%  smaller  diameter  and  48%  larger  frequency 
of  rotation  as  compared  with  the  optimal  series  “CK”  propeller.  Increased  frequency  of  rotation  and 
reduced  diameter  (for  identical  other  conditions)  stipulate  a  substantial  advantage  of  the  series  “K” 
propellers  with  the  wedge-type  profiling  at  the  maximal  speed  regime. 

The  final  choice  of  the  series  is  again  defined  by  the  adopted  variant  of  the  design  of  the  hydrofoil 
ship  as  a  whole.  If  one  use  the  Russian  variant,  when  the  advance  coefficient  at  the  drag  hump  regime  is 
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only  slightly  different  from  that  at  the  maximal  speed  regime,  the  preference  should  be  given  to  the  “CK” 
series  with  the  segment  profile,  as  it  follows  from  the  Table  2  that  the  efficiency  of  the  propellers  of  this 
series  at  the  drag  hump  regime  in  this  case  (axial  cavitation  number  1.0,  J=1.5)  is  15.7%  higher  than  for 
the  propellers  of  the  “K”  series.  Notwithstanding  the  indicated  advantages  of  the  “K”  series  at  the 
maximal  speed  regime,  both  in  the  case  considered  here  and  in  the  course  of  the  analysis  of  the  Table  1, 
the  increased  efficiency  of  the  propellers  at  the  drag  hump  regime  becomes  a  crucial  factor  for  selection 
of  the  “CK”  series  because  the  “K”  series  (due  to  reduced  efficiency)  for  the  lack  of  a  sufficient  reserve 
of  power  (Russian  variant)  simply  cannot  provide  sufficient  thrust  at  the  drag  hump  regime. 

On  the  other  hand,  if  the  U.S.  approach  is  employed  to  the  design  of  the  hydrofoil  ship  as  a  whole, 
when  both  the  frequency  of  rotation  is  almost  constant,  and  the  advance  coefficient  at  the  drag  hump 
regime  is  much  less  than  its  magnitude  at  the  maximal  speed  regime  (in  the  Table  2  the  magnitude  of  the 
advance  coefficient  is  decreased  on  40%)  the  preference  when  selecting  the  series  should  be  given  to  the 
«K”  series  with  wedge-type  profiling  because  the  efficiency  of  the  propellers  of  this  series  at  the  drag 
hump  is  (axial  cavitation  number  1.0,  J=0.7)  is  7.2%  higher  than  for  the  propellers  of  the  series  "CK". 

Thus,  the  comparative  analysis  of  the  propeller  series  differing  only  in  the  shape  of  the  section,  both 
for  the  same  advance  coefficient  (based  on  the  Table  1),  and  for  the  propeller  at  the  optimal  advance 
coefficient  (based  on  the  Table  2),  leads  to  one  and  the  same  conclusion.  For  almost  constant  advance 
coefficient  (Russian  variant)  advantageous  is  the  segment  profiling,  whereas  for  almost  constant  rpm 
(U.S.  variant)  the  advantage  is  on  the  side  of  the  wedge-type  profiling. 

Another  important  conclusion  can  be  made  on  the  basis  of  the  foregoing  material.  When  designing  a 
supercavitating  or  a  highly  cavitating  propeller  for  a  hydrofoil  ship  the  project  optimization  at  the  regime 
of  maximal  speed  should  be  performed  in  such  a  way  that  a  sufficient  thrust  be  provided  at  the  drag  hump 
regime  with  account  of  the  power  plant  available  on  board.  In  short,  the  high  efficiency  at  the  maximal 
speed  regime  is  not  the  only  requirement  when  designing  a  supercavitating  or  a  highly  cavitating 
propeller  for  a  hydrofoil  ship. 

Further  progress  in  the  development  of  the  supercavitating  or  a  highly  cavitating  propeller  in  Russia 
was  connected  with  a  more  complete  utilization  of  the  computational  methods  of  the  vortex  theory.  In 
1970  A.A.Russetskiy  and  E.A.Fisher  in  the  kSRI  employed  the  lifting  line  theory  with  a  number  of 
corrections,  including  those  to  approximately  account  for  the  presence  of  cavities  in  the  inter-blade  space 
[17].  It  is  interesting  to  note  that  this  approach  was  semi-empirical,  as  it  made  use  of  the  experimental 
data  for  the  determination  of  the  cavities’  thickness  at  the  trailing  edge  of  the  blade  [24].  Most  certainly, 
the  mentioned  experimental  materials  were  valid  only  for  the  design  of  such  propellers  which  differed 
but  slightly  from  the  tested  ones. 

Based  on  the  described  approach  there  was  designed  a  small  series  of  3 -blade  highly  cavitating 
propellers  ”CK2",  comprising  4  models  with  expanded  area  ratio  0.9  and  a  radius-wise  variable  pitch 
ratio,  varying  in  the  range  0.9- 1.6  at  the  radius  0.6.  An  interesting  peculiarity  of  the  form  of  the  profiles 
of  this  series  consisted  in  a  shifting  of  the  maximal  of  thickness  and  curvature  of  the  pressure  surface 
15%  from  the  midchord  to  trailing  edge  of  cylindrical  sections,  while  retaining  of  practically  segment 
form  for  the  corresponding  distributions  for  the  region  of  the  leading  and  trailing  edges.  Therewith  the 
thickness  of  the  leading  part  of  the  profiles  decreased,  which  served  to  augment  the  efficiency  at  the  full 
speed  regime,  but,  simultaneously,  should  diminish  the  strength  in  the  region  of  the  leading  edges. 
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Table  3.  Comparison  of  characteristics  of  the  two  3-blade  optimal  screw  propellers 
with  axial  cavitation  number  0.3,  belonging  to  the  series  of  supercavitating  "CK2”  and  the 
series  of  highly  cavitating  screw  propellers  "CK3”  (J-advance  coefficient,  -thrust 
coefficient,  ?7q  -open  water  propeller  efficiency,  /  Aq  -expanded  area  ratio,  P/D- 

pitch/diameter  ratio) 


axial 

cavitation 

number 

series 

Goal 

function 

Ae  I  Aq 

P/D 

on 

r=0.6 

J 

K, 

Vo 

Kdt 

J/^ 

\IKl,= 

0.3 

"CK2” 

maxTjQ 

0.95 

1.36 

1.08 

0.115 

0.645 

3.185 

0.291 

1.0 

”CK2” 

not  opt 

0.95 

1.36 

1  .08 

0.205 

0.690 

1.0 

”CK2” 

not  opt 

0.95 

1.36 

0.70 

0.165 

0.470 

0.3 

”CK3” 

MbxTIq 

0.95 

1.56 

1.24 

0.150 

0.680 

3.202 

0.252 

1.0 

”CK3" 

not  opt 

0.95 

1.56 

1.24 

0.220 

0.708 

1.0 

”CK3" 

not  opt 

0.95 

1.56 

0.60 

0.175 

0.360 

Comment:  The  last  two  columns  contain  the  coefficients,  which  should  be  multiplied  by  the  the  same 
multiplier  for  the  variants  under  comparison  (if  identical  are  fluid  density,  thrust  and  speed  of 
translational  motion  in  free  water)  with  the  goal  of  determining  the  diameter  and  the  frequency  of  rotation 
for  the  optimal  (in  efficiency)  screw  propeller  of  a  given  series  complying  with  conditions  considered. 

The  results  of  the  testing  of  the  models  of  this  series  (see.  Table  3)  showed,  that  no  gain  was 
obtained.  In  the  maximal  magnitude  of  the  efficiency  in  comparison  with  the  ”CK”  series.  However,  one 
was  able  to  reduce  relative  advance  coefficient  corresponding  to  the  maximal  efficiency  (1.08  instead  of 
1.50  for  the  series  ”CK”),  which  led  (inspire  of  the  decrease  of  the  thrust  coefficient)  to  a  possibility  to 
reduce  diameter  of  the  optimal  screw  propeller  for  this  series  by  12%  as  compared  to  the  optimal  and 
identical  in  thrust  screw  propeller  of  the  ”CK”  (therewith  the  frequency  of  rotation  increased  by  56%). 

Comparing  with  the  data  of  the  Table  2  for  a  conditional  drag  hump  regime,  one  can  notice,  that  for 
the  constant  advance  coefficient  (Russian  variant)  the  screw  propeller  of  the  ”CK2'’  series  has  2.3%  less 
efficiency  than  the  propellers  of  the  ”CK”  series.  At  the  expense  of  the  shifting  of  the  maximum  of 
efficiency  toward  smaller  advance  coefficients  the  screw  propellers  of  the  ”CK2'’  series  have  noticeably 
larger  efficiency  at  the  maximum  speed  regime  when  the  axial  cavitation  number  equals  0.3,  as 
compared  to  the  propellers  of  the  ”CK”,  if  the  comparison  is  conducted  for  the  advance  coefficient  less 
then  1.2  (see  Table  4).  For  example,  for  J=1.0  the  augmentation  of  the  efficiency  constitutes  18.2%. 
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Table  4.  Comparison  of  characteristics  of  three  propellers  with  expanded  area 
ratio  0.95  and  pitch  ratio  1.4, 1.36, 1.33,  belonging  to  the  series  of  highly 
cavitating  propeller  ”CK”,  "CK2”,  "CK3”  series  correspondingly  (J-advance 
coefficient,  Kj  -thrust  coefficient,  7]^  -open  water  propeller  efficiency) 


J 

axial  cavitation 
number 

K, 

"CK" 

Kj. 

"CK2" 

Kj. 

"CK3" 

% 

"CK" 

% 

"CK2" 

% 

"CK2" 

0.8 

0.3 

- 

0.115 

- 

- 

0.535 

0.9 

0.3 

- 

0.1 

0.110 

- 

0.580 

0.590 

1.0 

0.3 

0.111 

0.115 

0.110 

0.545 

0.630 

0.635 

1.1 

0.3 

0.125 

0.110 

0.110 

0.591 

0.645 

0.650 

1.2 

0.3 

0.124 

0.080 

0.085 

0.616 

0.590 

0.600 

0.8 

1.0 

0.248 

0.200 

0.210 

0.528 

0.545 

0.560 

0.9 

1.0 

0.273 

0.230 

0.235 

0.601 

0.610 

0.620 

1.0 

1.0 

0.257 

0.230 

0.220 

0.657 

0.665 

0.670 

1.1 

1.0 

0.208 

0.193 

0.180 

0.688 

0.695 

0.695 

1.2 

1.0 

0.160 

0.150 

0.135 

0.692 

0.700 

0.690 

0.8 

Atmosphere 

0.356 

0.330 

0.340 

0.555 

0.770 

0.585 

0.9 

Atmosphere 

0.304 

0.285 

0.285 

0.609 

0.620 

0.630 

1.0 

Atmosphere 

0.257 

0.238 

0.230 

0.657 

0.665 

0.670 

1.1 

Atmosphere 

0.208 

0.193 

0.180 

0.688 

0.695 

0.695 

1.2 

Atmosphere 

0.160 

0.150 

0.135 

0.692 

0.700 

0.690 

In  1980  on  the  basis  of  the  lifting  surface  theory  for  noncavitating  propellers  with  account  of  the 
cavity  thickness,  modeled  with  a  prescribed  distribution  of  the  simple  layer  (the  intensity  of  which  was 
approximately  determined  with  use  of  the  previously  mentioned  experimental  data  on  measurement  of 
the  cavity  thickness  at  the  trailing  edge  [24],  [17])  in  the  kSRI  there  was  developed  a  small  series  of 
highly  cavitating  propellers  “CK3”.  With  the  purpose  of  providing  sufficient  strength  the  thickness  of  the 
leading  part  of  the  profiles  of  this  series  was  increased  in  comparison  with  the  ”CK2'’  series.  The  form  of 
the  profile  was  taken  of  segment-type  and  symmetric  with  respect  to  the  midchord,  as  in  the  ”CK”  series, 
i.e.  the  idea  of  shifting  the  maximal  of  thickness  and  curvature  was  abolished  in  this  series.  Some  data  on 
this  series  are  presented  in  the  Table  3  and  the  Table  4.  It  is  seen  that  the  last  of  the  considered  series  is 
the  best  from  all  viewpoints.  For  example,  the  optimal  (in  efficiency)  at  the  regime  of  the  maximal  speed 
screw  propeller  of  this  series  has  a  record-breaking  high  efficiency  of  0.68,  which  is  3%  higher  than  for 
the  analogous  magnitudes  of  the  series  "K”  and  ”CK”. 

The  last  of  the  described  series  of  highly  cavitating  propellers  "CK3"  (with  the  segment  profiling) 
was  directly  employed  at  the  beginning  of  the  80s  during  the  design  of  the  full-size  highly  cavitating 
propellers  for  the  largest  in  the  world  (displacement  about  465  t.,  power  of  gas  turbines  3x18000  hp  plus 
power  of  diesels  2x1100  hp  and  the  speed  of  cruising  of  63  knots  [21])  of  the  Russian  open  ocean 
hydrofoil  ship  "Sokol".  The  highly  cavitating  screw  propellers  in  number  of  6  were  mounted  in  pairs  on 
three  angular  struts.  The  sense  of  rotation  of  each  pair  was  opposite.  At  full  speed  the  blades  of  the 
propellers  operated  in  the  regime  of  supercavitation,  although  the  profiling  adopted  was  the  segment  one 
(without  shifting  off  the  mid-chord  of  the  maximal  of  thickness  and  curvature),  and  not  of  wedge -type, 
as  proposed  by  academician  Pozdunin. 

The  comparative  tests  of  two  projects  of  open  ocean  hydrofoil  ships  were  conducted  in  Russia. 
Besides  the  hydrofoil  ship  "Sokol",  tested  was  the  hydrofoil  ship  "Uragan"  (426 1.,  2x18000  plus  2x1100, 
60  kn.),  which  had  two  struts  and  four  highly  cavitating  screw  propellers  of  the  "CK"  series  [21].  A 
complete  set  of  fiill-size  tests  showed  that,  the  hydrofoil  ship  “Sokol”  has  evident  advantages  as 
compared  to  the  hydrofoil  ship  “Uragan”  (mainly  due  to  a  better  arrangement  of  wing  system,  and,  after 
some  improvements  (in  particular,  the  power  was  decreased  down  2x20000  hp  plus  8000  hp)  the  former 
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ship  can  be  built  in  series.  Until  1990  there  were  built  3  serial  ship  of  “Sokol”  type,  after  that  the  funding 
of  the  corresponding  programme  was  stopped  [21]. 

Thus,  in  Russia  in  the  period  of  1941-1980  there  were  carried  out  extensive  experimental  tests 
(tested  were  4  series)  of  the  suparcavitating  and  highly  cavitating  propellers. 

The  analysis  of  this  materials  revealed,  in  particular,  an  important  peculiarity  of  such  propellers, 
namely,  for  a  given  low  cavitation  number  and  at  a  given  magnitude  of  the  advance  coefficient  the 
increase  of  pitch  for  the  supercavitating  or  highly  cavitating  propeller,  as  opposed  to  a  noncavitating  one, 
does  not  lead  to  a  significant  increase  of  the  thrust  coefficient.  This  shows  that,  firstly,  use  of  variable 
pitch  does  not  bring  about  the  same  effect  usually  anticipated  for  the  noncavitating  propeller,  and, 
secondly,  for  a  limited  diameter  of  the  SC  propeller  the  thrust  generated  at  the  design  regime  may  be 
insufficient  for  propelling  the  ship  with  a  given  speed  for  any  choice  of  pitch. 

With  the  goal  of  overcoming  of  the  latter  problem  effective  may  become  the  application  of  the 
supercavitating  propeller  with  a  spoiler  at  a  (rectilinear  in  radial  direction)  trailing  edge.  For  the 
experimental  investigation  of  models  of  such  screw  propellers  there  was  developed  and  tested  in  the 
KSRI  a  model  of  3-blades  supercavitating  propeller  with  expanded  area  ratio  0.8  and  pitch  ratio  1.4, 
having  a  wedge-type  profiling  and  an  asymmetric  rectified  contour  with  the  trailing  edge  rectilinear  in 
radial  direction,  adapted  for  mounting  of  a  spoiler  with  regulated  extenuation  from  -3%  to  +5%  of  the 
local  chord.  The  tests  of  this  mini  series  of  supercavitating  propellers  with  a  spoiler  showed  that  for  a  2% 
spoiler  (cavitation  number  0.4,  advance  coefficient  1 .2)  the  thrust  coefficient  increases  as  compared  to 
the  propeller  without  the  spoiler  100%  and  reaches  the  value  of  0.15.  Therewith,  the  efficiency  at  the 
indicated  advance  coefficient  even  increases  several  percent,  for  smaller  advance  coefficients  a  drop  of 
the  efficiency  of  2%  accompanied  by  the  growth  of  the  thrust  of  40-50%.  The  effect  of  the  spoiler 
estimated  in  the  latter  experiment  complies,  at  least  quantitatively,  with  the  results  of  theoretical  research 
on  the  influence  of  a  spoiler  within  an  ideal  fluid  mathematical  models  [25]  -  [28],  [31].  In  particular,  it 
was  established  by  calculation  that  at  the  regime  of  its  most  favorable  influence  the  spoiler  provides  a 
significant  decrease  of  the  cavity  thickness  in  the  inter-blade  space,  as  compared  to  a  similar  profile 
without  the  spoiler.  The  latter  effect  corresponds  to  shifting  of  the  center  of  action  of  the  loading 
distribution  chordwise  in  the  direction  of  the  trailing  edge.  Positive  influence  of  such  a  shift  upon  the 
hydrodynamic  lift-to-drag  ratio  of  supercavitating  foils  at  zero  cavitation  number  was  found  by 
M.P.Tulin  [14]  back  in  1955. 

At  the  beginning  of  the  80s  there  was  built  and  successfully  tested  a  hydrofoil  ship  "Antaris”  (200  t, 
60  kn.)  with  supercavitating  screw  propellers  with  spoilers  corresponding  to  the  aforementioned  mini¬ 
series.  It  is  interesting  to  note  that  the  propellers  on  this  ship  were  installed  on  the  inclined  shafts,  and, 
consequently,  at  speeds  about  50  knots  there  was  observed  a  breakthrough  of  the  atmospheric  air  along 
the  inclined  shifts  to  the  propeller  blades.  With  the  goal  to  secure  a  required  thrust  along  with  a  possible 
ventilation  there  were  chosen  for  this  particular  hydrofoil  ship  the  supercavitating  propellers  with 
spoilers. 

The  story  of  the  application  of  the  supercavitating  (or  highly  cavitating)  screw  propellers  proper, 
which  started  successfully  in  1962  from  the  hydrofoil  ship  "Denison”,  finishes  over  by  the  end  of  80s, 
because  the  experience  of  operation  of  this  screw  propellers  on  the  world  largest  serial  hydrofoil  ships  of 
the  "Sokol”  type  showed  insufficient  reliability  of  the  shaft  sealing  on  the  nacelles  and  ensuing  necessity 
in  frequent  repair.  The  problem  of  reliability  become  so  acute  that  it  was  decided  to  equip  the  next 
projects  of  the  Russian  open  ocean  hydrofoil  ships  not  with  supercavitating  propellers  but  with  wateriest 
similarly  to  the  U.S.  hydrofoil  ships  "Tucumcari"  and  "Pegas". 

However,  these  projects  have  not  been  realized.  Further  on,  unfortunately,  the  interest  toward  the 
hydrofoil  ships  in  the  world  dropped  quite  abruptly  in  connection  with  appearance  of  more  prospective 
types  of  high-speed  ships,  such  as  catamarans,  SES  (Surface  effect  ships)  and  (Small  water- 

plane  area  twin  hull),  for  which  the  implementation  of  the  supercavitating  propellers  proper  is  not 
preferable. 
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23.  Present  development  of  the  ideas  of  academician  V.L.  Pozgunin 


In  spite  of  the  evident  end  of  the  story  of  the  application  of  the  supercavitating  propellers  proper,  the 
idea  itself,  lying  in  the  basis  of  the  development  of  supercavitating  propellers  and  formulated  in  1941  by 
V.L.  Pozdunin  as  an  idea  for  design  of  a  cavitating  (or  ventilated)  propulsor,  less  subject  to  erosion  and 
othemegative  consequences  of  the  cavitation  (or  atmospheric  ventilation),  found  its  further  evolution  in 
the  development  of  several  new  types  of  propulsors.  Namely,  highly-skewed  cavitating  propellers,  trans- 
cavitating  propellers,  surface  piercing  propellers  (or  semi-submerged  propellers)  and  ventilated  wateriest, 
which  are  already  in  use  or  have  good  perspectives  for  their  use  on  high-speed  ships  of  different  types. 

Let’s  start  our  consideration  with  highly-skewed  cavitating  propellers,  intended  for  the  passenger 
hydrofoil  ships  of  relatively  small  displacement,  which  haven  inclined  shaft  and  shallowly  submerged 
hydrofoils.  As  established  above,  the  supercavitating  propellers  have  been  used  mostly  on  the  sea-going 
hydrofoil  ships,  equipped  with  deeply  submerged  hydrofoils.  However,  the  “cavitation  barrier”  is  also 
encountered  when  designing  propulsors  for  small  passenger  hydrofoil  ships  on  shallowly  submerged 
hydrofoils.  The  first  of  those  (”Raketa”,  25  t.,  38  kn.,  1200  hp,  66  passenger)  was  built  in  Russia  by  the 
design  of  R.E.  Alexeev  in  1957.  In  this  case,  inspite  of  moderate  speed,  it  is  not  possible  to  avoid 
cavitation  at  the  maximal  speed  regime  because  of  the  unsteadiness  of  the  flow  past  the  blades  of  the 
screw  propellers,  mounted  on  the  inclined  shaft  (the  angle  of  inclination  of  the  shaftline  varies  for 
different  projects  in  the  range  of  6-15  degrees).  Moreover,  in  this  case  breakthrough  of  atmospheric  air  is 
possible  through  the  suction  zone  along  the  inclined  shaft  to  the  blades  of  the  propeller. 

During  the  first  stage  of  the  investigation  of  this  problem  in  the  kSRI  there  was  developed  a  special 
series  of  5 -blade  screw  propellers,  adapted  for  operation  in  oblique  flow  field.  These  propellers  were 
designed  by  E.P.Georgievskaya  under  guidance  of  Professor  A.A.Rousetsky  mostly  for  the  purpose  of 
securing  the  absence  of  cavitation,  and,  consequently,  the  absence  of  erosion  on  the  pressure  side  of  the 
blades  [11].  Therewith,  cavitation  and  erosion  on  the  suction  side  could  not  be  suppressed,  although 
measures  were  taken  to  minimize  it  (the  5 -blade  propeller  series  consisted  of  22  models  with  expanded 
area  ratio  0.8;  1.1;  1.25;  1.4  and  pitch  ratio  in  the  range  of  1.1  -  1.55).  However,  use  of  5-blade  propellers 
of  the  indicated  series  did  not  provide  in  the  considered  case  the  realization  of  Posdunin’s  idea  of 
designing  a  cavitating  propulsor  adapted  to  oblique  flow  and  only  slightly  exposed  to  erosion  and  the 
other  negative  consequences  of  cavitation. 

A  direct  use  of  the  three-bladed  supercavitating  or  highly  cavitating  propellers  with  symmetric 
contour,  of  the  aforementioned  series,  did  not  give  effect  in  the  case  of  oblique  flow,  because  unsteady 
form  of  cavitation  in  this  case  results  in  a  qualitatively  different  mechanism  of  the  appearance  of 
erosional  damage  than  in  axial  flow. 

In  the  considered  case  of  oblique  flow  the  mechanism  of  the  appearance  of  erosional  damage,  as  it 
was  found  with  use  of  high-speed  photography  [5],  is  connected  with  a  periodical  appearance  and 
disappearance  of  a  principally  new  type  of  unsteady  cavities,  which  were  proposed  to  be  called 
"residual”.  In  particular,  it  was  found  that  the  busted  partial  cavity  the  after  further  turning  of  the  blade, 
when  the  zone  of  decreased  pressure  (corresponding  to  its  occurrence  conditions)  is  replaced  by  a  zone  of 
increased  pressure,  starts  to  close  by  way  of  moving  its  forward  part  to  its  tail  part. 

The  latter  does  not  have  time  to  noticeably  move  downstream,  because  of  the  reestablishment  of 
pressure  behind  the  cavity  and  high  speed  of  the  process.  Thus,  the  main  distinctive  feature  of  unsteady 
residual  cavities  consists  in  their  collapsing  only  in  their  front  part,  disappearing  in  the  region  of  its  tail. 
In  the  region  of  its  disappearance  the  residual  cavity  gives  rise  to  an  intensive  erosion,  and  the 
corresponding  erosional  damage  is  most  visible  on  the  suction  side  of  the  5 -blade  propeller  of  the 
indicated  series  tailored  for  operation  in  oblique  flow.  Deep  understanding  of  the  physics  of  the  process 
accompanying  the  operation  of  the  propeller  in  oblique  flow  enabled  the  specialists  of  the  kSRI  in  1983 
to  successfully  realize  in  this  complicated  (due  to  oblique  flow)  case  the  idea  of  Posdunin  of  designing  a 
propeller  just  slightly  subject  to  erosion  and  other  negative  consequences  of  cavitation.  This  success  was 
confirmed  in  September  of  1983  in  the  process  of  full-size  tests  of  a  Russian  passenger  hydrofoil  ship  on 
shallowly  submerged  hydrofoils  ”Kometa”  (1961,  118  passenger,  60  t.,  2x1100  hp)  with  full  cruising 
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Speed  of  35  kn.,  on  which  there  were  installed  the  specially  developed  highly-skewed  cavitating 
propellers  (HSCP)  [5].  In  the  process  of  these  investigations  was  designed  a  3 -blade  HSCP  operating  on 
the  inclined  shaft  (with  angle  13  degree),  having  a  expanded  area  ratio  of  1.2,  pitch  ratio  of  1.3  and 
diameter  0.67  m. 

The  working  idea  in  this  case  consisted  in  the  concept  that  for  a  properly  chosen  degree  of  skewing 
and  form  of  the  sections  the  cavity  does  not  exist  permanently  as  opposed  to  usual  supercavitating 
propellers,  but  appears  in  the  form  of  a  dynamic  film  partial  cavity  at  different  moments  of  time  and  at 
different  sections  of  the  blade  from  its  suction  side,  which  is  determined  only  by  angular  position  of  the 
considered  blade  at  a  given  moment  time  (see  Fig.8).  The  blade  is  designed  in  such  a  way  that  in  the 
course  of  its  turning  (due  to  the  skew  and  flow  downwash),  the  residual  cavity  for  each  blade  is 
dynamically  shifting  to  peripheral  sections  end,  eventually,  closes  outside  of  the  surface  of  the  cavity  (see 
Fig.8).  Therewith  the  formed  front  elements  of  the  residual  cavity  are  moving  in  the  direction  of  the  tail 
part.  The  latter  forms  at  the  end  of  the  whole  cycle  right  before  the  complete  disappearance  of  the 
residual,  and  which  finds  itself  outside  the  blade  surface  due  to  a  special  form  of  the  blade.  With  such  a 
closure  mechanism  of  the  unsteady  residual  cavities  there  is  no  erosion  observed  on  the  whole  surface  of 
the  blade,  although  on  the  larger  part  of  the  sections  there  takes  place  a  dynamically  developing  partial 
film-like  residual  cavity,  which  periodically  (at  every  rotation)  appears  and  disappears  in  its  turn  on  every 
blade  (see  Fig.  8). 

The  full-size  tests  of  the  hydrofoil  ship  on  a  shallowly  submerged  hydrofoils  ’’Kometa”  with  the  two 
propellers  thus  designed  showed,  that  the  erosion  in  practically  not  observed  on  them,  i.e.  the  service 
time  of  these  propellers  significantly  exceeds  that  of  the  initially  installed  5-blade  custom  screw 
propellers,  corresponding  to  the  series  described  above.  Therewith,  by  means  of  optimization  of  the  blade 
geometry  the  newly  developed  highly  skewed  cavitating  screw  propellers  turned  out  to  be  10  %  more 
efficient,  that  the  custom  5 -blade  propellers  [5]. 

Close  to  the  aforementioned  type  is  a  cavitating  propulsor  called  a  trans-cavitating  propeller.  An 
interesting  investigation  of  a  possibility  of  designing  such  propellers  for  the  shallow-water  ferries,  having 
maximal  speed  in  the  range  30-35  kn.,  was  performed  by  the  Japanese  researchers  [36],  [37].  They 
proposed  to  design  a  screw  propeller  having  conventional  sections  (NACA  or  MAU)  near  the  blade  root 
and  gradually  much  more  pronounced  wedge-type  supercavitating  sections  when  approaching  the  tip  of 
the  blade.  Such  mixed-type  screw  propellers  were  called  ’’trans-cavitating  propellers”.  In  the  trans- 
cavitating  regime  the  suction  side  of  the  blade  is  covered  by  the  cavity  only  at  peripheral  radial  and  is 
unsteady  depending  on  the  angular  position  of  the  blade,  as  the  propeller  operates  in  a  tangentially 
nonuniform  following  wake.  It  should  be  noted  that  in  the  considered  case  due  to  restricted  diameter  the 
4-blade  skewed  (skew  at  tip  36  degree)  screw  propellers  were  designed  for  a  moderate  loading  (0.728), 
more  exactly  1=0.916(0.720),  Kt  =0.240(0.148),  with  the  axial  cavitation  number  equal  to  1.048  or 
1.371,  which  corresponds  to  the  freely  speed  equal  to  35  or  30  kn  respectively.  Tested  altogether  were  1 1 
models  of  the  propellers.  The  design  was  carried  out  with  use  of  the  method,  enabling  to  control  sheet 
cavitation  on  the  propeller  blades.  On  the  basis  of  extensive  experiments  it  was  found  that  for  a  regime, 
corresponding  to  the  ship  speed  of  30  kn,  a  noncavitating  propeller  with  conventional  profiling  is  better, 
and  at  the  regime,  corresponding  to  the  ship  speed  of  35  kn  is  worse  (in  efficiency  and  the  pressure 
fluctuations),  than  the  proposed  trans-cavitating  propeller. 

Pass  over  to  consideration  of  the  other  two  out  of  the  listed  propulsor  types  (surface  piercing 
propellers  and  ventilated  wateijets),  which,  in  a  general  sense,  can  be  viewed  as  a  present  stage  of  the 
development  of  the  ideas  of  Pozdunin.  The  propeller  operation  on  a  high-speed  ship  is  performed  near  a 
free  surface  (unless  the  special  measures  are  taken,  e.g.  placing  the  propeller  in  zone  of  increased 
pressure  under  a  hydrofoil),  and,  obviously,  a  possible  breakthrough  of  the  atmospheric  air  to  the  suction 
side  of  the  blade  can  considerably  diminish  the  thrust  of  the  propulsor.  This  breakthrough  is  called 
atmospheric  ventilation  and  is  completely  analogous  to  supercavitation,  but  for  very  low  (practically 
vanishing)  magnitudes  of  local  cavitation  number.  Such  low  cavitation  numbers  correspond  to  the  regime 
of  atmospheric  ventilation,  because  in  this  case  the  pressure  in  the  cavity  equals  to  atmospheric  one,  and 
not  the  pressure  of  saturated  water  vapor  at  the  temperature  during  the  tests,  which,  e.g  for  4  degrees 
Centigrade  constitutes  just  0.8%  of  the  atmospheric  pressure. 
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Following  the  line  of  thinking  of  V.L.  Pozdunin,  in  the  cases,  when  the  possibilities  of  avoiding 
ventilation  of  the  blades  of  the  propeller  are  exhausted,  one  may  formulate  a  task  of  designing  a 
ventilated  propulsor,  free  of  negative  consequencies  of  ventilation  (cavitation),  i.e.  free  of  a  uncontrolled 
drop  of  the  thrust  and  capable  of  working  in  the  regime  of  atmospheric  ventilation  (in  fact,  this  takes 
place  at  the  regime  of  the  extremely  developed  supercavitation,  corresponding  to  almost  zero  magnitudes 
of  local  cavitation  numbers).  At  present  known  are  and  have  found  applications  two  approaches  of  the 
technical  realization  of  the  formulated  task.  Consider  these  tasks  in  the  same  order,  in  which  they  started 
to  be  used  on  real  high-speed  ships. 

One  of  the  first  applications  of  the  surface  piercing  propellers  (SPP)  for  the  hydrofoil  ships  was 
realized  in  Russia  in  1963  [29]  with  the  goal  of  decreasing  some  28%  of  the  draft  in  floatation  (as 
compared  to  the  hydrofoil  ship  ’’Raketa”)  of  the  Russian  river  passenger  hydrofoil  ship  ”Raketa-M”  (23t., 
32.4  kn,  1200  hp,  50  passenger).  The  draft  was  decreased  from  1.8m  to  1.3m  by  varying  the  arrangement 
of  the  propeller  relative  to  the  stem  hydrofoil.  Therewith,  diminished  was  the  angle  of  inclination  of  the 
shaft  from  12  to  5  degrees,  the  pitch  of  the  screw  propeller  was  increased  from  0.815m  to  0.91m,  the 
expanded  area  ratio  -  from  1.0  to  1.45,  and  the  number  of  blades  and  diameter  remained  the  same  6  and 
0.665  correspondingly  [29].  The  form  of  the  blade  contour  was  skew-like,  the  form  of  the  profile  was 
segment  one.  At  maximum  speed  the  propeller  was  partially  immersed  (80%),  and  its  blades  worked  in 
the  regime  of  atmospheric  ventilation  (atmospheric  cavitation).  The  developed  SPP  provided  a  sufficient 
thrust  on  all  regimes  of  the  ship  motion  and  turned  out  to  be  an  acceptable  technical  solution  applied  later 
on  on  the  passenger  river  hydrofoil  ship  ’’Belarus”  (14.5t,  32.4  kn,  1200  hp,40  passengers). 

These  described  applications  of  the  first  SPP  were  preceded  by  a  development  and  testing  of  a 
model  series  of  such  propellers  on  a  catamaran  in  open  water,  covering  the  range  from  ot  3  to  6  blades, 
expanded  area  ratio  from  0.685  to  1.285  and  pitch  ratio  from  0.975  to  1.4.  The  modeling  was  performed 
in  Froude  number  and  advance  coefficient.  Almost  zero  magnitude  of  local  cavitation  numbers  was 
provided  at  the  expense  of  the  regime  of  atmospheric  ventilation  and  no  vacuum  was  needed  in  this  case 
above  the  free  surface,  as  opposed  to  the  case  of  supercavitating  propeller,  for  which,  as  indicated,  the 
modeling  in  cavitation  number  is  required.  All  research  was  conducted  under  guidance  of  a  Professor  of 
Leningrad  Institute  of  Water  Transport  A.M.Basin  and  an  engineer  of  the  Central  Hydrofoil  Bureau  in 
Gorkiy  A.I.Maskalik  [30].  The  maximum  efficiency  of  this  propeller  series  at  a  relative  submergence  of 
0.5  turned  out  to  be  0.48,  and  for  the  relative  submergence  of  0.8  turned  out  to  be  equal  0.50. 

As  another  example  of  use  of  the  SPP  in  Russia  one  can  indicate  a  cutter  ’’Mustang”  (20t,  2x1600, 
50kn.)  built  in  mid-80s  with  a  ventilated  air  cavity  on  the  bottom.  In  this  case  the  specialist  of  the  kSRI 
under  guidance  of  F.F.Bolotin  managed  to  obtain  higher  SPP  efficiency  equal  approximately  to  0.6  at  the 
maximal  speed  regime  by  means  of  implementation  of  the  wedge-type  profiling  (instead  of  segment  one 
used  for  the  SPP  of  the  hydrofoil  ship  ”Raketa-M”). 

Operation  of  SPP  on  a  high-speed  ship  is  characterized  by  formation  of  considerable  in  size 
unsteady  ventilated  cavities  and  a  substantial  spray  phenomenon,  related  to  the  process  of  crossing  by 
each  blade  (two  times  per  revolution)  of  free  surface  (see  Fig.9). 

In  Switzerland  Philip  Rolla  (of  Rolla  SP  Propellers  SA)  developed  and  manufactured  many  SPPs  for 
different  high-speed  ships.  In  1991  were  published  the  results  of  testing  of  the  series  of  SPP  (4-blades, 
expanded  area  ratio  0.8,  pitch  ratio  varied  from  0.9  to  1.6)  developed  by  Philip  Rolla.  The  tests  were 
carried  out  by  Professor  Klaus  F.L.Kruppa  in  the  high-speed  free-surface  cavitation  tunnel  of  Berlin 
Technical  University  [35]. 

A  characteristic  peculiarity  of  SPP  is  a  growth  of  the  efficiency  with  increase  of  the  ship  speed, 
illustrated  in  Fig.  10  on  an  example  of  the  cutter  ’’Gentry-Transatlantic”  (145  t.,  10866  hp,  68  kn,  length 
33.5m.),  which  showed  in  July  1989  a  record-breaking  time  (3733  min)  of  navigating  across  the  Atlantics 
with  one  refueling.  Two  waterjets  (2x3433h.p.)  were  used  on  this  cutter,  driven  by  the  two  diesels  and 
one  SPP  (4000  hp),  driven  by  gas  turbine  [32]. 

In  Fig.  10,  borrowed  from  the  aforementioned  article,  presented  was  a  comparison  of  the  efficiency 
of  the  waterjets  of  this  cutter  with  the  efficiency  of  SPP.  One  can  see  that  the  maximal  efficiency  of 
waterjets  0.68  is  reached  at  a  speed  of  55  kn.,  and  the  efficiency  of  the  SPP,  also  0.68,  has  the  maximum 
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magnitude  at  a  speed  of  70  kn.,  when  the  efficiency  of  there  waterjets  falls  down  to  0.55,  that  is  19%  in 
comparison  with  the  maximum.  Therewith  it  is  seen  from  the  presented  Figure  that  the  efficiency  of  the 
SPP  continues  to  grow  up  to  the  maximal  speed  (see  Figure  10),  and  obviously  would  continue  to  slowly 
rise  for  further  growth  of  speed. 

The  growth  of  the  efficiency  with  the  speed  represents  a  unique  feature  of  the  SPP  and  is  explained 
by  the  influence  of  Froude  number,  as  the  local  cavitation  numbers,  as  indicated,  are  close  to  zero  for  the 
SPP  blades,  and,  therefore,  the  caviotation  number  does  not  have  any  effect  in  this  case.  Note  in  passing 
that  in  the  case  of  the  supercavitating  screw  propeller  of  wedge-type  profiling  there  takes  place  an 
opposite  situation,  i.e.  Froude  number  does  not  practically  influence,  and  the  cavitation  number  becomes 
a  decisive  parameter.  For  example,  according  to  the  data  on  "K"  series  (see  Table  1)  the  maximum 
efficiency  of  the  supercavitating  propeller  with  pitch  ratio  1.4  for  advance  coefficient  1.1  is  reached  at 
the  cavitation  number  about  0.4  is  equal  to  0.675.  The  indicated  maximum  for  a  concrete  ship  project 
corresponds  to  a  certain  speed  so  that  for  the  supercavitating  propeller  there  exists  a  usual  maximum  of 
the  efficiency  versus  speed,  which  is  completely  analogous  to  that  for  the  wateijet  presented  in  Fig.  10. 

The  maximum  speed  shown  by  ’’Gentry-Transatlantic"  in  the  process  of  its  record  cruise  in  good 
weather  and  empty  fuel  tanks,  was  equal  to  74.8kn.,  and  the  average  speed  for  the  whole  distance 
constituted  55kn.  The  considered  cutter  had  one  5-blade  SPP  with  the  wedge-type  profiling,  a  diameter  of 
0.914m.,  pitch  ratio  1.36,  expanded  area  ratio  1.05  and  the  nominal  frequency  of  rotation  1900 
revolutions  per  min.  At  the  intermediate  speed  of  40kn.  The  efficiency  of  SPP  (see  Fig.  10)  drops  down 
to  0.46,  i.e.  32%  as  compared  to  the  maximum  magnitude,  which  similarly  to  the  supercavitating 
propellers  with  wedge-like  profiling,  is  the  main  deficiency  of  the  propulsors  of  this  type. 

Some  possibilities  of  improvement  of  characteristics  of  the  SPP  in  the  intermediate  speeds  can  be 
obtained  by  using  the  controlled  pitch  SPP  (CPSPP).  Two  such  6-blade  CPSPP  of  diameter  1.07m  were 
installed  in  1971  on  the  experimental  skeg-type  air  cushion  vehicle  "SES-IOOB"  (105t.,  15020  hp, 
90.3kn)  and,  during  the  full  size  tests  ensured  sufficient  thrust  (even  larger  the  design  thrust)  at  all 
regimes,  starting  from  that  at  zero  speed.  It  is  interesting  to  mention  that  simultaneously  in  the  U.S.A. 
there  was  built  and  tested  an  analogous  experimental  skeg-type  air  cushion  vehicle  "SES-IOOA"  (114t., 
12316  hp,  76  kn),  equipped  with  two  wateijets.  The  tests  of  both  air  cushion  vehicles  showed  that  for  the 
speeds  higher  than  70  kn  the  CPSPP  are  considerably  more  efficient  than  the  waterjets,  as  the  speed  of 
the  wateijet  variant  turned  out  to  be  10%  less  that  of  the  propeller  one  even  accounting  for  the  22%  of 
excess  of  the  power  of  the  latter. 

When  developing  the  CPSPP  for  the  air  cushion  vehicle  "SES-IOOB"  considerable  attention  had  to 
be  attached  to  the  strength  and  vibration  of  thin  wedge-like  blades,  accounting  for  the  shock  character  of 
the  loading  at  water  entry  with  high  frequency  of  rotation  (at  80kn.  about  1900  revolutions  per  min). 
Unsteadiness  of  the  loading  and  its  shock  nature  for  the  blade  water  entry  and  exit  out  of  water  is  an 
incorrigible  deficiency  of  the  SPP,  giving  birth  to  serious  problems  in  securing  strength  and  reliability  of 
the  whole  propulsor  installation,  especially  difficult  for  solution  in  the  case  of  increase  of  of  the 
dimensions  of  ships. 

For  small  sporting  ships  the  SPP  is  a  sufficiently  reliable  and  wide-spread  propulsor,  e.g.,  sporting 
cutters  of  the  type  ’’FORMULA-1"  always  have  the  SPP  as  a  propulsor,  with  diameter  about  0.15m, 
frequency  of  rotation  about  9000  rpm.  This  cutters-catamarans  with  aerodynamic  unloading  and  power  of 
the  suspended  engine  of  about  400hp.  and  the  cutter  weight  (without  fuel  )  of  0.4t  reach  a  speed  up  to 
120kn,  and  for  them  important  is  the  unique  property  of  the  SPP  to  increase  its  efficiency  with  speed, 
more  precisely  with  increase  of  Froude  number.  When  passing  to  larger  ships,  as  indicated  previously, 
there  comes  to  the  foreground  the  problem  of  unsteady  shock  loading,  occurring  when  the  blades 
intersect  the  free  surface. 

The  original  means  of  the  solution  of  this  problem  for  ventilated  propulsor  by  eliminating  the  causes 
of  the  appearance  of  unsteady  loads  is  a  new  type  of  propulsor  proposed  in  1975  by  a  researcher  of  the 
KSRI  M.A.Mavluydov.  This  propulsor  was  called  a  ventilated  wateijet  [18],  [33].  In  fact  this  is  a  wateijet 
with  the  above-water  or  partially  above -water  ejection  of  the  jet,  which  has  an  axial  pump  at  the  end  of 
the  suction  part  of  the  waterjet  tube  which  has  contact  with  atmosphere.  This  pump  operates  in  the 
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regime  of  atmospheric  ventilation,  i.e.  for  the  local  cavitation  numbers  close  to  zero.  The  blades  of  the 
pump  should  have  a  wedge-type  profiling,  sometimes  with  a  cavitator  on  the  suction  surface  (Fig.  1 1). 

In  terms  of  the  peculiarities  of  hydrodynamic  characteristics  and  the  magnitude  of  the  efficiency  the 
ventilated  watrejet  is  similar  to  the  SPP.  For  example,  it  possesses  to  a  full  degree  the  aforementioned 
unique  feature  of  the  SPP  to  increase  its  efficiency  with  growth  of  the  speed.  However,  as  opposed  to  the 
SPP,  during  the  operation  of  the  ventilated  wateijet  absent  are:  the  shock  loads  on  the  blades,  large  loads 
on  the  bearings  and  considerable  unsteady  lateral  forces,  acting  upon  the  whole  ship. 

At  the  beginning  of  80s  in  Russia  were  built  an  SES  (140t,  2x3000  hp,  35  kn),  equipped  with  two 
ventilated  wateijets  located  behind  the  skegs,  and  a  cutter  with  air  cavity  on  the  bottom  ’’Serena”  (lOOt, 
2x3000  hp,  30  kn.),  equipped  by  two  ventilated  waterjets  with  diameter  of  working  wheel  about  1.15m. 
The  latter  project  is  built  in  series  is  showed  itself  quite  well  in  practical  operation.  The  propulsive 
coefficient  of  the  ventilated  wateijets  in  this  case  at  the  full  speed  regime  is  equal  approximately  0.7  [18]. 

A  certain  interest  toward  ventilated  waterjets  as  a  prospective  type  of  propulsors  was  shown  in  2000 
by  the  specialists  of  the  Naval  Surface  Warfare  Center  USA,  Carderock  Division  [34]. 


3,  Mathematical  Modeling 


3.1.  Preliminary  comments 


A  necessity  for  theoretical  investigations  of  hydrodynamics  of  the  supercavitatin  propellers  was 
understood  right  after  the  formulation  of  the  Pozdunin’s  idea,  as  engineers  lacked  the  experience  of  the 
development  of  such  propulsors.  An  intensive  work  was  started  begun  in  this  direction  in  a  number  of 
countries.  In  Russia  the  pioneering  research  was  carried  out  by  V.F. Bavin,  A.M. Basin,  M.I.Gurevich, 
A.N.Ivanov,  V.M. Ivchenko,  V.M.Lavrientiev,  A.D.Pernik,  N.N.Polyakhov,  O.V. Rozhdestvensky, 
A.A.Rousetsky,  L.A.Epstein,  D.A.Efros. 

At  first  its  seemed  that  supercavitating  screw  propellers  would  be  more  efficient  than  the 
noncavitating  due  to  reduction  of  friction  on  the  part  of  the  blade  covered  by  the  cavity.  However,  more 
detailed  theoretical  investigations  showed  that  for  the  supercavitating  profiles  having  a  wedge-type 
leading  edge  with  cavity  starting  from  the  leading  edge,  the  suction  force  is  not  realized,  and  therefore, 
together  with  the  elimination  of  friction  on  the  side  of  the  blade  covered  with  cavity  there  appears  a 
specific  pressure  drag  which  was  called  “cavity  drag”.  It  turned  out  in  practice  that  this  drag  component 
is  comparable  in  magnitude  with  the  “lost”  friction  drag.  As  a  result  the  supecavitating  screw  propeller 
has  an  efficiency  which  is  lower  than  that  the  same  propeller  at  a  larger  advance  coefficient  and  the  same 
cavitation  number,  when  rather  than  supercavities  there  occur  on  the  blades  partial  cavities  or  no  cavities 
at  all  depending  on  the  magnitude  of  the  considered  cavitation  number. 

The  principal  problem  of  the  theory  in  connection  with  the  discovered  new  component  of  losses 
became  that  of  the  optimal  distribution  of  loading  along  the  blade  (along  radius  and  along  the  chord  ) 
with  necessary  account  of  the  requirements  on  the  sizes  of  the  cavities  forming  on  the  blades.  This 
problem  was  previously  solved  for  noncavitating  propellers.  Therewith,  important  is  both  the  length  of 
the  cavities,  which  should  be  larger  than  the  maximum  width  of  the  blade  (this  is  the  main  requirement  of 
the  flow  regime,  which  is  called  supercavitation),  and  thickness,  which  should  exceed  the  blade  thickness 
complying  with  strength  requirements.  Let’s  call  the  formulated  problem  the  problem  of  the  design 
calculation  of  the  supercavitating  propeller  (SCP)  or  the  first  problem. 

The  second  albeit  not  less  important  problem  is  the  so  called  analysis  calculation,  which  enables 
obtaining  by  way  of  calculations  all  necessary  characteristics  of  the  designed  propeller  for  any  regime  of 
its  operation.  This  is  a  direct  problem  of  hydrodynamic  calculation  of  the  SCP,  when  studied  is  a  flow 
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past  a  propeller  of  a  given  configuration,  given  advance  coefficient  and  given  cavitation  number. 
Therewith,  Froude  number  is  not  accounted  for  and  the  fluid  is  assumed  weightless,  as,  according  to  the 
aforementioned,  the  account  of  gravity  leads  to  an  unsteady  flow  problem,  for  which  the  local  cavitation 
number,  corresponding  to  a  concrete  point  of  the  considered  cylindrical  section  of  the  blade,  is  a  variable, 
more  exactly,  a  function  of  the  time-dependent  angular  position  of  the  blade  for  a  horizontal  position  of 
the  axis  of  the  screw  propeller.  The  importance  of  the  analysis  calculation  is  clear  from  that  the  SCP 
design  obtained  after  the  design  calc  ulation  of  the  SCP  should  necessarily  secure  a  sufficient  thrust  at  the 
intermediate  regimes,  such  as  that  of  the  drag  hump  for  a  hydrofoil  ship.  One  can  surely  use  the 
experiment  in  the  cavitation  tunnel  to  determine  characteristics  of  the  SCP,  but  for  that  one  should 
manufacture  the  propeller  which  is  impossible  to  do  in  the  rhythm  of  the  calculations  and  for  many 
studied  variants.  Therefore,  the  actuality  of  the  calculation  methods  is  obvious.  At  the  same  time  one 
should  note  that  the  complexity  of  the  analysis  calculation  for  SCP  consists  in  necessity  to  calculate 
different  regimes  of  flow  past  the  blades  bot  without  cavitation  and  with  development  of  its  different 
form. 

To  solve  the  two  above  formulated  problems  one  can  use  mathematical  models  of  different  levels. 
Consider  briefly  some  of  the  mathematical  models  developed  as  of  now,  not  pretending  to  be  complete 
and  referring  to  the  available  publications. 


3.2.  Regression  models  of  hydrodynamic  characteristics  of  the  experimentally 

INVESTIGATED  SERIES  OF  THE  SUPERCAVITATING  PROPELLERS 


The  simplest  albeit  very  actively  employed  mathematical  models  contain  regression  analysis, 
describing  results  of  tests  of  systematic  series  of  the  SCP  models.  Presented  in  [38],  [39]  are  the 
coefficients  of  the  regression  polynomials,  obtained  through  the  analysis  of  the  following  series  of  highly 
cavitating  propellers: 

-3-blade  ’’CK”  series  of  highly  cavitating  propellers  [18],  [19](Tsapin  V.D.,  Sadovnikov  Yu.M.,  1955); 

-5 -blade  series  of  the  cavitating  propellers  adapted  for  oblique  flow  operation  without  erosion  of  the 
pressure  side,  [19](Georgievskaya  E.G.,  Russetskiy  A. A.,  1965); 

-3-blade  series  of  screw  propellers  Newton  R.N.,  Rader  H.P.  [40](1961); 

-3-blade  series  of  screw  propellers  Gawn  R.,  Burrill  L.C.  [41](1957). 

The  regression  polynomial,  obtained  separately  for  the  thrust  coefficient  and  the  moment 
coefficient,  represents  these  quantities  versus  advance  coefficient,  cavitation  number,  expanded  area  ratio 
and  pitch  ratio.  Having  such  a  mathematical  model  for  a  given  series  it  is  easy  to  construct  the 
corresponding  algorithms  for  the  computer  calculation  within  the  design  and  analysis  schemes.  The  main 
deficiency  of  such  an  approach  consists  in  an  impossibility  of  designing  a  propeller,  going  out  (in  any 
parameters)  of  the  limit  parameters  of  the  series  tested  in  the  cavitation  tunnel.  For  example,  an 
impossibility  to  account  for  a  nonuniformity  of  the  flow  coming  upon  the  propeller  if  the  tests  of  the 
aforementioned  series  were  conducted  in  the  uniform  flow.  Besides,  there  arises  a  question  of  design  of 
the  series  proper  and  possibilities  of  their  elaboration. 

Within  the  regression  mathematical  models  these  questions  cannot  be  solved.  To  solve  them  one 
should  make  use  of  different  mathematical  models  of  vortex  theory  of  screw  propellers.  Let’s  consider  in 
the  following  section  one  of  the  latter  models,  developed  in  1985  in  Leningrad  Shipbuilding  Institute 
(now  Saint-Petersburg  State  Marine  Technical  University)  by  A.S.Achkinadze  and  A.S.Narvsky  [47], 
[48],  [49]^  [50],  and  solving  the  problem  of  design  calculation  of  the  supercavitating  propeller  on  the 
basis  of  the  lifting  surface  theory,  and  a  liner  theory  of  cavitating  flows  with  use  of  the  open  model  of  the 
cavity  closure. 


3.3.  Lifting  surface  theory  as  a  mathematical  model  for  design  calculation  of 

SUPERCAVITATING  PROPELLERS 
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Let  assume  that  there  are  z  (according  to  number  of  blades)  symmetrically  arranged  proper  helical 
surfaces  with  a  common  x-axis,  oriented  in  direction  of  motion  of  the  screw  propeller.  Designate  one  of 
these  surfaces  S  and  consider  further  on  only  this  nominal  surface,  automatically  accounting  for  the 
symmetry  of  the  flow  with  respect  to  blades  and  a  necessity  of  summing  up  all  induced  velocity 
contributions  from  all  indicated  z-  surfaces. 

The  geometry  of  the  nominal  surface  for  a  given  x-axis  is  uniquely  determined  by  pitch  Ps,  which  is 
determined  by  a  special  algorithm,  accounting  for  prescribed  thrust  coefficient,  advance  coefficient  Kx, 
and  the  parameters  of  a  given  nonuniform  velocity  field.  The  indicated  algorithm  is  called  a  Generalized 
Linear  Model  (GLM)[42]  and  is  used  successfully  for  the  design  of  not  only  supercavitating  but  also 
noncavitating  screw  propellers  [43],  [54]. 

Take  further  on,  following  the  linear  theory  of  lifting  surface,  that  the  hydrodynamic  singularities 
are  continuously  distributed  upon  the  nominal  surface  within  the  blade  and  the  wake  behind  it. 
Therewith,  according  to  hypothesis  of  the  potentiality,  it  is  assumed  that  the  considered  fluid  is  potential 
in  the  whole  flow  domain  except  the  surfaces  occupied  by  hydrodynamic  singularities  (for  all  blades). 
The  flow  is  assumed  incompressible,  inviscid,  gravity-free,  unbounded  and  steady  (in  a  moving 
coordinate  system,  attached  to  a  uniformly  rotating  and  uniformly  moving  along  x-axis  screw  propeller). 
Then,  based  on  the  theory  of  potential,  knowing  the  potential  induced  by  distributions  of  a  simple  layer 
with  scalar  intensity  q,  and  a  potentialof  vortex  surface  layer  of  a  vector  intensity  J ,  one  can  integrate 
over  all  corresponding  domains  and  find  direct  value  of  the  perturbation  velocity  vector: 

due  to  a  simple  layer 


fr,  (X„  ,  Z, )  =  gradi,-^  J q{^)dS)  = 
An  i  R 


An 


(4) 


due  to  a  vortex  layer  (both  attached  and  free) 

W^{X„Y„Z,)^^\^dS  (5) 

An  i  R 

where  R  -  radius  vector,  directed  from  the  integrated  element  toward  a  point  whre  the  velocity  is 
calculated;  Sq-  is  a  part  of  the  nominal  surface  upon  which  the  simple  layer  is  located;  Sq-  is  a  part  of 
nominal  surface  on  which  the  vortex  layer  is  located. 

As  known  from  the  theory  of  potential,  in  the  points  of  the  nominal  surface,  where  the  intensity  of  simple 
layer  is  not  equal  to  zero,  there  is  a  jump  of  the  normal  component  of  the  perturbation  velocity  and  in  the 
points  of  the  nominal  surface,  where  the  intensity  of  vortex  layer  is  not  equal  to  zero,  there  is  a  jump  of 
the  tangential  component  of  the  perturbation  velocity.  With  account  of  the  latter  consideration,  one  has: 

For  the  normal  component  of  the  perturbation  velocity  on  the  pressure  side  of  the  nominal  surface 
(normal  vector  is  positive  when  directed  from  the  pressure  side  to  the  suction  side  of  the  nominal  surface) 


(6) 
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for  the  tangential  component,  directed  along  the  proper  helical  lines  constituting  the  normal  surface  and 
designated  by  index  x,  component  of  the  perturbation  velocity  on  the  suction  side  of  the  nominal  surface 
(positive  when  directed  toward  leading  edge) 

W;  =  W^-Y,.I2  (7) 

To  secure  potential  character  of  the  flow  outside  of  the  considered  system  of  singularities  between  the 
radial  and  tangential  components  of  the  vector  f  ?  which  does  not  have  a  component  normal  to  the 
nominal  surface,  there  should  be  fulfilled  a  known  relationship  (which  is  equivalent  to  the  condition  of 
preservability  of  the  vortices  or  equivalence  to  zero  of  surface  divergence  of  vector  f  ) 

7^  =  9r/  dr  (8) 

where  the  intensity  of  the  double  layer,  equivalent  to  the  considered  system  of  distributed  continues 
vortices  equals 

=  (9) 

^LE 

The  formulae  presented  are  valid  only  for  the  case  of  absence  of  discretized  vortex  lines  and  zero 
magnitude  of  T  on  the  contour  of  the  blade  and  the  vortex  wake.  In  this  case  valid  is  the  relationship, 
enabling  to  determine  the  equivalent  vortex  distribution  for  a  given  distribution  of  the  double  layer, 
namely 


f  =  nx  gradT 


(10) 


Besides  the  perturbation  velocities  there  must  be  taken  into  attention  a  field  of  the  transport  velocity 
together  with  the  moving  coordinate  system,  which  is  rigidly  connected  with  the  rotating  and 

transitionally  moving  screw  propeller  and  the  incoming  flow  field  ,  so  that  the  field  of  relative 

velocity  in  the  moving  and  rigidly  attached  to  the  propeller  coordinate  system  can  be  found  with  use 
of  obvious  formula 

K  =  +  +  (11) 

Using  the  corresponding  Euler  equations  integral,  the  pressure  in  the  fluid  in  the  moving  propeller- 
attached  coordinate  system  can  be  determined,  if  found  is  the  total  field  of  perturbation  velocity 

(12) 

using  the  formula 

P-Po  =-p- - f^  +  p-VEiW  +  V^)  (13) 

According  to  the  linear  approach,  the  induced  velocity  and  the  absolute  velocity  of  the  given  oncoming 
flow  are  assumed  being  small  magnitudes  of  the  first  order  and  the  square  of  their  geometric  sum  can  be 
neglected,  then  one  can  derive 

p-Po=P-VAW  +  V^)  = 
pv,.K  +  pv,rV^.  =  pv,w,  + 

where  the  index  T  denotes  the  projections  of  the  corresponding  vectors  upon  the  direction  tangential  to 
the  proper  helical  lines  constituting  the  nominal  surface.  It  is  more  accurate  to  take  the  projections  of  the 
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induced  and  additional  velocity  on  the  direction  of  the  vector  ,  but  the  adopted  tangential  direction 
differs  from  the  indicated  one  by  a  small  angle  (according  the  linear  approach)  so  that  the  relevant  error 
is  of  higher  order  of  smallness  than  the  retained  terms. 

Using  the  formula  (3)  for  the  local  cavitation  number  a  and  previous  equality,  one  can  obtain  a 
linearized  dynamic  condition  on  the  boundary  of  the  cavity,  which  physically  signifies  a  pressure  identity 
for  points  of  the  cavity  boundary  with  the  pressure  of  the  saturated  fluid  vapor  [p  = 

W;iV,  =-g/2~V^JV,  in  ScAv  (15) 

where  Scav  -  is  part  of  the  suction  side  of  the  nominal  surface,  covered  by  the  cavity  in  design  regime. 
Note  that  the  domain  occupied  by  the  cavity  Scav  does  not  coincide  with  the  projection  of  the  blade 
contour  upon  the  nominal  surface  Sb  (see  Fig.  12). 

When  deriving  (15)  account  was  taken  of  the  fluid  being  gravity-free,  and,  therefore,  the  pressure  at 
the  infinity,  entering  in  the  local  cavitation  number,  coincides  with  the  Euler  integral  constant 
( Pore  “  Po  )•  The  pressure  surface  Sp  of  the  supercavitating  propeller  is  assumed  free  of  cavitation  at  the 

design  regime,  and,  therefore,  on  this  surface  (its  form  is  to  be  determined  in  the  solution  process  as  that 
of  the  cavity)  there  should  be  fulfilled  a  kinematic  condition  of  no-normal  velocity,  which  without 
simplification  in  the  most  general  way  can  be  written  as 


Vj^  n  =  0  in  Sp 


(16) 


Now  all  is  ready  for  the  formulation  of  the  considered  problem  of  the  design  calculation  in  its  least 
general  (basic)  form  (Formulation  of  Problem  A),  when  there  is  no  freedom  of  choice,  and, 
consequently,  no  possibility  to  optimize  the  design. 

The  problem  A  consists  in  finding  a  geometry  of  the  blades  and  cavities  for  a  given  distribution  of 
loading  along  the  blades  of  the  supercavitating  propeller.  Therewith,  given  are  the  pitch  of  the  nominal 
surface,  the  projection  of  the  blade  contour  upon  this  surface,  diameter  of  the  hub  (which  is  assumed  to 
be  infinite  and  cylindrical),  advance  coefficient  and  axial  cavitation  number  %  (  which,  according  to  (2) 
and  (3)  with  account  of  the  absence  of  gravity  forces,  is  related  to  (7  by  an  obvious  formula 
(y=^X  P ,  rae  tgp  =  J } 

If  the  loading  is  prescribed,  then  prescribed  is  the  intensity  of  the  attached  vortex  layer  (i.e.  given  is 
the  radial  component  of  the  vector  y  )  on  the  nominal  surface  within  the  blade  or,  which  is  the  same, 
prescribed  is  the  distribution  of  circulation  along  the  radia  and  the  blade  chord.  Unknown  in  this  case  is 
the  intensity  of  the  simple  layer  q,  modeling  the  cavity.  Thickness  of  the  blade  material  in  this  case  is  not 
accounted  for  at  all,  as  it  is  assumed  that  the  cavity  completely  covers  the  suction  side,  starting  from  the 
leading  edge.  However,  due  to  the  absence  of  freedom  in  the  choice  of  the  distribution  of  loading  along 
the  blade  the  obtained  solution  of  the  problem  A  can  give  an  unreal  thickness  from  viewpoint  of  the 
strength  of  the  blade,  as  no  additional  conditions  are  envisaged  within  the  basic  formulation. 

After  finding  the  platform  of  the  cavity  (i.e.  after  finding  region  Scav)  and  determination  of  the 
intensity  of  the  simple  layer  q,  distributed  along  this  surface,  one  can  easily  find  the  form  of  the  pressure 
side  of  the  blade  (i.e.  find  pitch  distribution  and  the  form  of  the  pressure  side  of  the  section  radius-wise) 
as  well  as  all  necessary  hydrodynamic  characteristics  of  the  screw  propeller  under  design. 

Thus,  the  determination  of  the  form  of  the  cavity  platform  represent  a  central  point  of  the  problem 
A.  To  investigate  this  problem  use  a  linear  theory  of  cavitating  flows  and  choose  as  a  closure  model  the 
open  model,  proposed  in  linear  two-dimensional  case  by  Fabula  [44]  (a  few  months  later  a  nonlinear 
formulation  of  an  analogous  model  for  the  supervcavitation  regime  was  published  by  Wu,  and,  for  the 
regime  of  partial  cavitation  still  a  bit  later  by  Bassanini).  The  choice  of  this  model  is  not  accidental. 
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As  a  matter  of  fact,  the  closed  cavity  model  in  the  two-dimensional  case  predicts  an  unrealistic 
growth  of  lift  coefficient  of  the  supercavitating  foil  when  the  cavity  closure  region  nears  the  trailing  edge 
of  the  foil.  This  phenomena  is  called  by  some  authors  a  “Geurst  paradox”  [45].  Comparison  of  the 
magnitudes  of  the  lift  coefficient  for  a  2-dimensional  flat  plate,  obtained  with  help  of  the  open  and  closed 
cavity  closure  models  are  presented  in  Fig.  13.  The  advantage  of  the  open  model  for  the  design  regimes 
when  the  cavity  length  equals  or  nears  unity  (cj/a  =  8-10  for  2-d  flat  plate)  is  obvious.  It  is  left  to 
account  that  the  indicated  regime  is  the  most  characteristic  flow  regime  for  the  blades  of  supercavitating 
propellers,  because  the  maximal  efficiency  of  these  propulsors  is  reached  exactly  for  a  minimal  cavity 
length  at  every  section,  i.e.  for  the  minimal  length  of  the  cavity  by  the  condition  of  the  absence  of 
erosion.  This  latter  length,  as  indicated,  should  only  slightly  exceed  the  length  of  the  corresponding 
chord.  Application  of  the  closed  model  in  this  case  is  either  incorrect  or  requires  special  effort  for 
overcoming  the  Geurst  paradox. 

The  equation  (15)  is  a  2-dimensional  singular  integral  equation  (SIE)  with  respect  to  the  intensity  of 
the  simple  layer  q  with  an  unknown  domain  of  integration  Sq  (domain  Sq  for  the  sought  solution  should 
coincide  with  the  domain  covered  by  the  cavity  Scav)-  This  equation  is  an  equation  of  the  considered 
problem  A. 

For  uniqueness  of  the  solution  of  the  SIE  it  is  necessary  to  specify  the  class  of  functions,  in  which 
one  seeks  the  unknown  function  q  and  the  loading  is  prescribed,  i.e.given  is  the  radial  component  of  the 
vector  of  the  vortex  layer  (i.e.  the  intensity  of  the  attached  vortex  layer,  which  is  prescribed  within  the 
blade).  In  accordance  with  the  open  model  the  function  q  should  vanish  at  the  rear  boundary  of  the  cavity 
and  outside  of  the  domain  Scav-  At  the  front  boundary  coinciding  with  the  leading  edge  of  the  blade,  the 
sought  for  function  q  should  (the  case  of  rounded  leading  edge  is  not  considered  here)  have  a  quarter-root 
singularity  as  for  a  thin  supercavitating  plate  in  the  two-dimensional  case.  Therewith,  in  all  other  points 
the  unknown  function  q  is  assumed  to  be  sufficiently  smooth  as  a  matter  of  existence  of  two-dimensional 
singular  integrals. 

A  traditional  approach  (see  e.g.  the  work  of  Kinnas  [46])  to  treatment  of  the  formulated  problem 
consists  in  organizing  an  iterative  process  with  the  goal  of  an  approximate  determination  of  the  cavity 
platform.  Authors  of  publications  oftentimes  attach  little  attention  to  matter  of  convergence,  correctness 
(in  the  sense  of  dependence  of  the  result  on  the  initial  approximation)  and  the  efficiency  of  the  indicated 
iterative  process.  In  addition,  use  of  traditional  approach  excludes  a  possibility  to  conduct  (by  setting  free 
several  parameters)  a  numerical  optimization  of  the  project  with  account  of  prescribed  inequality 
conditions  (it  is  clear  that  the  conditions,  securing  sufficient  thickness  and  length  of  the  cavity,  can  be 
formulated  in  advance  in  form  of  inequalities). 

In  the  period  from  1974  through  1985  Achkinadze  developed  and  (with  Narvsky)  applied  for 
calculation  of  supercavitating  propellers  (for  solution  of  the  problem  A  and  other  problems)  an 
untraditional  method  (the  method  of  artificial  varifational  problem),  which  enabled  using  effective 
methods  and  programs  of  linear  programming  for  numerical  solution  of  the  stated  design  problems  [51], 
[47], [48].  Essentially,  this  untraditional  approach  allows  (as  opposed  to  the  traditional  one)  to  account  for 
restrictions  in  form  of  the  inequalities  and  (very  effectively)  organize  iterations  to  determine  the  cavity’s 
platform  with  use  of  the  simplex  method  of  linear  programming. 

Consider  untraditional  formulation  of  the  problem  A  in  that  interesting  for  us  case  of  the 
supercavitating  regime  whereby  the  cavities,  starting  at  the  sharp  leading  edge,  have  a  length  exceeding 
that  of  a  corresponding  local  chord  everywhere  radius-wise,  namely: 

Lcav/c>1  for  Fg  [r^;l  (17) 

As  it  is  difficult  to  say  if  this  assumption  is  fulfilled,  one  would  have  a  possibility  to  filter  out  the 
calculated  results  for  the  cases  when  it  is  not  valid  in  the  process  of  calculation. 
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Variational  (nontraditional)  formulation  of  the  problem  A  differs  from  the  traditional  one, 
formulated  above,  by  that: 

Firstly,  the  integral  equation  (15)  would  now  be  satisfied  only  for  the  points  of  a  given  domain  Sb, 
i.e.  for  the  points  corresponding  to  the  suction  side  of  the  blade,  namely 

+  in  Sb  (18) 

Secondly,  for  the  domain  outside  of  the  blade  the  integral  equation  is  replaced  by  a  corresponding 
integral  inequality 

~W;/V,<a/2  +  V^JV,  in  Sdet  (19) 

which  should  be  satisfied  not  on  the  unknown  part  of  the  domain  (outside  of  the  blade)  Scav,  but  on  a 
simplified  sufficiently  stretched  downstream  (to  embody  the  calculated  cavity)  and  located  outside  of  the 
blade  domain  Sdet  (see  Fig.  12).  Note  that  the  condition  (19)  possesses  a  universality,  it  is  valid  both  for 
the  points  lying  on  the  boundary  of  the  cavity,  and  the  points  lying  outside  of  the  cavity,  because  the 
pressure  outside  of  the  boundaries  of  the  cavity  for  natural  cavitation  in  weightless  fluid  should 
necessarily  be  larger  than  in  the  cavity  and  upon  its  boundaries. 

It  should  be  noted  that  when  replacing  the  condition  (15)  by  a  set  of  requirements  (18)  and  (19)  a 
multitude  of  admissible  solutions  of  the  considered  problem  widens  considerably  and  becomes  indefinite. 

Thirdly,  outside  of  the  blade  for  the  open  cavity  closure  model  it  follows  rigorously  from  the  known 
property  of  stationary  cavities  in  weightless  fluid,  namely  from  the  property  of  convexity  of  the  cavity 
[52] 

^  >  0  in  Sdet  (20) 


Fourthly,  behavior  of  the  given  function  and  sought  for  function  in  the  vicinity  of  the  sharp  leading 
edge  is  regulated  a 


The  latter  requirement  coincides  with  the  traditional  formulation  of  the  problem  and  is  further  on 
used  when  linearizing  functional  of  the  artificial  variational  problem. 

It  is  clear  from  comparison  of  the  presented  traditional  and  nontraditional  formulations  of  the 
problem  A,  that,  because  of  widening  set  of  solutions  when  passing  over  from  equality  to  inequality  in 
the  dynamic  boundary  condition,  as  indicated,  the  set  of  admissible  solutions  becomes  infinite.  With  the 
goal  of  obtaining  a  single  unique  solution  on  the  basis  of  nontraditional  formulation,  require  a 
minimization  of  the  artificial  functional  F  over  the  multitude  of  solutions,  satisfying  the  conditions  (18)- 
(21).  In  this  case  the  functional  is  adopted  in  the  following  form 

\{W:  IV,+al2  +  V^JV,)qds  (22) 

U'^DET’ 

It  is  not  difficult  to  check  that,  according  to  the  conditions  (18),(19),(20),  the  integrand  equals  zero  in  the 
domain  Sb  and  both  multiplyers  under  the  integral  sign  are  nonnegative  in  the  domain  Sdet, 
and,consequentfy,  minF=0.  Not  complicated  considerations  show  that  the  indicated  minimal  (zero) 
magnitude  of  the  functional  F  is  reached  exactly  on  that  very  solution  of  the  problem  A  which 
corresponds  to  the  traditional  formulation. 

In  fact  the  functional  will  differ  from  zero  in  the  case,  when  there  exists  within  Sdet  an  area  element 
for  which  both  multipliers  in  the  integrand  would  be  positive  simultaneously.  Exactly  this  can  take  place 
if  on  this  area  element  there  is  simultaneously  a  simple  layer  and  the  pressure  is  higher  than  that  in  the 
cavity.  The  latter  does  not  correspond  to  the  traditional  solution,  for  which  outside  of  the  cavity  (on  the 
surface  of  which  the  pressure  is  minimal  and  constant)  sinks  and  sources  should  be  absent.  But  if  F 
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equals  to  zero,  there  are  no  such  area  elements  in  the  area  under  control,  and,  consequently,  the  obtained 
solution  corresponds  to  the  traditional  approach. 

Thus,  the  described  artificial  variational  formulation  of  the  problem  A  is  equivalent  to  the  traditional 
one,  presented  earlier.  It  should  be  noted  however  that  the  artificial  functional  is  not  linear.  Perform  some 
transformations  with  the  aim  to  obtain  its  linear  form.  With  account  of  the  previous  relationships 

F=  \iW^JV,  +  W^IV,- 

Sb\}Sdet 

Yj{2V,)  +  Gl2  +  V^JV,)qdS 

One  term  can  be  eliminated,  accounting  for  the  equation 

\{W^JV,)qdS  =  Q  (24) 

Sq  U*S'£,£7’ 

which  can  be  proved  by  a  interchanging  the  order  of  integration  in  the  corresponding  integral.  It  is 
important  to  have  in  mind,  that  the  leading  edge  is  assumed  to  be  sharp  (which  is  regulated  by  the 
condition  (21))  and  the  suction  force  is  not  realized  on  it.  Eventually  one  derives  a  complete  linear  form 
of  the  functional 

F=  \{W^IV,-rJ{2V,)  + 

^B^^DET  (25) 

al2  +  V^IV,UdS 

When  stating  a  linearity,  it  is  taken  into  account,  that  the  intensity  of  the  attached  vortices  is  assumed 
to  be  prescribed  within  the  blade,  i.e.  on  Sb,  and,  therefore,  all  terms  in  the  square  brackets  are  given 
functions  or  can  be  calculated  through  them.  The  linear  form  of  the  functional  allows  (after 
discretization)  to  reduce  the  numerical  solution  of  the  problem  A  in  its  artificial  variational  formulation  to 
the  problem  of  linear  programming. 

In  1985  there  was  carried  out  with  use  of  the  simplex  method  of  linear  programming  a  numerical 
solution  of  the  described  problem  A  for  a  concrete  supercavitating  screw  propeller  [48],  [49].  The  model 
of  the  designed  propeller  was  manufactured  of  silumin  alloy,  had  a  diameter  0.2  m  (see  Fig.  14)  and  was 
tested  first  in  the  cavitation  tunnel  of  the  kSRI,  and  then  in  the  cavitation  tunnel  of  the  Gdansk  Institute. 
Some  of  the  input  data,  the  results  of  the  calculation  and  results  of  the  experiment  are  given  in  the  Table 
5  and  in  the  Fig.  15-18. 
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Table  5.  The  input  data  (first  5  lines)  and  the  results  of  the  verification  calculation 
(problem  A)  of  the  supercavitating  propeller  N8401(Z=3;  Ae/Ao=0.92;  J=1.0;  X  =0-25;  Kt  =0.084) 


r 

0.265 

0.404 

0.595 

0.786 

0.925 

c/R  (preset) 

1.045 

1.245 

1.416 

1.355 

0.939 

5  (preset) 

0.087 

0.060 

0.037 

0.027 

0.030 

F  (preset) 

0.0145 

0.0187 

0.0213 

0.0195 

0.0129 

(preset) 

0.1340 

0.1170 

0.0892 

0.0680 

0.0562 

CJ  (preset) 

0.1479 

0.0957 

0.0556 

0.0352 

0.0265 

P/D  (calcul) 

1.69 

1.37 

1.28 

1.28 

1.26 

5 p  (calcul.) 

-0.0007 

0.0073 

0.0124 

0.0141 

0.0124 

Lcav  ! ^  (calcul.) 

1.000 

1.000 

1.080 

1.160 

1.000 

e^^j^(F)/c  (calcul.) 

0.282 

0.140 

0.076 

0.084 

0.069 

(calcul.) 

0.282 

0.140 

0.074 

0.075 

0.058 

(exper.) 

- 

- 

0.080 

0.081 

- 

Comment:  c  -  blade  section  chord  length,  R  -  propeller  radius,  d  -maximum  blade  section  thickness- 
chord  length  ratio,  F  -  non-dimensional  circulation  around  blade  section,  -  lift  coefficient,  CJ  -  local 
cavitation  number,  P/D  -  blade  section  pitch  ratio,  dp  -  maximum  camber  of  blade  presser  surface, 
Lcav  ! -  cavity  length  at  some  blade  section-  chord  length  ratio,  e^^^(L)/c  cavity  thickness  at  a 
cavity  termination  point  for  given  blade  section-chord  length  ratio,  e^^^(l)/c-  cavity  thickness  at  a 
blade  section  enter  edge-  chord  length  ratio. 


Note  additionally  that  the  propeller  reached  its  design  regime.  The  experimental  thrust  coefficient 
was  0.0844  for  a  given  magnitude  0.0840,  the  efficiency  in  the  test  was  0.543,  i.e.  4%  more  than  that 
obtained  by  calculations.  A  good  correlation  in  forces  confirmed  a  viability  of  the  approximate 
correction,  accounting  for  the  loss  of  the  part  of  the  contour  of  integration  when  determining  the 
circulation  in  a  given  cylindrical  section  of  the  blade,  related  to  the  presence  of  cavities  in  the  inter-blade 
space.  It  is  to  be  noted  here  that  in  the  adopted  cavity  closure  model,  the  supercavity  terminates  for  a 
given  cylindrical  section  in  its  widest  cross-section  and,  further  on  there  recedes  to  the  infinity  a  helical- 
type  stripe  of  the  wake  of  constant  width  (measured  along  the  cylinder  surface),  equal  to  the  maximal 
thickness  of  the  cavity.  As  the  cavity  thickness  is  unknown  in  advance  the  interaction  process  is 
envisaged  within  the  problem  solution  algorithm  to  account  for  the  indicated  approximate  correction  (two 
steps  appear  to  be  sufficient).  In  the  presented  calculation  the  final  correction  resulted  in  the  18,6% 
reduction  of  the  thrust  compared  to  a  purely  linear  approach. 

The  maximum  difficulties  when  testing  were  connected  with  manufacturing  of  sharp  leading  edges, 
which  (if  of  insufficient  strength)  could  deform  during  the  tests  of  the  model  in  the  cavitation  tunnel. 
Therefore,  when  prescribing  the  loading  there  was  secured  a  sufficient  magnitude  of  the  multiplier  of  the 
leading  edge  singularity.  When  manufacturing  the  model,  in  the  vicinity  of  the  leading  edge  the  whole 
calculated  gap  between  the  cavity  surface  and  the  pressure  side  of  the  blade  was  filled  by  certain 
material.  The  thickness  distribution  of  the  remaining  part  of  the  section  had  a  segment  profiling  (see  Fig. 
15).  The  law  of  the  distribution  of  the  circulation  along  the  radius  was  assumed  optimal,  and  found  in  the 
frame  of  the  lifting  line  theory  with  use  of  the  generalized  optimality  conditions  obtained  by  Achkinadze 
in  1989  [42],  [53],  [54]  and  allowing  to  account  for  the  radius-wise  distribution  of  the  cavitation  drag  of 
the  blade. 
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Chord-wise  distribution  laws  assumed  close  to  a  uniform  one  with  a  certain  increase  of  the  loading 
in  the  vicinity  of  the  leading  edge.  In  the  process  of  the  tests  of  the  model  in  the  cavitation  tunnel  there 
were  made  (except  the  force  tests)  drawings  of  the  development  of  the  cavity  planform  and  thickness 
measurements  at  the  cavity  training  edge.  The  correlation  with  the  cavity  planform  calculations  (see  Fig, 
16)  and  in  the  distribution  of  the  cavity  thickness  along  radius  (see  Fig.  15,  Fig.  16,  Fig.  17  and  Table  5) 
at  a  design  advance  coefficient,  equal  to  1.0,  and  at  a  design  cavitation  number,  equal  to  0.25,  turned  out 
to  be  satisfactory.  However,  because  of  the  thickening  of  the  leading  edge  up  to  the  calculated  boundaries 
of  the  cavity  (to  the  extent  of  10%  of  the  chord  from  the  leading  edge).  At  the  design  regime  the  cavity 
started  not  at  the  leading  edge  but  5-10%  of  the  chord  further  downstream.  This  entails  the  following:  at 
the  design  advance  coefficient  the  whole  (excepting  the  aforementioned  region  at  the  leading  edge) 
suction  side  was  covered  by  a  dense  bubbly  cavitation,  whereas  the  film-type  cavity  formed  at  a 
somewhat  smaller  (5%  less)  advance  coefficients.  There  is  a  certain  hope  that,  in  the  full-size  situation 
the  bubble  cavitation  would  be  replaced  by  a  film-type  one.  The  pressure  side  at  a  design  advance  ratio 
(J=1.0)  was  completely  free  of  cavitation  (see  Fig.  18). 

Later  in  Gdansk  under  guidance  of  Professor  Szantyr  and  Dr.  I.  J.Dudziak  were  conducted  the  tests 
of  this  model  of  the  supercavitating  propeller  in  the  conditions  of  oblique  flow  for  axial  cavitation 
number  of  0.4,  which  is  noticeably  higher  than  the  design  one  0.25.  However,  for  this  out-of-design 
regime  in  the  oblique  flow  the  pressure  surface  was  free  of  cavitation,  which  is  an  evidence  of  the 
sufficient  reserve  for  avoidance  of  the  cavitation  occurrence  on  the  pressure  side  within  the  considered 
project. 

The  efficiency  of  the  tested  screw  propeller  turned  out  (as  foreseen  by  the  calculations)  close  (a  bit 
larger)  to  the  efficiency  of  the  propeller  of  ”CK”  series,  although  the  section  thickness  of  the  designed 
propeller  was  taken  noticeably  larger  (more  exactly,  the  maximum  blade  section  thickness-chord  ratio 
was  larger  than  that  for  the  "CK"  propeller  series  16,  33  and  50  %  for  the  sections  corresponding  to  the 
relative  radia  0.6,  0.8  0.95  correspondingly.  Besides,  near  the  leading  edge  the  thickness  was  in  fact 
larger  for  all  cross-sections,  located  at  the  relative  radia  less  than  0.8). 

Further  development  of  the  described  theoretical  investigation  was  directed  to  obtaining  such  a  form 
of  the  artificial  functional,  which  coincides  with  the  approximate  (within  lifting  line  theory)  expression  of 
the  profile  losses  of  the  screw  propeller  due  to  just  cavitation  drag  of  the  blades.  Such  a  functional,  as 
shown  in  the  dissertation  of  Achkinadze  [53](1993),  has  the  following  simple  form 

Fj  =  j((j /2)  q  sin p  dS  (26) 

U‘S'£)£7' 

This  functional  is  linear  and  should  be  minimized,  although  it  no  longer  has  a  zero  value.  In  obtaining 
such  a  form  of  the  functional  a  number  of  assumptions  were  made.  With  the  goal  of  evaluating  the  error 
introduced  by  these  assumptions  numerical  solution  of  the  problem  A  was  obtained  for  the 
supercavitating  propeller,  described  above.  Comparison  with  the  results,  obtained  with  use  of  a 
completely  rigorous  form  of  the  functional  (25),  showed  an  insignificant  divergence  in  the  obtained  form 
of  the  cavity  and  the  pressure  side  of  the  blade  in  the  two  compared  cases. 

The  latter  enables  to  pass  over  to  the  solution  of  the  problem  of  the  design  calculation  in  a  more 
complete  (than  for  problem  A)  formulation,  i.e.  with  account  of  restrictions  on  the  thickness  and  length  of 
the  cavity,  of  the  reserve  of  the  cavitation  avoidance  on  the  pressure  side  etc.,  for  given  distribution  of 
circulation  along  the  radius  (this  distribution  can  be  either  prescribed  arbitrarily  or  adopted  optimal,  as 
earlier  with  the  utilization  of  the  generalized  optimum  condition  in  the  frame  of  the  lifting  line  theory 
[42]). 

Besides  the  geometry  of  the  cavity  in  the  considered  case  of  a  more  complete  formulation  one  can  obtain 
optimal  distribution  of  the  attached  vortex  layer  in  the  chordwise  direction  and  a  corresponding  form  of 
the  pressure  surface  with  use  of  the  numerical  method  of  linear  programming.  With  such  optimization  the 
induced  losses  and  friction  losses  remain  unchanged  and  the  profile  losses,  stipulated  by  the  cavity  drag, 
are  minimized.  The  latter  circumstance  enables  one  to  treat  use  of  the  functional  in  form  (26)  as  an 
application  of  a  certain  variational  principle  (the  principle  of  minimum  cavitation  drag),  having  a 
physical  sense  of  minimization  of  cavitation  drag  of  the  blade  sections  of  the  supercavitating  propeller 
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under  design.  The  latter  is  valid  at  least  for  each  section  separately,  which  can  be  easily  seen  taking  into 
attention  the  expression  for  the  cavitation  drag  of  the  two-dimensional  foil  in  the  case  of  use  of  the  open 
closure  model  of  the  cavity,  namely 

^DCAV  ~  ^  ^CAV  (^) 

where  {L)  -  is  cavity  thickness  at  a  termination  point  related  to  the  chord  (for  open  model  this  is  the 
largest  magnitude  of  the  cavity  thickness),  i.e.  where  terminates  the  simple  layer  modeling  the  cavity. 

With  use  of  the  indicated  more  complete  formulation  were  conducted  design  calculations  of  a 
systematic  series  of  the  optimal  3 -blade  supercavitating  screw  propellers  with  segment  profiling.  For 
practical  use  the  results  of  this  series  were  processed  in  form  of  the  corrections  for  the  influence  of  the 
lifting  surface  for  supercavitating  screw  propellers  [50],  similarly  to  how  it  had  been  done  previously  for 
the  noncavitating  propellers.  Given  in  Fig.  19  is  a  (borrowed  from  the  indicated  work)  comparison  of  the 
correction  for  the  curvature  of  the  mean  line  of  the  body  ‘‘blade -cavity”  for  cylindrical  sections  of  the 
supercavitating  propellers  with  analogous  correction  for  the  mean  line  of  cylindrical  section  of 
noncavitating  screw  propeller.  It  can  be  seen  that  for  the  supercavitating  screw  propeller  the  considered 
corrections  depend  on  the  cavitation  number. 

Considering  concrete  magnitudes,  e.g.  at  a  relative  radius  of  0.79,  one  sees  that  for  the  propeller  of 
expanded  area  ratio  0.475  the  curvature  correction  slightly  exceeds  the  analogous  one  for  noncavitating 
screw  propeller.  For  the  propellers  of  expanded  area  ratio  0.950  there  exists  a  much  bigger  difference 
with  the  same  trend.  The  value  of  corrections  for  noncavitating  propellers  are  designated  in  Fig.  19.  by 
horizontal  dashed  lines  separately  for  two  expanded  area  ratios. 

It  seems  that  upon  the  augmentation  of  the  cavitation  number  (for  the  same  thrust  coefficient)  the 
magnitude  of  the  corrections  for  the  supercavitating  propellers  should  tend  to  the  magnitude  of  the 
analogous  corrections  for  the  noncavitating  propellers,  but  this  is  not  so.  The  explanation  consists  in  that 
for  an  optimal  supercavitating  propeller  required  are  sufficient  thickness  and  length  of  the  cavity.  But, 
with  growth  of  the  cavitation  number  this  requirement  is  more  difficult  to  fulfill  and  the  optimal  pitch  and 
curvature  values  grow.  For  reasonable  magnitudes  of  cavitation  number  (for  the  designed  propeller 
N8401  the  ratio  of  the  axial  cavitation  number  to  the  thrust  coefficient,  not  corrected  for  nonlinearity, 
equals  2.5)  the  corrections  for  curvature  for  the  cavitating  and  noncavitating  propellers  for  a  expanded 
area  ratio  0.475  differ  insignificantly  (less  than  20%),  which  is  indicative  of  a  possibility  to  consider  the 
blade  and  the  cavity  as  a  single  lifting  body  in  a  flow  of  inviscid  fluid.  The  latter  possibility  was 
contested  by  some  specialists  (Panchenkov). 

When  using  the  methods  of  optimization,  such  e.g.  as  a  linear  programming,  there  arises  a  need  in 
smoothing  the  form  of  the  pressure  surface  and  even  its  artificial  simplification,  because,  as  a  result  of  the 
design  calculation  with  optimization,  it  can  become  excessively  complicated,  and  the  influence  of  this 
complication  upon  the  efficiency  of  the  propeller  would  be  negligibly  small.  Achkinadze  in  1974  [51] 
applied  a  principle  of  the  minimum  of  cavitation  drag  to  solve  a  two-dimensional  problem  of  an  optimal 
supercavitating  section.  He  found  that  form  the  practical  viewpoint  it  is  sufficient  to  limit  oneself  to 
simple  forms  of  the  pressure  surface,  but  one  should  (accurately  enough)  account  for  restrictions  for  the 
thickness  and  length  of  the  cavity.  Some  examples  of  such  calculations  were  published  in  [27]. 

Special  attention  deserves  a  proper  choice  of  the  optimal  lift  coefficient  with  account  of  the 
conditions,  ensuring  sufficient  thickness  of  the  cavity,  as  well  with  account  of  the  friction  drag  Cf  on  the 
pressure  side.  For  example,  this  problem  was  solved  for  a  thin  2-dimensional  arc  at  zero  cavitation 
number.  In  particular,  the  following  values  were  obtained  for  the  optimal  lift  coefficient,  angle  of  attack 
and  curvature  of  the  pressure  side  [27] 


C^opT  =  2.548,^^ ;  =  0- 1 838  =  0-1294  Q^pr 
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The  approach  described  above  is  linear.  As  it  becomes  obvious  in  the  course  of  time,  the  employed 
linear  approach  does  not  adequately  allow  to  evaluate  the  effect  of  real  (non  sharp  )  leading  edge.  Recent 
developments  in  the  field  of  optimal  supercavitating  profiles  are  connected  with  use  of  nonlinear 
approach  and  investigation  of  the  influence  of  a  spoiler,  wedge -type  leading  edge  and  other  nonlinearities 
[26]. 

Note  an  important  circumstance,  occurring  in  use  of  the  improved  propeller  profiles.  Improvement 
of  hydrodynamic  fineness  of  the  section,  measured  by  a  relative  variation  (decrease)  of  the  inverse 
fineness  ,  leads  to  the  growth  of  efficiency  of  the  supercavitating  propeller  by  a  quantity,  which 

can  be  approximately  estimated  by  means  of  a  simple  formula  [53] 

A?7o  /  77o  =  “2^  (Ae  I  e)  (28) 

if  the  inverse  finenes  is  taken  for  the  section  at  relative  radius  0.7. 

It  follows  straitforwardly  from  (28),  that  relative  improvement  of  hydrodynamic  fineness  of  the 
profile  gives  a  relative  improvement  of  the  design  of  the  propeller  which  K/2  less  efficient  (where 
K=l/^  -hydrodynamic  fineness  of  the  supercavitating  profile).  For  a  hydrodynamic  fineness  of  about  20 
there  takes  place  a  10  times  reduction  of  the  relative  gain  when  passing  from  a  profile  to  the  propeller. 
Although  the  increase  of  the  propeller  efficiency  is  expensive,  the  increase  of  the  efficiency  of  the 
supercavitating  propeller  by  means  of  optimization  of  the  profiles  requires  an  improvement  of  their 
hydrodynamic  fineness  of  not  less  than  10%,  to  obtain  only  a  one  percent  growth  in  efficiency. 


Conclusion 


In  conclusion,  the  author  would  like  to  express  a  hope  that  the  experience  in  research  and 
development  in  the  field  of  he  supercavitating  screw  propellers  and  similar  propulsors,  partly  reflected  in 
the  presented  lecture,  would  be  called  for  and  would  be  useful  for  the  future.  The  author  would  also  like 
to  express  his  gratitude  to  his  teachers:  Professors  V.M.Lavrientiev,  V.V.Rozhdestvensky  and 
A.A.Russetskiy,  and  to  thank  Professor  J.A.Szantyr  and  Dr.I.J.Dudziak  from  Poland  for  the  tests  he  had 
conducted  in  the  cavitation  tunnel  of  the  SC  propeller  designed  by  the  author. 
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Figures 


Fig.l.  Cavitation  tunnel 

1  .Working  section 

7.  Impeller 

8.  Aline  device 

13.  Variable  pressure  shaft 

14.  Honeycomb  rectifier 
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Fig.2.Posdunine's  supercavitating  propeller  drawing  [55] 
(D=0.2m.,  p=0.26m.,  Ae/Ao=0.4) 
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Fig. 3. Propeller  operating  on  supercavitating  regime  [16] 


Fig.4. Blade  section  types 

a) conventional 

b) segment 

c) wedge-shaped  (supercavitating) 

d) wedge-shaped  with  a  spoiler  (supercavitating  with  a  spoiler) 


From  Tulin’s  Theory 
Modified  to  fncrease  Strength 


Fig. 5. Tulin’s  patented  two  parameters  supercavitating  section 
(  Cl=0.2,  a=2  degrees)  [12] 
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Comparative  Data 

Surface  Propeller  and  Water  Jet 


Fig.  10. Efficiency  versus  ship  speed  (comparative  data  of 
SPP  and  water  jet)  [32] 
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Fig.  11. Blade  geometry  drawing  of  ventilated  waterjet 
impeller  blade  [18] 


SmT 


Fig.  12.  Domain  nomenclature 


Fig.H.Designed  in  LSI  supercavitating  propeller  model  N8401  with  cavity 
thickness  measurer  rings  (z=3;  Ae/Ao=0.92;  P/D(0.6)=1.28;  %=0.25;  J=1.0; 
Kt=0.084;  segment  section  type) 
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Fig.  15. Cavity  boundary  and  pressure  surface  calculation  ordinates 
(multiply  on  6.25)  for  supercavitating  propeller  N8401  at  design 
regime  [49] 


Fig.  1 6. Cavity  configuration  for  supercavitating  propeller 
N840 1  at  design  regime  in  sucking  surface  [49] 


Fig.  17. Radial  cavity  thickness  distribution  at  blade  trailing  edge 
for  supercavitating  propeller  N8401  at  design  regime  [49] 
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SUPERCAVITATING  3-D  HYDROFOILS  AND  PROPELLERS: 
PREDICTION  OF  PERFORMANCE  AND  DESIGN 

Spyros  A.  Kinnas 

Ocean  Engineering  Group,  Department  of  Civil  Engineering 
The  University  of  Texas  at  Austin,  Austin,  TX  78712,  USA 
http://cavity.ce.utexas.edUf  email:  kinnas@mail.utexas.edu 


ABSTRACT 

Recent  numerical  techniques  for  the  prediction  of  cavitating  flows^  in  linear  and  non-linear  theories ^  are  applied 
on  super- cavitating  2-Df  3-D  hydrofoils  and  propellers.  Some  of  these  techniques ^  when  incorporated  within 
a  non-linear  optimization  algorithm^  can  lead  to  efficient  supercavitating  hydrofoil  or  propeller  designs.  This 
lecture  will  address  3-D  supercavitating  hydrofoils^  supercavitating  and  surface-piercing  propeller s.^"^ 


NOMENCLATURE 

a  Angle  Of  Attack  For  3-D  Hydrofoil 
Cp  Pressure  Coefficient,  Cp  =  {P  —  Po)/{^n^D^) 

D  Propeller  Diameter 

7]  Propeller  efficiency,  p  =  ^  ^ 

Fr  Fronde  Number,  =n'^D/g 

g  Gravitational  Acceleration 

F  Circulation  Around  Each  Blade  Section 

h  Cavity  Thickness  Over  The  Blade  Surface 

hw  Cavity  Thickness  Over  The  Wake  Surface 

Js  Advance  Ratio,  Js  =  Vs/nD 

Kq  Torque  Coefficient,  Kq  =  Q/pn^D^ 

Kt  Thrust  Coefficient,  Kt  =  T/pn^D^ 

I  Cavity  Length 

n  Propeller  Rotational  Frequency  (rev/s) 

ft  Unit  Normal  Vector 

(j)  Perturbation  Potential 

P  Pressure 

Po  Pressure  Far  Upstream,  at  the  Propeller  Axis 

Py  Vapor  Pressure  of  Water 

Poo  Pressure  Far  Upstream,  at  the  Submergence  Depth  of  the  Hydrofoil 
q  Total  Velocity 

Local  Inflow  Velocity  (with  respect  to  propeller-flxed  coordinates  system) 
qyjake  Effective  Wake  Inflow  Velocity  (with  respect  to  ship-fixed  coordinates  system) 

Q  Propeller  Torque 

p  Fluid  Density 

cr  Cavitation  Number  Based  on  Uoo?  cr  =  (Poo  -  Dv)l{2^lo) 

dn  Cavitation  Number  Based  on  n,  dn  =  {Po  —  Pv)/{^n^D^) 

dv  Cavitation  Number  based  on  Vs,  dy  =  {Po  —  Dv)/{2y^) 

t  Time 

T  Propeller  Thrust 

Uoo  Speed  of  Uniform  Inflow  for  Hydrofoils 

Vs  Ship  Speed 

Sections,  figures,  equations  and  footnotes  are  numbered  starting  from  the  first  lecture  of  Prof.  Kinnas. 

Paper  presented  at  the  RTO  A  VT  Lecture  Series  on  ‘‘Supercavitating  Flows  held  at  the  von  Kdrmdn 
Institute  (VKl)  in  Brussels,  Belgium,  12-16  February  2001,  and  published  in  RTO  EN-010. 
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Figure  23:  Definition  of  the  “exact”,  the  approximate,  and  the  discretized  3-D  cavity  and  foil  surface. 


4  3-D  HYDROFOIL 

4.1  Formulation 

Consider  now  a  3-D  hydrofoil  which  is  subject  to  a  uniform  inflow  Uoo  as  shown  in  Fig.  23.  The  cavity 
surface  is  denoted  with  Sc?  the  wetted  hydrofoil  surface  with  Sws?  and  the  trailing  wake  surface  with  Sw^  The 
total  flow  velocity  field  q(ar,  can  be  written  in  terms  of  the  perturbation  potential,  (l>{x,y,z),  as  follows: 


q(x,  y,  z)  =  Uoo  +  V^(x,  y,  z),  (81) 

In  the  next  four  sections  the  necessary  equations  and  conditions  for  determining  (l){x^y^z)y  as  well  as  the  cavity 
planform  and  shape  are  outlined.  Only  the  non-linear  cavity  solution  is  described.  References  on  linearized 
approaches  have  been  given  in  the  introduction. 

4.1.1  The  Green’s  formula 

As  in  the  case  of  the  2-D  hydrofoil  Green’s  third  identity  renders  the  following  integral  equation  for  <^(ar,  y ,  z): 
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27r(j>  = 


+ 


5t^^s'U5c  L 


dn  dn 


dS 


Sw 


A<?i>vK-^rf5 


(82) 


n  is  the  unit  vector  normal  to  the  foil  wetted  surface,  the  cavity  surface  or  the  wake  surface;  A<^  is  the  potential 
jump  across  the  wake  sheet;  G  =  l/R  is  the  Greenes  function,  where  R  is  the  distance  between  a  point  P  and 
the  point  of  integration  along  the  foil  and  cavity  surface. 

Equation  (82)  should  be  applied  on  the  “exact”  cavity  surface  as  shown  in  Fig.  23.  Based  on  the  fast 
convergence  of  the  boundary  element  method  with  number  of  iterations  in  2-D  (as  described  in  the  previous 
section),  only  the  solution  from  the  hybrid  scheme  (i.e.  the  first  iteration)  is  carried  out.  This  is  equivalent  to 
applying  Green’s  formula  on  an  approximate  surface,  as  shown  in  Fig.  23.  This  surface  is  comprised  from  the 
foil  surface  and  the  trailing  wake  surface.  The  treatment  of  a  supercavity  within  this  scheme  is  discussed  in 
detail  in  (Fine  &  Kinnas  1993b).  The  approximate  surface  is  discretized  as  shown  at  the  bottom  part  of  Fig. 
23.  Constant  strength  dipoles  and  sources  are  distributed  on  each  of  the  wetted  or  cavitating  flow  quadrilateral 
panels.  The  strength  of  the  source  distribution  on  the  wetted  foil  surface  is  expressed  via  the  kinematic  boundary 
condition: 


d(l> 

dn 


-  G(;x>  *  ^5 


on  Sws 


(83) 


In  the  case  of  super-cavitation  the  cavity  in  the  wake  is  modeled  with  constant  strength  line  sources. 
Equation  (82)  is  then  split  into  two  different  formulations,  on  the  part  of  the  cavity  over  the  foil,  and  on  the 
part  downstream  of  the  trailing  edge.  The  corresponding  formulas  are  given  in  (Fine  &  Kinnas  1993a),  and  are 
similar  to  those  given  in  equations  (49)  and  (50). 


4.1.2  The  dynamic  boundary  condition 

The  dynamic  boundary  condition  (DBG)  requires  that  the  pressure  everywhere  inside  and  on  the  cavity  be 
constant  and  equal  to  the  known  cavity  pressure,  As  in  the  case  of  2-D  hydrofoil,  Bernoulli’s  equation  will 
give: 


Qc  =  (84) 

Where  Is  the  magnitude  of  the  cavity  velocity  q^.  Note  that  for  simplicity  the  hydrostatic  terms,  which  would 
be  important  in  the  case  of  a  vertical  3-D  foil,  have  not  been  included. 

The  cavity  velocity  vector,  q^,  may  also  be  expressed  as  follows  (Kinnas  &  Fine  1993): 


qc  = 


Vg  [s  -  (s  »  v)v]  +  K;  [v  -  (s  » v)s] 
lls  X  vip 


(85) 


where  s  and  v  are  the  curvilinear  coordinates^^  along  the  cavity  surface  (as  shown  in  Fig.  23);  s  and  v  are  the 
corresponding  unit  vectors;  Vs  and  Vy  are  given  as  follows: 


K  =  ;^  +  Uoo*s;  K  =  ^+Uoo*v  (86) 

Equations  (84)  and  (85)  may  then  be  combined  to  form  an  equation  which  is  quadratic  in  the  unknown 
chordwise  perturbation  velocity,  d(l>/ds.  The  solution  to  this  quadratic^^  renders  d(l>/ds  in  terms  of  the  cavitation 
number,  the  inflow  velocity,  and  the  unknown  crossflow  d((>/dv: 


g  =  -Uoo  •  s  -h  K.  COS0  +  sine^/q^-V^  (87) 

with  9  being  the  angle  between  s  and  v;  Qc  is  given  by  equation  (84).  Equation  (87)  is  integrated  once  to  form 
a  Dirichlet  boundary  condition  on 


general  non-orthogonal. 

^^The  root  which  corresponds  to  cavity  velocity  vectors  pointing  downstream  is  selected. 
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z=  ^(0)  +  j  [right-hand-side  of  equ.  (87)]^^  (88) 

0 

The  value  of  ^(0)  in  equation  (88)  at  each  strip  is  determined  (as  in  the  case  of  2-D  hydrofoil)  via  a  cubic 
extrapolation  in  terms  of  the  unknown  potentials  on  the  wetted  panels  on  the  same  strip  in  front  of  the  cavity. 
The  crossflow  term,  d(l>/dVy  in  equation  (88)  is  included  in  an  iterative  sense  (Kinnas  &  Fine  1993). 

4.1.3  The  cavity  thickness  distribution 

The  kinematic  boundary  condition  on  the  cavity  requires  that  the  velocity  normal  to  the  cavity  is  zero  (in  the 
case  of  steady  flows)  ,  or,  more  generally  (also  valid  in  the  case  of  unsteady  flows),  that  the  following  substantial 
derivative  is  zero: 


^(n-/i)=  (^+qc-v)  (n-/i)  =  0  (89) 

where  n  is  the  coordinate  normal  to  the  foil  surface  under  the  cavity  (with  unit  vector  n)  and  h{s,v,t)  is  the 
thickness  of  the  cavity  normal  to  the  foil  surface  at  the  point  (3,t^)  at  time  t.  Expressing  the  gradient  in  terms 
of  the  local  directional  derivatives 


[s  -  (s  •  v)v]  ^  +  [v  -  (s  •  v)s]  ^ 


A 

ds _ 

!|s  X  vl! 


-h  n 


dn^ 


(90) 


and  performing  the  dot  product  with  (as  defined  in  (85))  and  finally  substituting  the  result  in  (89)  yields 
the  following  partial  differential  equation  for  the  cavity  thickness: 


rx  r  />X  n  rx  X  x,x  n 

—  [Vs  -  COS0T4]  +  ^Wv-  cos(9T4]  = 
=  sin^  9{Vn  -  -^) 


(91) 


where 

K  =  |^+Uoo-n  (92) 

The  partial  differential  equation  (91)  can  be  integrated  over  the  entire  cavity  planform  in  order  to  provide 
the  cavity  thickness.  In  the  case  of  steady  flow  (as  considered  in  the  beginning  of  this  section)  dh/dt  =  0.  In 
the  part  of  the  cavity  downstream  of  the  trailing  edge  a  different  formula,  similar  to  that  given  in  equation  (51), 
is  used  for  the  cavity  height,  hw  (Fine  &  Kinnas  1993a). 


4.1.4  The  cavity  planform 

The  extent  (planform)  of  the  3-D  cavity  is  not  known  and  has  to  be  determined  as  a  part  of  the  solution.  This 
is  accomplished  by  finding  the  appropriate  l{y)  (cavity  length  at  each  spanwise  location  y)  which  satisfies  the 
cavity  closure  condition  for  the  given  cavitation  number,  a: 

5(y;a)  =  h(l(y),y)  =  0  (93) 


4.2  Numerical  aspects 

The  objective  of  the  numerical  analysis  is  to  invert  equation  (82)  subject  to  the  conditions  (83)  and  (88). 
The  numerical  implementation  is  described  in  detail  in  (Kinnas  &  Fine  1991b,  Kinnas  &  Fine  1993,  Fine  & 
Kinnas  1993a).  In  brief,  for  given  cavity  planform,  equation  (82)  is  solved  with  respect  to  the  unknown  (/>  on 
the  wetted  foil  and  for  the  unknown  d(l>/dn  on  the  cavity.  The  cavity  height  at  the  trailing  edge  of  the  used 
cavity  planform  are  then  determined  by  integrating  equation  (91).  The  cavity  planform  is  adjusted  accordingly 
and  the  solution  is  carried  over  again  until  the  corresponding  heights  at  the  cavity  end  are  equal  to  zero  within 
some  given  tolerance.  The  numerics  of  the  method  have  been  extensively  validated  in  (Kinnas  &  Fine  1993, 
Fine  &  Kinnas  1993a). 
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Figure  24:  The  split  panel  technique  applied  to  the  cavity  trailing  edge  in  three  dimensions.  The  values 
(extrapolated  from  the  side  of  the  cavity)  for  d(j>/dn  into  the  two  parts  of  the  split  panel  are  also  shown. 


4.2.1  The  split  panel  technique 

A  very  crucial  issue  in  the  numerical  implementation  was  found  to  be  related  to  the  treatment  of  panels  which 
were  intersected  by  the  cavity  trailing  edge.  In  order  to  avoid  recomputing  influence  coefficients  a  technique 
was  devised,  namely  the  split  panel  technique  (Kinnas  &  Fine  1993,  Fine  1992),  in  which  the  intersected  panel 
is  treated  as  one  panel  with  each  of  the  <!>  and  d((>/dn  being  determined  as  the  weighted  average  of  the  values  on 
the  wetted  and  the  cavitating  part  of  the  panel.  This  technique,  as  depicted  on  Fig.  24,  provided  substantial 
savings  on  computer  time  since  the  same  panel  discretization  can  handle  arbitrary  cavity  planforms. 

4.3  Multiplicity  of  Solutions 

Equation  (93)  may  accept  more  than  one  solutions,  i.e.  produce  more  than  one  cavity  planforms  for  a 
given  value  of  cavitation  number.  This  is  a  very  well  known  fact  in  two  dimensions,  where  for  some  cavitation 
numbers  there  are  three  solutions  (two  partial  cavities  and  one  supercavity).  The  present  method  has  also  been 
found  to  predict  multiple  solutions  in  three  dimensions  (Kinnas  &  Fine  1992,  Fine  &  Kinnas  1993a),  as  can 
be  seen  in  Figure  25.  Note  that  for  a  =  0.85  two  cavity  planforms  are  predicted,  one  partial  cavity  and  one 
mixed  cavity  (slightly  supercavity  at  midspan).  The  partial  cavity  was  produced  when  the  initial  guess  was  a 


23-7 


Figure  26:  Froude  number  effect  on  predicted  cavity  planform  and  forces  in  the  case  the  submergence  depth  at 
which  the  hydrofoil  operates  is  equal  to  the  chord  length.  From  (Bal  et  al  2001). 


partial  cavity  and  the  mixed  cavity  when  the  initial  guess  was  a  supercavity.  The  cavity  length  at  midchord  vs 
a/o-  is  also  shown  at  the  bottom  part  of  Fig.  25.  Note  the  striking  similarity  of  this  curve  to  the  well  known 
characteristic  curve  for  a  two  dimensional  cavitating  fiat  plate  (not  shown  in  the  Figure).  This  multiplicity  of 
solutions  in  3-D  can  also  be  confirmed  from  the  observed  instability  on  the  cavity  extent  during  experiments  on 
cavitating  3-D  foils  as  the  cavity  transitions  from  partial  to  super-cavitation. 

4.4  Effects  of  free-surface 

They  are  often  substatial  and  can  evaluated  by  using  “negative”  images  with  respect  to  the  free-surface 
in  the  case  of  very  large  Froude  number,  =  Uoo/^/^y  where  c  is  the  maximum  chord.  In  the  case  of  finite 
Froude  numbers  the  free-surface  must  also  be  modeled  with  panels  (Bal  et  al  2001).  A  representative  result 
from  applying  this  method  is  shown  in  Fig.  26.  Notice  the  strong  dependence  of  the  predicted  cavity  planform 
and  forces  on 

4.5  Effects  of  tunnel  walls 

The  effects  of  tunnel  walls  are  known  to  be  substantial  (escpecially  in  the  prediction  of  cavity  extent)  and 
need  to  be  included,  either  by  imaging  of  the  hydrofoil  and  cavity  with  respect  to  the  tunnel  walls  (in  the  case  of 

2- D  flow  and  square  section  tunnel),  or  by  modeling  completely  the  tunnel  boundaries  in  the  numerical  method 
(Choi  &  Kinnas  1998,  Choi  &  Kinnas  1999,  Kinnas  et  al  1998b,  Kinnas  et  al  2000).  The  paneling  on  the  4990 

3- D  hydrofoil  and  the  tunnel  walls  of  the  DTMB  36”  circular  section  tunnel  is  shown  in  Figure  27. 

Predicted  cavity  shapes,  with  and  without  the  tunnel  effects  included,  are  shown  for  the  4990  3-D  hydrofoil 
in  Figure  28.  Note  the  drastic  effect  of  the  tunnel  walls  on  the  predicted  cavity  shape.  The  predicted  cavity 
plan-form  when  the  tunnel  effects  are  included  appears  to  be  very  close  to  the  observed,  shown  in  Figure  29. 
However,  there  are  flow  phenomena  at  the  root  of  the  blade  (re-entrant  jet,  cloud  cavitation  at  the  trailing 
edge)  which  are  not  modeled  in  the  present  method  and  thus  not  captured  by  the  predictions.  The  predicted 
cavity  with  the  tunnel  effects  included,  as  shown  in  Figure  28,  has  been  determined  by  manually  adjusting  the 
cavity  leading  edge  at  each  section  along  the  span  until  two  conditions  are  satisfied:  (a)  the  cavity  thickness  is 
positive  and  (b)  the  pressures  upstream  of  the  cavity  detachment  are  larger  than  the  vapor  pressure. 
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Figure  27:  The  grid  on  the  4990  hydrofoil,  its  trailing  wake,  and  the  DTMB  36”  circular  tunnel  (the  images 
with  respect  to  the  flat  bottom  of  the  tunnel  are  also  shown).  The  flow  goes  from  left  to  right.  Only  half  of  the 
tunnel  panels  are  displayed. 


Figure  28:  The  predicted  perspective  (top)  and  expanded  (bottom)  cavity  plan-forms  without  (left)  and  with 
(right)  the  tunnel  wall  effects  for  the  4990  hydrofoil;  a  =  0^,  a  =  0.62.  From  (Kinnas  et  al  1998b). 


Figure  29:  Photograph  of  the  cavitating  4990  hydrofoil  inside  the  DTMB  36inch  cavitation  tunnel: 
a  =  0.62.  Courtesy  of  Dr.  Rood  of  ONR  and  Dr.  Jessup  of  DTMB.  From  (Kinnas  et  al  1998b). 
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Figure  30:  Propeller  subjected  to  a  general  inflow  wake.  The  propeller  flxed  {x^y^z)  and  ship  flxed  {xs-^Vs^Zs) 
coordinate  systems  are  shown. 


5  SUPER-CAVITATING  PROPELLER 
5.1  Formulation 

This  section  summarizes  the  formulation  of  the  cavitating  flow  around  a  propeller  given  by  (Kinnas  &  Fine 
1992)  and  (Fine  1992). 

Consider  a  cavitating  propeller  subject  to  a  general  inflow  wake,  sls  shown  in  Figure  30. 

The  inflow  wake  is  expressed  in  terms  of  the  absolute  (ship  flxed)  system  of  cylindrical  coordinates  {Xs-,ys7^s)^ 
The  inflow  velocity,  qin^  with  respect  to  the  propeller  flxed  coordinates  {x^y^z)^  can  be  expressed  as  the  sum  of 
the  inflow  wake  velocity,  qwake?  ^d  the  propeller ^s  angular  velocity  at  a  given  location  x: 


qin{x,y,z,t)  =  qwake{x,r,9B  -a?t)  +(?  X  f  (94) 

where  r  =  9b  =  arctan{z/y)  and  x  =  {x,y,z).  The  inflow,  q^ake,  Is  assumed  to  be  the  effective 

wake^  i.e.  it  includes  the  interaction  between  the  vorticity  in  the  inflow  and  the  propeller  (Choi  2000),  (Choi  & 
Kinnas  2001).  The  resulting  flow  is  assumed  to  be  incompressible  and  in  viscid.  The  total  velocity  fleld,  g,  can 
be  expressed  in  terms  of  qin  and  the  perturbation  potential,  as  follows: 


^x,y,zff)  =  qin{x,y,z,t)  +  V(f>{x,y,zff)  (95) 

where  (j>  satisfles  the  Laplace^s  equation  in  the  fluid  domain  (i.e.  =  0).  Note  that  in  analyzing  the  flow 

around  the  propeller,  the  propeller  flxed  coordinates  system  is  used. 

5.1.1  Green’s  formula 

The  perturbation  potential,  0,  at  every  point  p  on  the  combined  wetted  blade  and  cavity  surface, 
SwB{i)  C  Sc{t)y  must  satisfy  Green’s  third  identity: 


2lT(j>p{t)  = 


S) 


9G(p;  q) 

dnq{t) 


G(p-,q) 


d(j>q{ty 

dnq{t)_ 


dS 
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Figure  31:  Top:  Definition  of  the  exact  surface.  Bottom:  Definition  of  the  approximated  cavity  surface. 

+  [[  A4>{r„0„t)^P^dS-,  pe{SwB{t)USc{t))  (96) 

J  Jsw{t)  onq[t) 

where  the  subscript  q  corresponds  to  the  variable  point  in  the  integration.  G(p;q)  =  1/R(p;q)  is  the  Green’s 
function  with  R(p;  q)  being  the  distance  between  points  p  and  g.  Uq  is  the  unit  vector  normal  to  the  integration 
surface.  is  the  potential  jump  across  the  wake  surface,  Sw{t)-  The  definitions  of  Swb,  Sc  and  Sw  are 
depicted  in  Fig.  31. 

Eqn.  96  should  be  applied  on  the  “exact”  cavity  surface  Sc?  as  shown  in  the  drawing  at  the  top  of  Fig.  31. 
However,  the  cavity  surface  is  not  known  and  has  to  be  determined  as  part  of  the  solution.  In  this  work,  an 
approximated  cavity  surface,  shown  in  the  drawing  at  the  bottom  of  Fig.  31,  is  used.  The  approximated  cavity 
surface  is  comprised  of  the  blade  surface  underneath  the  cavity  on  the  blade,  Scb?  and  the  portion  of  the  wake 
surface  which  is  overlapped  by  the  cavity.  Sew-  The  justification  for  making  this  approximation,  as  well  as  a 
measure  of  its  effect  on  the  cavity  solution  can  be  found  in  (Kinnas  &  Fine  1993)  and  (Fine  1992). 

Using  the  approximated  cavity  surface,  Eqn.  96  may  be  decomposed  into  a  summation  of  integrals  over  the 
blade  surface,  Sb  {=  Sc b~^  Swb)?  the  portion  of  the  wake  surface  which  is  overlapped  by  the  cavity.  Sew- 

Field  Points  on  Sb- 

For  field  points  on  Sb?  Eqn.  96  becomes: 
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+  f[  A<Pir„0„t)^^^dS-,  peSb  (97) 

J  JScw{t)uSw(:t) 

where  is  the  cavity  source  distribution  in  the  wake,  defined  as: 

,40  =  ^(0  -  ^(0  (98) 

The  superscripts  and  denote  the  upper  and  lower  wake  surface,  respectively. 

The  geometry  of  the  trailing  wake  is  assumed  to  be  invariant  with  time  and  taken  to  be  the  same  as  that 
corresponding  to  the  circumferentially  averaged  flow  (Kinnas  &  Hsin  1992).  The  dipole  strength  A^(r,0,  t)  in 
the  wake  is  convected  along  the  assumed  wake  model  with  angular  speed  u;: 


A^r.O.O  =  t>tl^ 

\  CO  /  CO 

9  —  9^ 

A(/>{r,9,t)  =  A(l>^(rT);  t< -  (99) 

CO 

where  r,9  are  the  cylindrical  coordinates  at  any  point  in  the  trailing  wake  surface,  Sw^  and  are  the 

coordinates  of  the  trailing  edge  at  a  point  on  the  same  streamline  with  (r,0).  is  the  steady  flow  potential 
jump  in  the  wake  when  the  propeller  is  subject  to  the  circumferentially  averaged  flow. 

The  value  of  the  dipole  strength,  trailing  edge  of  the  blade  at  radius  vt  and  time  t,  will 

be  given  from  the  Morino^s  Kutta  condition  (Morino  &  Kuo  1974): 


A(f>T{rT?t)  =  =  T{rTyt)  (100) 

where  (^J(rT,t)  and  (j)^{rT:t)  are  the  values  of  the  potential  at  the  upper  (suction  side)  and  lower  (pressure 
side)  blade  trailing  edge,  respectively,  at  time  t,  T  is  the  circulation  around  the  blade  section. 

Recently,  an  iterative  pressure  Kutta  condition  (Kinnas  &  Hsin  1992)  is  applied  for  the  analysis  of  unsteady 
fully  wetted  and  cavitating  propellers.  The  iterative  pressure  Kutta  condition  modifies  A(j>T{rT^t)  from  that  of 
Morino  to  achieve  equality  of  pressures  at  both  sides  of  the  trailing  edge  everywhere  on  the  blade  (Young  et  al 
2001). 

Field  Points  on  Sew- 

For  field  points  on  Sew?  tfle  left-hand  side  of  Eqn.  96  reduces  to  27r  [<^+  (t)  +  (t)] ,  which  can  be  expressed 

as  4:7r(t>'^{t)  =F  27rA(f>p{t)  depending  on  if  the  equation  is  applied  on  the  upper  “-h”  or  the  lower  surface  of  the 
supercavitating  region.  This  will  render  the  following  expression  for  (f>^: 


4:7r(f>^{t)  =  ±27rA((>p{t) 
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fU 


dG{p;q)  ^d4>q{t) 

G(p,q) 


dS 
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Scw{t) 
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A^(rg ,9q,t)  — dS ;  p  e  Sew 


(101) 


5.1.2  Kinematic  Boundary  Condition  on  Wetted  Part  of  the  Blade 

The  kinematic  boundary  condition  on  the  wetted  portion  of  the  blade  defines  the  source  strengths  in  terms 
of  the  known  inflow  velocity,  qin- 


d(t>q 

dUq 


Qin  i^q  yVq?  ^q?i^  * 


(102) 
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5.1.3  Dynamic  Boundary  Condition  on  Cavitating  Surfaces 

The  dynamic  boundary  condition  on  the  cavitating  blade  and  wake  surfaces  requires  the  pressure  everywhere 
on  the  cavity  to  be  constant  and  equal  to  the  vapor  pressure,  By  applying  Bernoulli’s  equation,  the  total 
velocity  on  the  cavity,  can  be  expressed  as  follows: 

=  n^D'^an  +  \qwakef'  +  -  2^  (103) 

where  Cn  =  {Pq  —  Pi;)/(2  cavitation  number;  p  is  the  fluid  density  and  r  is  the  distance  from  the 

axis  of  rotation.  P^  is  the  pressure  far  upstream  on  the  shaft  axis;  g  is  the  acceleration  of  gravity  and  ys  is  the 
ship  flxed  coordinate,  shown  in  Fig.  30.  n  =  a;/27r  and  D  are  the  propeller  rotational  frequency  and  diameter, 
respectively. 

On  the  cavitating  blade  surface,  the  magnitude  of  the  cavity  velocity  may  also  be  written  in  terms  of  its 
projections  along  s  (the  chordwise)  and  v  (the  spanwise)  grid  directions  on  the  blade  surface: 


\qc\  sinV-  =  ^/V^  +V^  -2VsV,cos^ 


(104) 


with: 


d(l> 

H“  gin 


and  Vv 


d(f> 

■q - ^ 

av 


•  V 


where  is  the  angle  between  s  and  v  directions,  as  shown  in  Fig.  31. 
Combining  Eqns.  103  and  104  renders  the  following  expression  for 


(105) 


^  =  -gin  '  s-\-VyCOS'tp-\-  sin^yig^p  -  (106) 

which  can  then  be  integrated  to  form  a  Dirichlet  type  boundary  condition  for  <^.  The  unknown  terms  ||  and 
on  the  right-hand  side  of  Eqn.  106  are  determined  in  an  iterative  manner. 

On  the  cavitating  wake  surface,  the  coordinate  s  is  assumed  to  follow  the  streamline  Thus,  the  total 
cross  flow  velocity  is  assumed  to  be  small,  which  renders  the  following  expression  for 


d(j> 

ds 


—  gin  *  ^  H"  l^c 


(107) 


5.1.4  Kinematic  Boundary  Condition  on  Cavitating  Surfaces 

The  kinematic  boundary  condition  on  the  cavity  requires  the  total  velocity  normal  to  the  cavity  to  be  zero. 
As  shown  in  (Kinnas  &  Fine  1992),  the  kinematic  boundary  condition  renders  the  following  equation  for  the 
cavity  thickness  (h)  on  the  blade: 


[F.  -  cos  i’Vv]  +  ^  [F„  -  cos  ipVs]  =  sinV  (^-  "  ^)  (108) 

where  14.  =  *  n  is  the  total  normal  velocity. 

Assuming  again  that  the  spanwise  crossflow  velocity  on  the  wake  surface  is  small,  the  kinematic  boundary 
condition  reduces  to  the  following  equation  for  the  cavity  thickness  (h-w)  on  the  wake: 

iJf)  -  —  =  (10i» 

where  is  the  cavity  source  distribution,  defined  by  Eqn.  98. 

The  definitions  of  h  and  hyj  are  depicted  in  Fig.  32.  The  quantity  hyj  at  the  blade  trailing  edge  is  determined 
by  interpolating  the  upper  cavity  surface  over  the  blade  and  computing  its  normal  offset  from  the  wake  sheet. 

has  been  found  by  (Fine  1992)  (Fine  &  Kinnas  1993b)  that  the  effect  of  the  crossflow  term  in  the  cavitating  wake  region  has 
very  little  effect  on  the  solution. 
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Figure  32:  Definition  of  the  cavity  height  on  the  blade  and  on  the  supercavitating  wake. 


5.1.5  Cavity  Closure  Condition 

The  extent  of  the  unsteady  cavity  is  unknown  and  has  to  be  determined  as  part  of  the  solution.  The  cavity 
length  at  each  radius  r  is  given  by  the  function  For  a  given  cavitation  number,  the  cavity  planform 

l{r,t)  must  satisfy  the  following  requirement: 


S  =  h{l{r,t),r,t)  =  0  (110) 

where  S  is  the  cavity  height  at  the  trailing  edge  of  the  cavity.  Eqn.  110  requires  that  the  cavity  closes  at  its 
trailing  edge.  This  requirement  is  the  basis  of  an  iterative  solution  method  that  is  used  to  find  the  cavity 
planform. 

5.1.6  Solution  Method 

The  unsteady  cavity  problem  is  solved  by  inverting  Eqns.  97  and  101  subjected  to  conditions  99,  100,  102, 
106,  107,  and  110.  The  numerical  implementation  is  described  in  detail  in  (Kinnas  &  Fine  1992),  (Fine  1992), 
and  (Kinnas  &  Fine  1993).  In  brief,  for  a  given  cavity  planform.  Green’s  formula  is  solved  with  respect  to  the 
unknown  (f>  on  the  wetted  blade  surface  and  the  unknown  on  the  cavity  surface.  The  cavity  heights  are  then 
determined  by  integrating  Eqns.  108  and  109.  The  correct  cavity  planform  is  obtained  in  an  iterative  manner 
by  satisfying  the  cavity  closure  condition,  Eqn.  110.  The  split-panel  technique  (Fine  &  Kinnas  1993a)  (Kinnas 
&  Fine  1993)  is  used  to  treat  blade  and  wake  panels  that  are  intersected  by  the  cavity  trailing  edge.  Systematic 
convergence  studies  for  various  propeller  geometries  and  flow  conditions,  as  well  as  several  comparisons  with 
existing  experiments  of  propellers  in  steady,  unsteady,  and  cavitating  flow  are  presented  in  (Young  &  Kinnas 
2001). 

5.2  Validation  with  experiments 

In  order  to  thoroughly  validate  PROPCAV,  results  from  four  different  sets  of  experiments  are  presented. 

To  validate  the  supercavitation  scheme  in  PROPCAV,  predicted  force  coefficients  are  compared  with 
experimental  measurements  (Matsuda  et  al  1994)  for  a  supercavitating  propeller.  The  test  geometry  is 
M.P.No.345(SRI),  which  is  designed  using  SSPA  charts  under  the  following  conditions:  Js  =  1.10,  =  0.40, 

and  Kt  =  0.160.  It  should  be  noted  that  the  current  version  of  PROPCAV  modifies  the  suction  side  of  the 
blade  section  aft  of  the  midchord  to  render  zero  thickness  at  the  trailing  edge.  This  modification  should  not 
affect  the  results  as  long  as  the  blade  sections  aft  of  the  midchord  are  within  the  cavitation  bubble. 

The  comparisons  of  the  predicted  versus  measured  thrust  {Kt)^  torque  (ATq),  and  efficiency  (%)  are  shown 
in  Figure  33.  The  propeller  geometry  with  the  predicted  cavities  at  J5  =  1.3  are  shown  in  Figure  34.  Also 
shown  in  Figure  34  are  the  predicted  cavitating  pressures  along  each  radial  strip  at  J5  =  1.3.  It  is  worth  noting 
that  at  this  particular  combination,  there  is  substantial  midchord  detachment.  Figure  34  indicates  that  the 
detachment  search  criterion  in  PROPCAV,  which  will  be  explained  later,  is  satisfied  since  the  cavity  thickness 
is  non-negative  and  the  pressures  everywhere  on  the  wetted  blade  surfaces  are  above  the  vapor  pressure.  The 
comparisons  shown  on  Figure  33  indicate  that  the  predictions  by  PROPCAV  agree  very  well  with  experimental 
data  for  values  of  Js  <  1.2.  For  J5  >  1.2,  the  comparisons  are  not  as  good  because  the  cavities  begin  to  detach 
aft  of  the  midchord,  where  the  suction  side  geometry  was  modified. 
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Figure  35:  Cavity  shape  and  pressures  for  propeller  MWl.  Mid-chord  cavitation.  The  propeller  is  based  on  a 
design  by  Michigan  Wheel  Corporation,  USA.  Js  =  1.224.  an  =  0.8116.  Fr  =  26.6.  60x20  panels.  Uniform 
inflow.  From  (Young  &  Kinnas  2001). 


5.3  Mid-chord  detachment 

The  latest  version  of  PROPCAV  allows  the  cavity  to  detach  from  both  the  face  (pressure  side)  and  the 
back  (suction  side)  of  the  blade.  The  initial  detachment  lines  are  obtained  based  on  the  fully  wetted  pressures. 
The  detachment  locations  at  each  strip  are  then  adjusted  in  the  next  revolution  according  to  the  following 
criterion: 

1.  If  the  cavity  at  the  strip  has  negative  thickness,  then  the  detachment  location  is  moved  towards  the  trailing 
edge  of  the  blade. 

2.  If  the  pressure  at  a  point  upstream  of  the  cavity  is  below  the  vapor  pressure,  then  the  detachment  location 
is  moved  towards  the  leading  edge  of  the  blade. 

It  can  be  shown  that  the  above  criterion  is  equivalent  to  the  Villat-Brillouin  smooth  detachment  condition. 
Details  of  the  formulation  and  convergence  study  for  mid-chord  detachment  can  be  found  in  (Mueller  1998)  and 
(Mueller  &  Kinnas  1999).  An  example  of  mid-chord  cavitation  for  propeller  MWl  subjected  to  uniform  inflow 
{Js  =  1.224,  a  =  0.8116,  Fr  =  26.6)  is  shown  in  Fig.  35.  Also  shown  in  Fig.  35  are  the  corresponding  cavitating 
pressures  at  three  different  strips  along  the  span  of  the  blade.  It  is  worth  noting  that  the  predicted  pressures 
on  the  suction  side  in  front  of  the  cavity  detachment  are  higher  than  the  vapor  pressure.  This  indicates  that 
the  employed  smooth  detachment  criterion  works  properly.  However,  the  face  side  cavitating  pressures  near 
the  leading  edge  are  below  the  vapor  pressure.  This  is  because  PROPCAV  was  only  allowed  to  search  for  back 
cavitation.  Had  the  option  to  search  for  face  and  back  cavitation  simultaneously  (as  explained  in  the  next 
section)  been  on,  PROPCAV  would  have  also  detected  the  expected  face  cavitation  as  shown  in  Figure  38. 

5.4  Face  and  back  cavitation 

The  latest  version  of  PROPCAV  allows  the  cavity  to  grow  on  both  sides  of  the  blade  simultaneously.  In  this 
case,  the  dynamic  boundary  condition  is  applied  on  both  cavity  surfaces,  and  the  kinematic  boundary  condition 

^^The  solution  is  carried  out  over  several  complete  revolutions  of  one  blade,  the  “key”  blade,  with  the  effects  of  the  other  blades 
being  accounted  for  in  an  iterative  manner. 

^^The  propeller  geometry  is  based  on  a  design  by  Michigan  Wheel  Corporation,  USA  (Young  &  Kinnas  2001). 
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Figure  38:  Predicted  3-D  cavity  shape  for  propeller  MWl.  The  propeller  is  based  on  a  design  by  Michigan 
Wheel  Corporation,  USA.  60x20  panels.  Js  =  1.224.  dn  =  0.8116.  =  25.6.  Uniform  inflow.From  (Young  & 

Kinnas  2001). 

is  applied  on  the  wetted  blade  surfaces.  PROPCAV  also  has  the  ability  to  search  for  cavity  detachments  on 
both  sides  of  the  blade  simultaneously. 

Validation  test  for  an  asymmetric  3-D  hydrofoil  with  ±1.8%  camber  {f  /C)  and  =  0.15  (based  on  the 
speed  of  the  uniform  inflow)  at  an  angle  of  attack  of  ±0.3^  is  shown  in  Figure  36.  As  expected,  the  predicted 
cavity  shapes  are  identical  mirror  images  of  each  other.  The  same  validation  test  was  performed  for  another 
asymmetric  3-D  hydrofoil  at  an  angle  of  attack  of  ±0.5^  with  ±1.8%  camber  and  =  0.08  .  The  results  are 
shown  in  Figure  37.  Note  that  for  both  cases,  the  smooth  detachment  criterion  are  satisfled  on  both  sides  of 
the  3-D  hydrofoil. 

An  example  of  simultaneous  face  and  back  cavitation  for  propeller  MWl  is  shown  in  Figure  38.  The 
propeller  geometry  is  based  on  a  design  by  Michigan  Wheel  Corporation,  USA  (Young  &  Kinnas  2001).  The 
flow  conditions  were  as  follows:  Js  =  1.224,  dn  =  0.8116,  uniform  inflow.  Notice  that  for  this  propeller,  there 
is  midchord  supercavitation  on  the  suction  side  of  the  blade,  and  leading  partial  cavitation  as  well  as  midchord 
supercavitation  on  the  pressure  side  of  the  blade.  To  validate  the  solution,  the  convergence  of  the  predicted 
cavities  (on  the  back  side  of  the  blade)  and  forces  with  respect  to  the  number  of  panels  are  shown  in  Figure  39. 


iSpor  validation  studies,  PROPCAV  has  an  option  where  the  numerical  method  is  applied  on  a  3-D  hydrofoil. 
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Chordwise 


Figure  39:  The  convergence  of  predicted  cavities  (expanded  view)  and  forces  with  respect  to  number  of  panels 
for  propeller  MWl.  The  propeller  is  based  on  a  design  by  Michigan  Wheel  Corporation,  USA.  Js  =  1.224. 
(jn  =  0.8116.  Fr  =  25.6.  Uniform  inflow.  From  (Young  &  Kinnas  2001). 
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Figure  40:  Definition  of  exact  and  approximated  flow  boundary 


6  SURFACE-PIERCING  PROPELLER 
6.1  Formulation 

Consider  a  surface-piercing  propeller  subjected  to  a  general  non-axisymmetric  inflow.  For  incompressible 
and  inviscid  flow,  the  perturbation  potential,  0,  at  any  time  t  satisfies  Laplace^s  equation  in  the  fluid  domain: 


V‘^(f>{x,y,z,t)  =  0  (111) 

where  (x^y^z)  are  the  propeller  fixed  coordinates. 

The  perturbation  potential,  at  every  point  p  on  the  combined  wetted  blade  surface  (Sbw):  ventilated 
cavity  surface  {Sci  U  Sc2  U  Sqs),  and  free  surface  (Sf),  must  satisfy  Green’s  third  identity: 


27r(l>p{t) 


II 

J  Js{t) 


dG(p;  g) 

dnq{t) 


■  G(p;  q) 


d<j>q{t) 


dS 


(112) 


where  S  =  {Sbw  U  Sci  U  Sc2  U  U  Sf)  is  the  combined  surfaced  as  defined  in  the  blade  section  example 
shown  on  Figure  40.  The  subscript  q  corresponds  to  the  variable  point  in  the  integration.  G(p;q)  =  1/R(p;q) 
is  Green’s  function  with  R(p;  q)  being  the  distance  between  points  p  and  g.  ftq  is  the  unit  vector  normal  to  the 
integration  surface. 

Equation  112  should  be  applied  on  the  “exact”  cavity  surface  U  Sc2  U  Scs),  as  shown  in  Figure  40. 

However,  the  cavity  surface  is  not  known  and  has  to  be  determined  as  part  of  the  solution.  In  this  work,  an 
approximated  cavity  surface  (on  which  the  panels  of  the  boundary  element  method  are  placed)  is  used.  The 
approximated  cavity  surface  is  comprised  of  the  blade  surface  underneath  the  cavity  on  the  blade,  Sc2  Sbcj 
and  the  portion  of  the  wake  surface  which  is  overlapped  by  the  cavity,  {Sci  U  Sc^)  Sew-  The  definition 
of  Sbc  Sew  also  shown  in  Figure  40.  The  justification  for  making  this  approximation,  as  well  as  a 
measure  of  its  effect  on  the  cavity  solution,  can  be  found  in  (Kinnas  &  Fine  1993)  and  (Fine  1992). 


6.1.1  Linearized  free  surface  boundary  condition  on  the  free  surface,  Sf 
The  linearized  free  surface  boundary  condition  requires  that: 


d(t> 


=  0 


(113) 


where  p  is  the  free  surface  elevation.  Assuming  infinite  Froude  number  condition  applies.  Equation  113  reduces 
to: 


^  =  0  on  the  free  surface 


(114) 


^^The  ventilated  surface  will  be  referred  to  as  the  cavity  surface  in  this  work. 
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Figure  41:  Definition  of  global  (X,Y,Z)  and  local  (x,y,z)  coordinate  systems  and  parameters  for  the  split-panel 
technique. 


Equation  114  implies  that  the  “negative”  image  method  can  be  used  to  account  for  the  effect  of  the  free  surface. 
The  infinite  Froude  number  assumption  is  valid  because  surface-piercing  propellers  usually  operate  at  very  high 
speeds.  (Shiba  1953)  and  (Yim  1974)  have  also  concluded  that  gravity  effects  are  negligible  for  Froude  numbers 
greater  than  3. 

6.2  Solution  algorithm 

The  unsteady  ventilated  cavity  problem  is  solved  by  inverting  equations  97  and  101  (where  Sw  should  be 
eliminated  from  the  limits  of  the  integrals)  subjected  to  the  boundary  conditions  99,  100,  108,  109,  106  (where 
dn  in  the  expression  for  equation  103,  must  be  evaluated  by  replacing  Py  with  the  atmospheric  pressure, 
Patm^  SIS  this  is  the  pressure  inside  the  ventilated  surface),  and  114  (enforced  via  the  negative  images  of  the 
panels).  On  the  wetted  blade  surface,  ^  is  unknown  and  is  known.  On  the  ventilated  cavity  surface,  4>  is 
known  and  is  unknown.  To  simplify  the  solution  algorithm,  (j)  and  on  the  “dry”  part  of  blades  are  set 
equal  to  zero.  Thus,  the  number  of  unknowns  is  reduced  to  the  number  of  fully  submerged  panels  on  the  blade 
and  on  the  wake.  After  solving  Equations  97  and  101,  the  cavity  heights  are  then  determined  by  applying  the 
kinematic  boundary  condition  (Equation  108)  on  the  ventilated  cavity  surface. 

6.2.1  Split-panel  technique 

One  of  the  difficulties  in  the  numerical  modeling  of  surface-piercing  propellers  involves  the  discretization 
of  the  blade  and  wake  surfaces.  The  nature  of  the  problem  is  highly  unsteady  due  to  the  blades’  entry  to 
and  exit  from  the  free  surface.  The  split-panel  technique,  which  was  introduced  by  (Kinnas  &  Fine  1993)  for 
approximating  the  trailing  edge  of  cavity  planform.  The  partially  submerged  panels  are  split  into  a  dry  part 
and  a  submerged  part,  as  shown  in  Figure  41.  The  lengths  of  the  split-panels  at  their  midspans  are  Id  a.nd 
Is,  respectively.  The  source  and  dipole  strengths  on  the  split-panels  {(f>sp  and  ^^)  are  defined  as  weighted 
averages  of  the  values  on  the  dry  part  and  the  submerged  part  of  the  panel: 


4^sp 


d(l> 
dn  sp 


4>sls  +  4^dId 
Is  +  Id 


dnP^ 


Is  +  Id 


(115) 


The  quantities  and  are  set  equal  zero  because  they  represent  the  dry  part  of  the  panel.  If  the  split-panel 

is  located  on  the  wetted  side  of  the  blade,  then  is  known  via  the  kinematic  boundary  condition  (Equation 
89)  and  <^5  is  extrapolated  from  adjacent  panels;  if  the  split-panel  is  located  on  the  ventilated  side  of  the  blade, 
then  ^5  is  known  via  the  dynamic  boundary  condition  (Equation  103)  and  is  extrapolated  from  adjacent 
panels. 
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Figure  42:  Original  and  modified  (on  the  suction  side  aft  the  midchord)  blade  section  geometry  of  propelle 
model  841-B. 


The  split-panel  technique  has  the  advantage  that  it  allows  the  free  surface  to  be  relatively  smooth  without 
the  added  burden  of  recomputing  influence  coefficients  at  every  timestep. 

6.3  Results 

In  order  to  validate  the  new  extension  of  PROPCAV,  numerical  results  for  the  surface-piercing  propeller 
model  841-B,  already  shown  in  Figure  3,  are  compared  with  experimental  data.  The  experiments  were  conducted 
at  the  free-surface  cavitation  tunnel  at  KaMeWa  of  Sweden  (Olofsson  1996).  The  flow  conditions  were  as  follows: 


advance  coefficient:  Js  =  0.8 

submergence  ratio:  h/D  =  0.33 

shaft  yaw  angle:  ^  =  0^ 

shaft  inclination  angle:  7  =  0^ 

In  the  numerical  calculation,  the  blade  section  was  modified  from  the  original  aft  of  the  midchord,  as  shown 
in  Figure  42,  in  order  to  render  zero  trailing  edge  thickness.  Furthermore,  the  code  is  still  in  the  developmental 
stage.  Thus,  the  current  results  do  not  include  the  effect  of  the  partially  submerged  panels. 

Preliminary  force  predictions  for  propeller  model  841-B  are  shown  in  Figure  43  along  with  experimental 
data  from  (Olofsson  1996).  The  solid  lines  in  Figure  43  represent  the  force  coefficients  predicted  by  PROPCAV 
at  different  blade  angles.  The  symbols  in  Figure  43  represent  the  measured  force  coefficients.  As  shown  in 
Figure  43,  the  maximum  force  coefficients  predicted  by  PROPCAV  seemed  to  be  in  reasonable  agreement  with 
experimental  measurements.  However,  there  are  discrepancies  at  the  blade  entry  and  exit.  The  authors  believe 
that  the  discrepancies  at  the  blade  entry  are  due  to  the  effects  of  free  surface  up- ward  jets  and  blade  vibrations, 
both  of  which  are  not  captured  with  the  current  numerical  model.  The  discrepancies  at  the  blade  exit  are 
probably  due  to  the  modified  blade  sections  aft  of  the  midchord  and  the  change  in  free  surface  elevation.  The 
sensitivity  of  the  results  on  the  discretization  parameters  can  be  found  in  (Young  &  Kinnas  2000). 

The  fully  submerged  panels  for  the  key  blade  are  shown  in  Figure  44.  The  resulting  pressure  contours  on 
the  wetted  side  of  the  blade  are  depicted  in  Figure  45.  The  predicted  ventilated  surface  sections  at  different 
timesteps  are  shown  in  Figure  46. 
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Figure  43:  Preliminary  comparison  of  the  blade  forces  predicted  by  PROPCAV  and  by  measurements  from 
experiments.  Propeller  model  841-B.  4  Blades.  h/D  =  0.33.  Js  =  0.8.  60x20  panels.  A9  =  6"^. 
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Figure  44:  Fully  submerged  panels  on  the  key  blade  at  different  time  steps.  Propeller  model  841-B.  4  Blades. 
h/D  =  0.33.  Js  =  0.8.  60x20  panels.  A9  =  6^. 


Figure  45:  Preliminary  pressure  contours  predicted  by  PROPCAV.  Propeller  model  841-B.  4  Blades.  h/D  = 
0.33.  Js  =  0.8.  60x20  panels.  A0  =  6^. 
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Figure  46:  Preliminary  ventilated  surface  sections  at  r/R  =  0.52.  Propeller  model  841-B.  4  Blades.  h/D  =  0.33 
Js  =  0.8.  60x20  panels.  M  = 
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Figure  47:  B-spline  polygon  and  the  paneled  blade  geometry  in  CAVOPT-3D/MPUF-3A. 


r  DESIGN  OF  SUPER-CAVITATING  PROPELLER 

An  optimization  method  (CAVOPT-3D),  similar  to  that  for  supercavitating  hydrofoil  sections,  has  been 
developed  (Mishima  1996,  Mishima  &  Kinnas  1997).  The  coefficients  of  the  objective  function  are  determined 
in  terms  of  second  order  Taylor  expansions  from  the  results  of  MPUF-3A,  a  vortex  and  source  lattice  method 
for  cavitating  propellers  in  unsteady  flow  (Kinnas  et  al  1998a).  This  method  determines  both  the  optimum 
cavitating  propeller  loading  and  the  corresponding  blade  geometry  at  the  same  time.  The  blade  mean  camber 
surface  is  modeled  with  a  4x4  cubic  B-spline  vertex  polygon  net  (Mishima  1996)  (Griffin  1998),  as  shown 
in  Figure  47.  This  allows  the  blade  surface  to  be  modeled  with  relatively  few  number  of  parameters  when 
compared  with  the  traditional  method^^  of  describing  the  blade  geometry.  The  location  of  each  of  the  B-Spline 
vertices,  and  thus  the  radial  chord  distribution,  as  well  as  the  three-dimensional  blade  camber  distribution,  are 
determined  during  the  design  process.  The  skew  distribution  can  be  either  flxed  or  specified  (as  parabolic  or 
linear)  up  to  a  constant  which  can  be  also  determined  by  the  optimization.  The  maximum  thickness  to  diameter 
ratio  along  the  radial  direction  must  be  specified  (using  structural  criteria)  together  with  the  blade  thickness 
section  shapes. 

The  objective  function  to  be  minimized  is: 


/(x)  =  Kq{k) 

where  Kq{x.)  is  the  torque  coefficient  obtained  from  MPC/F-M (Kinnas  et  al  1998a)  and  x  is  the  design  variable 
vector  defining  the  the  blade  B-spline  polygon  (usually  13). 


X  =  [XI,X2,X3,....,X13]'^ 


The  equality  constraint  function  is  defined  as 


fti(x) 


Kt{^)  -  Kto 
Kto 


=  0 


where  Kto  is  the  required  thrust  coefficient  and  At(x)  is  the  computed  thrust  coefficient  from  MPUF-3A,  The 
functions  of  the  equality  and  inequality  constraints  are  denoted  as  /ii(x)  and  ^i(x)  ,  respectively.  CAVOPT-3D 
currently  has  the  option  of  employing  five  inequality  constraints,  defined  as 


Cavity  area  <  CAM  AX 
Face  cavity  area  <  FAMAX 

Span-wise  values  of  pitch,  rake,  skew,  chord,  maximum  thickness,  maximum  camber  and  chord- wise  distributions  of  camber 
and  thickness. 
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Max.skew  <  SKMAX 
Cavity  volume  velocity  <  VVMAX 

-  {-C^^min)  >  PTOL  (116) 

where  the  values  on  the  left  hand  side  are  the  values  computed  from  MPUF-3A  and  the  values  on  the  right 
hand  side  are  the  user-specified  limits  to  the  left  hand  side  values.  The  cavity  area  constraints  CAM  AX 
and  FAMAX  represent  the  maximum  allowable  back  and  face  cavity  area  (as  a  fraction  of  the  blade  area), 
respectively.  VVMAX  corresponds  to  the  maximum  allowable  blade  rate  cavity  volume  velocity  harmonic, 
non-dimensionalized  by  nB? .  SKMAX  corresponds  to  the  maximum  allowable  skew  at  the  tip  of  the  blade.  An 
option  for  quadratic  or  linear  skew  distribution  is  also  available.  —Cp^min  Is  the  value  of  —Cp  at  a  location 
on  the  fully  wetted  part  of  the  blade  where  the  pressure  is  minimum  (over  all  blade  angles),  and  PTOL  is  a 
specified  tolerance. 

The  required  input  design  variables  required  by  CAVOPT-3D  to  set-up  the  design  model  are  given  as: 

•  advance  coefficient  ( J5) 

•  cavitation  number  {an) 

•  Froude  number  (F^) 

•  number  of  blades  (Z) 

•  hub  radius  {th) 

•  required  thrust  coefficient  {Kto) 

•  inflow  wake  distribution 

T.l  Application 

The  3-D  method  has  been  applied  extensively  for  the  design  of  conventional  propellers  (Griffin  &  Kinnas 
1998),  (Kinnas  et  al  1999b),  and  more  recently  for  the  design  of  a  supercavitating  propeller  (Kinnas  et  al  1999a). 
The  SRI  propeller  Model  No.  345  (Kudo  &  Ukon  1994),  is  used  as  the  base  for  the  supercavitating  propeller 
design.  It  is  identified  here  as  the  SRI/SSPA  propeller,  since  the  SSPA  charts  (Rutgersson  1979)  were  used  to 
design  it. 

The  original  thickness  distribution,  as  shown  in  Figure  48  has  been  used  as  input  in  CAVOPT-3D,  We  have 
forced  leading-edge  cavity  detachment  in  MPUF-3A,  The  same  design  conditions  as  those  of  the  SRI  propeller 
are  used  for  CAVOPT-3D. 

These  are: 

J5  =  1.1,  =  0.484,  =  5.0 

^  =  3,  vhIR  =  0.19,  Kto  =  0.175 

Uniform  inflow  is  used.  For  these  conditions  MPUF-3A  predicts  Kt  =  0.175  and  r)  =  69.4%.  The  corre¬ 
sponding  predicted  cavity  planform  is  shown  in  Figure  49. 

The  designed  geometry  by  CAVOPT-3D  is  shown  in  Figures  50,  51,  while  a  summary  sheet  from  the  design 
run  is  shown  in  Figure  52  (in  which  the  predicted  cavity  planform  is  shown  at  the  lower  right  bottom). 

The  following  things  should  be  noted: 

•  The  new  design  has  a  substantially  larger  efficiency,  74.7%,  i.e.  increase  in  efficiency  of  over  7%. 

•  The  new  design  has  a  wider  blade  area  and  a  lower  pitch  (for  the  same  thrust) 

•  The  predicted  cavities  for  the  new  design  are  thinner  at  the  leading  edge  as  well  as  at  the  trailing  edge,  thus 
resulting  into  a  smaller  cavity  drag  (thus  higher  efficiency  overall).  This  design  philosophy  has  actually 
been  applied  by  (Vorus  &  Mitchell  1994). 

•  The  new  design  may  lead  to  midchord  cavitation  (due  to  the  very  thin  cavities  especially  towards  the 
outer  radii)  and  this  will  increase  its  frictional  drag,  and  degrade  somewhat  the  expected  higher  efficiency. 

This  case,  and  some  more  shown  in  (Kosal  1999),  demonstrate  that  that  CAVOPT-3D  can  obtain  blade 
geometries  with  higher  values  of  efficiency  when  compared  to  geometries  designed  with  other  methods. 


lions 
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CAVOPT-3D  (v  13)  OUTPUT 

mid28 

Design  Conditions  Design  Constraints  Design  Parameters 

=  1 . 1 00  PTOL  =  -0. 1 00  Chord  Optimized 

=  0.484  Skew  Fixed  (Skew  from  *.geo  file) 

=  5.000 
NBLADE  =  3. 
r„/R  =  0.190 
K.,.^  =  0.1750 

MPUF-3A  Parameters 

MPUF-3A  MIDCHORD/TIP/HUB/PROP  CAVITATING  SEPTEMBER  98  EDITION 

PROPELLER  INPUT  GEOMETRY  FILE:  sspall  ! geometry  filename,  wi.GEO 

Header:  --  Surface  Piercing,  Super-Cavitating  Cross  Section  11  radii  (except  0 

WAKE  INPUT  FILE:  uniform  iwake  filename,  withou.WAK 

Header:  SAMPLE  WAKE  FOR  CAVOPT3D 

NPROP=  1  IAXIS=  1  MXREV=  5  NFCON=  1  NN=  20 

IHUB=  0  ILEON=  0  NX=  11  MCAM=  1  MTHK=  1  NBLADE=  3  IALIGN=  2 
MM=  9  SJ=  1.1000  SIGMAN=  0.4840  FROUDE=  5.0000 

Final  Design 

rj  =  0.7468  Blade  Angle  at  Max  Cavity  Volume  =  1 50°  Max  Back  Cav  Area/Blade  Area  =  1 .2705 

Kq=  0.0409  Max  Cavity  Vol/R^  =  0.04588  Max  Face  Cav  Area/Blade  Area  =  0.0000 

K,.=  0.1746  CVV=  0.08570  DPV=  -0.06493 


Number  of  MPUF-3A  Runs 

Figure  52:  CAVOPT-3D  design  summary  sheet.  Note  that  this  has  been  a  quadratic  run,  i.e.  a  run  that  used 
the  history  of  a  previous  run  in  which  PTOL  =  —0.3. 
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